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ABSTRACT

! An uncertainty and sensitivity analysis of the MAEROS model for multicom-
ponent aerosol dynamics is presented. Analysis techniques based on Latin hypercube

; sampling and regression analysis are used to study the behavior of a two component
! aerosol in a nuclear power plant containment for a transient accident with loss of-

AC power (i.e., a TMLB' accident). Conditional on assumed ranges and distributions
'

for selected independent variables (e.g., initial distributions and mass loadings for
each component, temperature, pressure, shape factors), estimates are made for*

distributions of model predictions and for the independent variables which influence
these predictions. The analysis indicated that, for the situation under consideration,
variables related to agglomeration (e.g., dynamic shape factor, material density,
agglomeration shape factor, and turbulence dissipation rate) tended to dominate the
observed variability. For comparison, an analysis based on differential techniques is
also given. Further, a study of the effects on MAEROS predictions due to the
number of particle size classes and the particle size class boundaries is presented.
This analysis was performed as part of a project to develop a new system of
computer codes (i.e., the MELCOR code system) for use in risk assessments for
nuclear power plants.
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1. INTRODUCTION. The following presentation has two purposes. The first is to
present and illustrate techniques for uncertainty and sensit!vity analysis of complex
models. The second is to present an uncertainty and sensitivity analysis of a
problem involving a two-component aerosol in a dry reactor containment building.
The uncertainty and sensitivity analysis techniques are based on Latin hypercube

' sampling and regression analysis. The behavior of the aerosol is predicted with the
model contained in the MAEROS program (Gelbard,1982).

' This work arises from a project supported by the U.S. Nuclear Regulatory
Commission at Sandia National Laboratories to develop a new system of computer
codes (i.e., the MELCOR code system) for use in risk assessments for nuclear power
plants (Sprung et al., 1985). Ultimately, this code system is intended as a
replacement for various risk assessment codes which arose from the Reactor Safety
Study (U.S. Nuclear Regulatory Commission,1975). Among the project's charters is
the requirement that the resultant code system be amenable to uncertainty and
sensitivity analysis. This presentation derives from an effort to compile and
compare different techniques for uncertainty and sensitivity analysis that might be
suitable for use in conjunction with the MELCOR code system (Iman and Helton,
1985). The aerosol model implemented in the MAEROS program was picked for
consideration because a modification of it will be incorporated into the MELCOR
code system. Thus, it was felt that consideration of an analysis problem with this
model would provide useful insight for the MELCOR code development effort with
respect to both uncertainty and sensitivity analysis techniques and the behavior of
an important part of the code system. Further, it was felt that the analysis
techniques and results would be of interest beyond the MELCOR effort.

The paper is organized in the following manner. Section 2 presents the aerosol
problem for analysis, and Section 3 describes the aerosol model implemented in
MAEROS for noncondensing atmospheres. Then, Section 4 introduces the
uncertainty and sensitivity analysis techniques, and Section 5 presents the results of
the analysis. Section 6 describes how the uncertainty and sensitivity analysis
techniques under consideration might be used to study aggregation problems, and
Section 7 presents a differential sensitivity analysis for the problem under
consideration. Finally, Section 8 contains a concluding discussion.

2. PROBLEM FOR ANALYSIS. The problem analyzed in this paper involves the
behavior of aercsols suspe.nded in the containment building of a nuclear power plant
during a hypothetical severe core-melt accident. Such accidents are believed to
progress through two major aerosol production phases. The first phase is before the
reactor pres %re vessel fails. The core temperature rises and aerosols containing
volatile core components are produced. These in-vessel aerosols are leaked slowly
into the reactor coolant system until the reactor pressure vessel fails catastrophl-
cally; at this time, the remaining aerosols are driven into the containment as a puff
release. The second phase is after the reactor pressure vessel fails. The molten
core interacts with the concrete basemat producing ex-vessel aerosols containing
less volatile core materials. These core-concrete interactions produce a source of*

aerosols into the containment for several hours after vessel failure.
.
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The scope of the problem is limited to the time period af ter vessel failure when
the in-vessel aerosols have been released and the core-concrete interactions are
providing an ex-vessel aerosol source into containment. Two aerosol components
are considered: in-vessel aerosols and ex-vessel aerosols. The first component is
assumed to be suspended at the start of the problem and the second component is .

Introduced as a source. The distributions of particle size for both the initial aerosol
suspended in the containment and the aerosol source are assumed to be lognormal
with respect to particle diameter. This assumption is consistent with lognormal
particle size distributions observed in experiments (Whitby,1975).

A large, dry containment building is assumed. The geometric specifications are
similar to those for the Zion nuclear power plant. Containment atmospheric
conditions are similar to those predicted by computer analysis (Lipinski et al.,1985)
for a transient accident with loss of AC power (i.e., a TMLB' accident). In
particular, based on calculations for TMLB' accidents using the CONTAIN computer
code (Bergeron et al.,1985), a super-heated containment atmosphere is assumed.
The problem is not designed to simulate a TMLB' accident in the Zion power plant
but rather to represent conditions possible during that type of accident.

Table 2.1 lists the independent variables considered in this investigation. In
the containment volume and the particle slip coefficient are taken to be

addition,3 and 1.57, respectively. Each variable in Table 2.1 is assigned a range of7.68E4 m
possible input values based on conditions expected in a TMLB' accident. In most
cases, defining the range of possible input values is hindered by a lack of analytical
methods for defining the quantity and a lack of direct measurements of the quan-
tity. The ranges given in Table 2.L reflect information gathered from CONTAIN
computer calculations, simple scoping calculations, and published experimental and
analytical data. Several sets of experiments provide perspective with respect to the
nature of aerosols likely to be found in nuclear reactor containments. Two of the
most useful sets ara the experiments conducted at Oak Ridge National Laboratory
with sodium oxide and uranium oxide aerosols (Adams and Tobias,1983) and the
ABCOVE tests (Hilliard et al.,1983). Other relevant exparimental programs are
presented in Kress and Tobias (1980), Adams et al. (1980,1981,1982), Rehn (1980),
Fermandjian et al. (1980), and Gieseke et al. (1984). Values for the mass median
diameter of the size distribution, the standard deviation of the size distribution, the
aerosol shape factors, and the particle material density are based on the
observations reported in such experiments. Ranges for the initial aerosol mass
loading and the aerosol scurce rate and timing are derived from calculations of :'

in-aessel and ex-vessel aerosol production reported in a recunt study on the
reevalcation of the radiological source term (Cieseke et al.,1984). Tne input value
rar.ges given in Table 2.1 for containment atmosphere parameters (i.e., temperature, .

pressure, molecular weight of atmospheric gas, ratio of thermal conductivity of
atmospheric gas to that of suspended . particles, and containment temperature
gradients) are bounded by time-dependent variation for these parameters calculated
for TMLB' accidents by the CONTAIN code. The diffusion bour'dary layer thickness
values are based on the work of van de Vate (1980). However, boundary layer ,

thicknesses as low as 1.E-5 m have been used (Lipinski et al.,1985).

Scoping calculations for the turbulent energy dissipation rate similar to those .

given in Appendix E of Lipinski et al. (1985) are the basis for the range chosen for
,

'

turbulent energy dissipation in this study. Values given in Appendix E bound those

-2-
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Table 2.1 Variables Used in MAEROS Analysis

.

Variable Definition Range Distribution Restrictions

'

GSD1 Gecnetric standard deviation for 1.3 to 4. Uniform
diameter of first caponent (unitless)

MMD1 Mass radian diameter for first .2E4 Inguniform .5 rank corre-
ca ponent (a) to 5.0E4 lation with RKl

RM1 ibtal released rass for first caponent 100, to 1000. Ioguniform .5 rank corre-
(kg) lation with pool

GSD2 Gecmetric standard deviation for diameter 1.3-4. Uniform
of second w .ent (unitiess)

MMD2 Mass radian diameter for semnd .05E4 toguniform .5 rank corre-
corponent (m) to 5.0E 4 lation with SR2

SR2 Total mass source rate for second .1 to 1. Inguniform .5 rank corre-
ccaponent (kg/sec) lation with 79c2

RD2 Release charation for second caponent 7.2E3 Uniform
(sec) to 1.8E4

T Ttrperature (K) 375. to 600. Uniform T < .001 P

P Pressure (Pa) 3.75E5 Triangular with P > 1000. T
to 8.E5 apez at 5.8E-5

BCV Ratio of ceiling area to volume (m-1); .025 .075 Uniform
RCV also assumed to be ratio of ficor
area to volume

It# Ratio of wall area to volume (m-1) .08 to .24 Uniform

X Dynamic shape factor (unitless) 1. to 3. Uniform X1y

6 Diffusion boundary layer thickness (m) 5.E-5 Ioguniform
to 8.E-3

o Farticle material density (kg/m3) 2.E3 Normal
to 8.E3

CT Constant associated with thermal 1. to 3. Unifor:a
acccmsodation coefficient (unitlese)

y Agg1cmeration shape factor (unitless) 1. to 3. Uniform y>X

ST Protability sticking factor (unitless) .5 to 1. Uniform

77 tusperatare gradient (K/m) O. to 5.E-4 Uniform

. < Ratio of thermal conchactivity of gas to .05 to 1. tria.p lar with

that of particle (unitless) apex at .5

turbulence dissipation rate (m2/sec3) .001 to .03 Urtiform
, c
I .

tot Molecular weight of gas (kg/kg-mole) 20. to 40. Uniform

_3_
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given here. Similarly, scoping estimates of the area available for settling in the
reactor containment define the ranges chosen for the area to volume ratios in
Table 2.1. The input ranges for the constant associated with the thermal accommo-
dation coefficient and the probability sticking factor are strictly postulated.

For most of the parameters in Table 2.1, little is known about the distribution
of values within the specified ranges. As a result, most of the parameters are given
uniform or loguniform distributions. Loguniform distributions are used when the .

input range spans several orders of magnitude.

The following dependent variables are considered in this investigation: total
suspended mass of each component as a function of time (kg), time to 90 percent
and 99 percent deposition of the first component (sec), and time-integrated

3concentration of each component (kg sec/m ). Total suspentled (nass of each
component is related to the amount of radioactivity that can potentially reach the
public. The suspended mass of a component at any given time can be released
directly to the environment if the containment fails catastrophically. Since aetusols
produced in-vessel generally contain the more volatile and more radiotoxic
materials, the time for deposition of the first component affects the radictoxicity
of the materials suspended in the containment. The time-integrated concentration
of a component provides information about the overall importance of a parameter in
the accident sequence independent of time and about the amount of material that
might be released through a leak path.

3. hiODELING APPROACH. The modeling techniques used in this analysis for the
evolution of a spatially homogeneous, multicomponent aerosol were developed by
Celbard and Seinfeld (1980). These techniques are based on dividing the particle
size domain into a number of sections and requiring conservation of mass for each
chemical component for the physical processes resulting in particle movement into,
between and out of the sections. For this analysis, the physical processes considered
are coagulation due to Brownian motion, gravity and turbulence, and deposition due
to thermophoresis, gravity and diffusion. Due to the resulting simplicity in the
differential equations describing particle evolution, a geometric constraint is
imposed on particle mass at the section boundaries (i.e., vt,t 12vi, where vi s thei
largest particle mass allowed in section 1). Specifically, when m sections and s
components are considered, the following system of differential equations is
assumed to describe aerosol behavior:

dQtk/dt = fEk(Q,t) (3.1)

1-2 o

E B O O O 0 (3.2)* i, g _ t R- 1, k - lt tk 1
,

i=1

h
*

(lb
t-2 2b l

8 Q I )+ E 6 Q g,g + gg gj Q ik, g_g, g
i=1

-4 -

, _ . _ - . - -



* 0 O 0 O O (3*4)1-1,1-1 t-1,k - 1-1,1 Ek t-1

O _t, t Q O (33)+ g t t - 1, k,

.5 8 Q O (3.6)gg g tk

m

Ek [ 0 Oi (3*7)-Q
11

i=1+1

- (At 1*Et2 +#13)Ctk (3*0)

+ SR (3.9)gp ,

3whero Qik denotes the concentration of component k in section 1 (kg/m ), Qg
denotes the total concentration in section 1 (kg/m ), and the B's and p's denote
coefficients which are defined in the next paragraph. The terms in (3.2) through
(3.9) have the following correspondences:

(3.2),(3.3) - Coagulation of particles in section i with particles
in sections 1-1 and R, where i varies from 1 tn 1-2.

(3.4),(3.5) - Coagulation of particles in sections 1 and 1-l.

(3.6) - Intra-sectional coagulation loss.

(3.7) - Removal from sectica ilua to coagulation with
particles in higher s'ections.

(3.8) - Komoval due to deposition on surfaces, where 1, 2,

and 3 correspond to ceiling, walls and floor,
respectively.

.

(3.9) - Source rate for component k into section 1.

-5-
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The p's and 8's in (3.2) through (3.8) are derived in Gelbard and Seinfeld (1980)
and are defined in terms of single and double integrals. These integrals are given in
Table 3.1. The variables u and v in Table 3.1 represent particle mass, and the x and
y are functions of u and v. In the MAEROS computer program, this function f is
defined by f(u) = In(u) (Gelbard,1982). Due to the derivation of the model, this is
equivalent to u being uniformly distributed with respect to In(u) over each section.
A geometric constraint on particle mass is assumed for the derivation of the
coagulation coefficients in Table 3.1. The function 6(u,v)in Table 3.1 is actually the
sum of functions 6g(u,v), Sc(u,v) and S (u,v) corresponding to coagulation due toT
Brownian motion, gravity and turbulence; these functions are defined in Table 3.2.
The functions pi(u) in Table 3.1 are constructed from functions PT(u), PG(u) and
po(u) corresponding to deposition due to thermophoresis, gravity and diffusion;
these functions are defined in Table 3.3.

Additional background on aerosol behavior in the context of nuclear reactor
safety can be obtained from the review by Loyalka (1983).

4. APPROACH TO UNCERTAINTY AND SENSITIVITY ANALYSIS. A model can be
thought of as a function F(X g,...,X ) of independent variables X g,...,X . If X g,...,Xkk k
have ranges and distributions rather than fixed values, then F(X ,...,Xk ) will alsot
have a range and distribution. Uncertainty analysis involves determination of
properties of the distribution of F(X ,...,X ). Properties of interest include thet k

F(X ,...,X )-distribution function, the expected value and the variance for t k
Sensitivity analysis involves determination of the importance of individual Xi in
influencing F(X ,...,X ). Measures of such influence include partial correlationt k
coefficients, standardized regression coefficients and normalized partial derivatives.

The analysis techniques used in this paper are based on Latin hypercube
sampling and response surface construction. The techniques are intended for a
model with specified inputs X ,...,Xk which have defined ranges, distributions andt
possibly correlations. The first step in an analysis is to generate a Latin hypercube
sample from the X. This sample is then used in the generation of modeli
predictions. Once generated, these predictions can be used in the estimation of
distribution functions, expected values and variances. Further, these predictions
can be analyzed to determine the rewtive importance of individual X !n influencingt
their values. These techniques are now ci'acussed in greater detail.

As originally described by McKay et al. (tvab, Latin hypercube sampling
operates in the following manner to generate a sample of size n from the k variables
X g ,...,Xk . The range of each variable is divided into n ncnoverlappino intervals of
equal probability. One value from each interval is selected at randcm. The n values
thus obtained for Xg are paired at randorn with the n values obtained for X . These2
n pairs are combined in a random manner with the n values for X3 to form n triples.
The process is continued until a set of n k-tuples is fermed. This resultant set of
k-tuples is the Latin hypercube sample. .

Due to the random pairing of variable values in the generation of the sample,
there may exist spurious correlations between variable values within a Latin hyper- .

cube sample. This is most likely when n is small in relation to k. Such correlations

-6-
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Table 3.1. Sectional Rate Coefficients with Ceametric Constraint. This table is
adapted from Tables 1 and 2 of Gelbard and Seinfeld (1980); the

expressions given for 3 , 48 and pg,i are valid even if the geometric0
constraint is not satisfied.

.

Symbol Remarks Coefficienta*

x. x
lb 1<1<m [1 [ -1 v8(u.v)

'

O i,1-1,1 i<121 Jf(v _y-v)Jx _ y uv(x -x _y)(x _y-xt-2)g g g g g

x. x
12a 1< tsm uB(u.v)g dydxit 11 i<1 uv(x -x _y)(x -x _y)i g g gx _7 f(v -v)g g

x f(v -v)
[g [ v8(u.v)

g
2b 1<1 1mg dydxit 111 <1 J,i-1 f uv(x -x _7)(x -x _7)y g g gx

1-1

( f(v -v _7) gxg g
(u+v)8(u.v dydx

x ,7 f(v -v) "VI*1-*t-1)g g

B 1s1 1mgg
*t *t

f (u+v)8(u.v dydx.

( 1 1-1) )x "VI*1-*t-1)f(v -v 1-1

x. x
1 E4 1s1<m uB(u.v)3 dydxiE 1< i im "VI*i-*i-1)I*t-*1-1)x .x
i-1 1-1

,
;

,
11 1sm [E

#
1p dx11 1<1 <3 (x -x _1)j,1-1 g g

.

xi = f(vi),u = f-1(y),a = f-1(x).y

.

-7-
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Tablo 3.2. Co gulation Functions (m3 sec), where BB - Brownian motion, Bc - Cravity and/

By - Turbulence (adapted from Table A.! of Celbard (1982) and the associated
MAEROS computer program).

8 (u,v) = 2w (D * v) (Du+D)YEB u y uv

B (u,v) = ucuv(Du + D )2 Y2 | yTu - V v l ST/4C y T
.

= (B f + B ])l/2T T STB (u.v)T
.

I where

2
j D O (diffusion constant, m /J sec)* i

u u

D = (6u/wp)I (particle diameter, m)
u

= (Du + D ) /(Du + Dy + 2guv) + 8 (pu +Dv)N v (Du + Dv)ST{ Fuv v u
(non-isotopic gas correction)

-23k = 1.381 x 10 (Boltzmann's Constant, J/*K)
i
~

B =C wD nx (particle mobility, m /3 sec)
u u

'

C = 1.+ Kn [1.37 + .4 exp (-1.1/Kn )] (slip correction factor)
u

= .0066164 (.003661 T) 3/2 (T + 114.) (gas viscosity, kg/m sec)!
/n

| Kn = 2K/D (Knudson number)

X = (n/p )(1.89E-4 MW/T)l/2 (mean free path, m)g
3-p = 1.21E-4 P MW/T (gas density, kg/m )

g

9 * (9 +9Iuv u

2 ,y )1/22
V = (Vuv u v

2, g ))3/2 (3D I ) - O2g = [(D +t) - (D /
u u u uu u

t = 0 O InVg g g

V = (8k T/uu) 1/2 (mean velocity, m/sec)

c = 1.5 [ Min (D , D )/(D + D )] 2
uv u y u y

2
V = pD C g /18nx (cedimentation velocity, m/sec)

Tu u

g = 9.8 (gravitational constant, m/sec ) .

(turbulent shear kernel, m3/sec)
2

i STI ("C $ /120n) 1/2 y3 (Du + Dv) 3 .

BT2 = .074 | V u - VTvIY2 (Du + Dv) 2 (p c3 fy) 1/4T g
3(turbulent inertial kernel, m /sec)

and all other symbols are defined in Table 2.1.,

-8 --
h
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Table 3.3. Deposition Functions (1/sec), where pT ~ Thermophoresis, pc - Gravity,
and po - Diffusion (adapted from Table A.ll of Celbard (1982) and the
associated MAEROS computer program). The actual deposition functions
for ceiling, walls and floor are given by p1(u) = Max (O. PT-PC+PD).
p2(u) = Max (0, pT+PD), and p3(u) = Max (0, pT+PC+PD), respectively..

pT(u) (A/V) 3nCu (C Kn +c) VT= T u.

-{ 2xp T[1. + 31.37Kn ll + 2(C Knu + K)ll-Ig u T

pc(u) (A/V) VTu=

po(u) (A/V)Du/6=

where A denotes the area of the particular surface under consideration, V denotes
the volume of the containment, A/V = RCV for movements to the ceiling or floor,
A/V = RWV for movements to the walls, and all other symbols are defined in
Table 2.1 or Table 3.2.

can be avoided by modifying the generation of the sample through use of a technique
introduced by Iman and Conover (1982a) and implemented by a computer program
developed at Sandia National Laboratories (Iman and Shortencarier,1984). This
technique preserves the fundamental nature of Latin hypercube sampling but
replaces the random pairing of variable values with a pairing that keeps all of the
pairwise rank correlations among the k variables close to zero. The technique can
also be used to induce a desired rank correlation structure among the variables.

Uncertainty analysis in conjunction with Latin hypercube sampling is now
considered. In such an analysis, it is desired to estimate the distribution function,
the expected value and the variance for the dependent variable under consideration.
Due to the probabilistic nature of Latin hypercube sampling, it is possible to

; estimate these entities directly from the model predictions associated with the
sample. For convenience in the following discussion, (X gt....,Xki, Yg), i = 1,....n, is
used to denote the individual sample elements and the corresponding predictions Y .i
As each sample element has probability 1/n, an estimate of the cumulative
distribution function for Y can be obtained directly from the values for the

individual Yg. Further, the expected value and variance for Y can te estimated by

n,

E(Y) = E Y /n (4.1).

g
i=1

and-

n
V(Y) = E [Y k(Y)] 2/n (4.2)g

,

i=1

_9
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respectively. As discussed by McKay et al. (1979), the preceding provides unbiased
estimates for the distribution function and expected value associated with Y when
Latin hypercube sampling as originally defined is used. A small bias may be
introduced when the yestricted sampling technique of Iman and Conover (1982a) is
used. The estimator V(Y) of V(Y) in (4.2) for variance is biased; the exact amount of
bias is small but unknown. Iman and Conover (1980) have shown that

[(n-1)/n]V(Y) 1 E[V(Y)] 1 V(Y) (4.3)

when Y is a monotonic function of each of the X .i

Sensitivity analysis in conjunction with Latin hypercube sampling is based on
the construction of regression models. The observations (Xt i....,Xki,Y g), i= 1,....n,
are used to construct models of the form

h=60+Eb Z (4.4)
q q

subject to the constraint that E |Y $ 1 2i t be minimized. In the preceding, b and0
the b are constants, and each Z is a function of X ....,X . One such commonly

q q t k
used model is

k k
3

(4.5)b jX XjbXi+ EY=b0+ E i ii ,

1=1 i, ) = 1
11)

where the X may be the original independent variables or some transform of them.i
Further, regression is often performed in a stepwise fashion in which a sequence of
regression models is constructed by adding one independent variable at a time. In
turn, a regression of the form appearing in (4.4) can be reformulated as

(4.6)(Y- )/ s = E (b s / s ) (Z q)/ s ,

qq q q
9

= E Z /n, s = [E (Y - )2 (n-1)]I/2 and$ Ei qi-2 )2 (n-1)]I/2/

The quotients b s s appearing in (4.6) are called standardizeb =re[gre(Zt qi t i /where 9 = E Y /n, qti ssten coefficients.q
A ranking of varta e importance can be based on an ordering of their absolute values. .

An important property of least-squares regression is that
.

(4.7)E (Y - ) = E (Y - ) + Eg (Y - Y ) .

g g g g g g

-10-
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The R2 value for a regression falls between 0 and I and is defined by

E g (h 9) 27 g {y _9)2 (4.8)R = p .
,

2 value to 1 provides an*

As indicated by the equality in (4.7), the closeness of an R
indication of how successful the regression model is in accounting for the variation
in Y.

For a regression model of the form

h=60+bZ (4.9)
g

2 value of r2, the number sign (b ) |r| is called the correlation c'oefficientwith an R t
between Y and Z, where sign (b ) = 1 if bg 10 and sign (b ) = -1 if bg ( 0. Thist t
number provides a measure of the linear relationship between these two variables.e

When more than one independent variable is under consideration, partial correlation
coefficients are used to provide a measure of the linear relationships between Y and
the individual independent variables. The partial correlation coefficient between Y
and an individual variable Z is obtained from the use of a sequence of regressionp
models. First, the following two regression models are constructed:

A A
Z and Z' = c (4 0)Y' = a +0 "q q 0+ "q q .

q*P q#P

Then, the resgits of the tpo preceding regressions are used to define the new
variables Y - Y' and Zp - Z '. By definition, the partial gorrelation gpefficientp
between Y and 7.p is the correlation coefficient between Y - Y' and Zp - Z '. Thus,p

,
the partial correlation coefficient provides a measure of the linear relation- ship

! between Y and Z with the linear effects of the other variables removed.p

When nonlinear relationships are invcived, it is often more revealing to
calculate partial correlation coefficients between variable ranks thcn between the
actual values for the variables; such coefficients are known as partial rank
correlation coefficients. Specifically, the smallest value of each variable is
assigned the rank 1, the next largest value ts assigned the rank 2, and so on up to the
largest value which is assigned the rank n, where n denotes the number of
observations. The partial correlations are then calculated on these ranks. I

!
"

Stepwise regression, standardized regression coefficients and partial rank'

correlation coefficients will be used in the following sensitivity analysis. Additional
discussion of these techniques can be found in Iman, Helton and Campbell (1981a,

,

1981b), Iman and Conover (1980,1982b), and Iman and Helton (1985).

i
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5. THE AN ALYSIS. The analysis was performed for a Latin hypercube sample of
size 50 generated from the 21 variables listed in Table 2.1. The construction
technique described by Iman and Conover (1982a) was used to preclude spurious
correlations within the sample and to induce the rank correlations between variables
indicated in Table 2.1. The preceding construction requires a sample of size n > k,
where k is the number of independent variables under consideration. Our experience
has been that it is often sufficient to select n 1(4/3)k, which would suggest a sample
of size 28 for this analysis. However, as the model was not unduly expensive to
evaluate, the decision was made to use the somewhat larger sample size of 50.

The Latin hypercube sample described in the preceding paragraph was
generated without regard to the specified inequalities in Table 2.1. Once this
sample was generated, the sample actually used in the analysis was obtained by
considering the sample vectors individually and linearly mapping the range (and
hence the particular sampled value) of each restricted variable (i.e., T < .001 P and
X i Y) into its restricted range. Specifically, if the i_h sample vector contained thet

values of T , P , Xi and yi for T, P, I and y, respectively, then the actual values Pii
used for P and yi n the analysis were defined byi iandyi

P[ = 1000. T + (P - 3.75E5)(6.E5 - 1000. T )/4.2SES (5.1)i i i

and

Y[ = X i + (Y i- 1.)(3. - X i)/2 (5.2).

Figures 5.1 through 5.5 provide summaries of the predictions associated with
the resultant sample. Figures 5.1 and 5.2 display the total suspended mass of the
two components as a function of time. Figure 5.3 contains the distribution functions
for the first component for the times to 90 percent and 99 percent deposittor..
Finally, Figures 5.4 and 5.5 contain the distribution functions for the integrated
concentrations from t = 0 sec to t = 72,000 sec for the first and second components,
respectively. To obtain these predictions,10 size sections were used, and the lower
and upper section boundaries were taken to be . ole-6 m and 100.E-6 m,
respectively. The analyses (including partial correlation and regression analyses
shown later) were also repeated for 5, 15 and 20 sections; the results were

essentially identical for 10,15 and 20 sections and only slightly different for 5
sections. The effects of section definition are considered in greater detail in
Section 6.

An important property of analyses involving Latin hypercube sampling is that it
is possible to generate scatterplots in which a dependent variable appea s on one
axis and an independent variable appears on the other axis. Such a plot is given in *

Figure 5.6. Scatterplots can be very useful because they may reveal unexpected
relationships between variables and thus provide guidarce with respect to how an

*

analysis might be performed. Latin hypercube sampling is particularly effective in
providing such guidance because it forces the full range of each variable to be
sampled. In this particular analysis, examination of scatterplots did not reveal any
unexpected behavior. However, Iman and Helton (1985) give an example of an

-12-
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analysis in which examination of scatterplots provided important insights with
respect to the behavior of the model under consideration.

As indicated earlier, uncertainty analysis is taken to include estimation of
distrioution functions, expected values and variances. Four such distribution ,

functions are shown in Figures 5.3, 5.4 and 5.5. Further, expected values and
variances can be estimated as indicated in (4.1) and (4.2). Such estimates are shown
in Table 5.1 for the dependent variables in-Figures 5.3, 5.4 and 5.5. If desired, ,

estimates for distribution functions, expected values and variances could also have
been made for the total suspended mass of each component at various times and also
for other dependent variables such as mass median particle diameter, geomettic
standard deviation of particle diameter, deposition on various surfaces, and so on.
The estimated distribution function provides a more useful and robust display of
model variability than estimated expected value and variar.ce. However, it should
be recognized that such estimates are conditional on the distributions and
restrictions assumed with respect to the independent variables (see Table 2.1).

Perhaps the most interestirbJ aspect of the results shown in Figures 5.1 through
5.6 is not how much, but rather, how little variability is shown. A total of
twenty-one independent variables was considered, with several variables being given
ranges covering one or more orders of magnitude. Thus,it might be anticipated that
the resultant dependent variables would vary over many orders of magnitude. in
contrast, the observed variability was generally less than one order of magnitude.
This is encouraging with respect to being able to model aerosol behavior in reactor
containments.

Once the variability in model predictions is determined, the next step is to
perform a sensitivity analysis to determine the importance of individual variables in
influencing dependent variables of interest. For the dependent variables appearing
in Figures 5.1 and 5.2 (i.e., time dependent suspended mass), this determination will
be made on the basis of partial rank correlation coefficients. For the dependent
variables appearing in Figures 5.3, 5.4 and 5.5 (i.e., times to 90 and 99 percent
deposition and integrated concentrations), this determination will be made through
the use of stepwise regression.

The analyses for total suspended mass are presented first. As these variables
arc functions of time, it is informative to give graphs of their partial rank

correlation coefficients as functions of time. Partial rank correlations are used
because they help to remove the effects of nonlinear relationships between
independent and dependent variables. The correlations are presented in Figures 5.7
and 5.8. As a means of including only the more important variables, only those
variables which have a correlation whose absolute value is greater than or equal to
0.75 at some point in time are included in these figures. Table 5.2 gives the
calculated partial rank correlation coefficients for the total suspended mass of the
first component at various points in time. .This table also contains a ranking of
variable importance for those variables with coefficients greater than or equal to'

,

0.4 in absolute value; coefficients closer to zero suggest little significance for the
associated variables. The preceding partial correlation calculations were performed
with a computer program developed at Sandia National Laboratories (Iman et al.,
1985). As indicated earlier, the partial rank correlation coefficient provides a
measurc of the tendency of two variables to increase or decrease together after a
correction has been made to remove the effects of other variables.

-18-
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Table 5.1. Estimated Expected Values and Variances.

Expected Standard
Value Variance Deviation

Time to 90% Deposition 4110. 2.96E6 1720.
of First Component (sec)

Time to 99% Deposition 6760. 7.70E6 2770.
of First Component (sec)

Integrated Concentration 10.8 63.3 8.0
for First Component

3(kg sec/m )

Integrated Concentration 130. 3960. 62.9
for Second Component

3(kg sec/m )

As examination of Figure 5.7 and Table 5.2 shows, total suspended mass of the
first component is dominated at the outset by RML (total released mass for first
component). Thereafter, variables which affect agglomeration dominate.
Specifically, SR2 (mass source rate for second component), y (agglomeration shape
factor) and c (turbulence dissipation rate) have negative influences on the suspended
mass of the first component while p (particle density) has a positive influence.
Increasing SR2 increases the amount of material available for agglomeration while
increasing y and c increases the rate constants for agglomeration. Examination of
Table 3.2 suggests that the positive influence of p is due to its effect on decreasir,g
particle diameter D . As shown in Figure 5.8, total suspended mass of the secondu
component is initially dominated by SR2 (mass source rate for second component).
The effect of release duration for the second component (RD2) can be seen by the
corresponding changes in importance for SR2 and RD2. As for the first component,
both y and c have strong negative influences. However, x (dynamic shape facQ4)
has a positive influence. Although not shown, p had a partial rank correlation
coefficient of approximately 0.6. Thus, as with the first component, total suspended
mass of the second component appears to be dominated by source rate and by
factors affecting agglomeration.

The analyses for time to 90 percent and 99 percent deposition for the first
component and for the integrated concentrations are now presented. These analyses
were performed with stepwise regression. The set of candidate predictor variables
consisted of the original 21 variables appeating in Table 2.1 plus their squares. For
each regression, the logarithm of the dependent variable and of each logarithmically -

distributed independent variable is used instead of the original variable; this
procedure helps to reduce the effects of nonlinearities. Further, each variable, or
its logarithm as appropriate, is normalized to a new variable with mean zero and *

standard deviation one; this normalization helps to reduce correlations between

i
I
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Table 5.2. Partial Rank Correlation Coefficients for Total Suspended Mass of First
Component at Selected Times.

Var 20 min 40 min 60 min 120 min*

GSDI .245 .2 l0 .041 .013
.

MMDI .211 .578 6 .547 6 .490 6

RMI .773 1" .630 5 .529 7 .414 8

GSD2 .127 .297 .386 .444 7

MMD2 .004 .059 .128 .295

SR2 .428 3 .762 1 .891 1 .937 1

RD2 .142 .138 .221 .184

T .196 .436 8 .368 .283

P .033 .174 .126 .116

RCV .219 .025 .001 .006

i RWV .142 .174 .151 .114

| x .358 .335 .351 .361
a

1 6 .020 .O l l .135 .086

j p .248 .640 4 .714 4 .765 4

C .192 .201 .055 .107
T

y .507 2 .671 3 .720 3 .786 2

ST .121 .454 7 .623 5 .596 5

VT .100 .107 .096 .133

.
r .162 .226 .190 .104

c .254 .712 2 .765 2 .767 3

MW .005 .099 .176 .275

; Variable rank based on absolute value of partial rank correlation coefficienta

t
.

*
>

.

b
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variables and their squares. The stepwise regression was then performed on these
variables with a program available at Sandia National Laboratories (Iman et al.,

'
1980); in this regression, a variable had to be significant at the .01 a-level to enter
into a regression model and remain significant at the .05 a-level to stay in a
regression model. This generated a sequence of regression models for each -

dependent' variable. These models are summarized in Tables 5.3 and 5.4. A
considerable amount of discretion was used in selecting the stopping point in each
stepwise regression. This decision was made on the basis of the previously indicated -

a-levels,- the leveling off of R2 values and the behavior of PRESS values. The
i PRESS value (Allen,1971) is used to indicate if a regression model is overfitting the

data on which it is based.

The analyses for times to 90 percent and 99 percent deposition of the first
component in Table 5.3 indicate that these times are dominated by agglomeration-
related variables. _ For example, SR2 (source rate of second component) and y
(agglomeration shape factor) are the first two variables selected in both analyses
and also have the largest standardized regression coefficients. Further, most of the
other variables in the regression analyses are related to agglomeration. It is
interesting to consider the effects indicated for RM1 (total released mass for first
component) by the e analyses. First, as shown by the signs of the standardized
regression coefficients, increasing RML decreases the times to 90 percent and 99<

f 1able 5.3. Stepwise Regression Analyses for Time to 90 percent and 99 percent
Deposition of First Component.

~

Time 90% Deposition Time 99% Deposition

Step Var 8 SRC b R 2c Var a - SRC b R 2c

1 SR2 .612' .311 SR2 .700 .405

} 2 Y .595 .503 y .607 .615
,

3 RMI .325 .647 c .335 .143
:

! A c .347 .787 p .257 .806
;

5 p .254 .848 MMDI .140 .862'

;

6 x .252 .901 ST .214 .917

7 ST .210 .944 x .247 .951

8 MMDI .168 .968 RM L - .189 .974 .

2 2
9 c .106 .978 c .105 .984

.

a Variables listed in order in which they entered the regression.
b Standardized regression coefficients for variables in final regression model.

:

c R2 value for regression model with entry of each variable,

f -24-
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percent deposition. This is because larger values for RM1 result in (l) larger par-
ticles (i.e., RMl has a .5 rank correlation with MMD L), (2) more rapid agglomeration
due to higher particle densities, and (3) larger required concentrations of the first
component at the specified percentage deposition times. In contrast, if the

,

dependent variables were times to reach specified concentration levels that were
independent of RML, then the resultant regression coefficients for RMI would

,
probably be positive. Second, the effects indicated for RM1 tend to decrease with
time. For time to 90 percent deposition, RMI is third and fourth in importance
based on entry into the regression model and size of standardized regression
coefficient in the final regression model, respectively; for time to 99 percent
deposition, RM1 is eighth in importance on the basis of either of these criteria. As

2 values (i.e., .978 and .984), these modelsthe final regression models have large R
are quite successful in accounting for the observed variation. Thus, independent
variables not in the final regressions had little effect on the deposition times. For
example, little importance is indicated for the distributional assumptions associated
with the two components (i.e., GSDI, MMDI, GSD2, MMD2).

Table 5.4 Stepwise Regression Analyses for Integrated Conceitration of the First
and Second Component. Table organization is the same as for Table 5.3.

Integrated Conc. First Comp. Integrated Conc. Second Comp.

Step Var SRC R 2 Var SRC R 2

1 RM1 .786 .481 SR2 .650 .318

2 SR2 .433 .613 RD2 .431 .597

3 y .445 .737 c .331 .708

4 c .272 .814 y .485 .818

5 MMOL .257 .871 x .256 .867

6 x .231 .907 MMD2 .232 .899

7 p .163 .935 ST .193 .932

8 ST .157 .960 p .171 .965

2
9 MMD1 .123 .974 MMD2 .107 .977

210 c .098 .986*

-25-
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The analyses for integrated concentration in Table 5.4 Indicate that the
integrated concentration of each component is dominated by the amount of that
component introduced into the system and by factors which affect agglomeration.
Specifically, RMI (total released mass for first component) is indicated as the most
important independent variable with respect to the integrated concentration of the ~

first component while SR2 (source rate for the second component) and RD2 (release
duration for the second component) are indicated as the most important variables
with respect to the integrated concentration of the second component. After thesa
initial selections, both regressions bring in variables related to agglomeration (e.g.,
y, c, x, p, ST). Small negative effects are indicated for the mass median
diameters associated with the two components (i.e., MMD1 and MMD2); this is
because increasing the mass median diameter tends to move mass to large particles
which settle more rapidly. The high R2 values (i.e., .974 and .986) indicate that the
final regression models are successful in accounting for most of the observed
variation in the integrated concentrations.

Table 5.5 contains the results of an additional sequence of regressions which
was performed for comparison with the partial rank correlation analysis results
contained in Table 5.2. Specifically, a regression model containing all 21 indepen-
dent variables was constructed for each of the dependent variables in Table 5.2. The
resultant standardized regression coefficients are presented in Table 5.5; further,
the table also contains a ranking of variable importance for those variables with
coefficients greater than or equal to .2 in absolute value. As each regression model
was required to include all 21 independent variables, the regression coefficients
close to zero probably have little significance. The variable rankings in Tables 5.2
and 5.5 are similar but not the same. As the ranking criteria are different, the two
rankings will not necessarily be the same. Further, partial rank correlation
coefficients and standardized regression coefficients are not directly comparable.

6. THE AGCREGATION PROBLEM. An important problem in model development is
the degree of resolution that should be built into the model. Often, more accuracy
can be achieved by making the model more detailed. The tradeoff is that the
additional detail may significantly increase the expense of evaluating the model.
The analysis of this tradeoff between model resolution and model complexity is
known as the aggregation problem (e.g., Aoki,1971; ljiri,1971; Golikeri and Luss,
1974; Zeigler,1976; Cardner et al.,1982; Gibbons et al.,1982). Sensitivity analysis
provides a way to investigate the impact of increasing model complexity. This can
be illustrated by adding the three variables listed in Table 6.1 to the 2l variables
listed in Table 2.1 and then repeating the analyses given in Section 5.

For purposes of comparison, the analyses leading to Tables 5.3 and 5.4 were
repeated for the 2l variables appearing in Table 2.1 and the additional 3 variables
appearing in Table 6.1. The resultant regression analyses are presented in Tables 6.2
and 6.3. These results and other unpresented analyses (i.e., partial rank correlation
plots and additional regression models) indicate that the uncertainty induced by the '

modeling parameters in Table 6.1 is small in comparison to the uncertainty induced
by the physical parameters in Table 2.l. For example, the variables in Table 6.1

*

either do not appear in Individual regressions in Tables 6.2 and 6.3 or appear only
near the end of the regressions.
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Table 5.5. Standardized Regression Coefficients for Total Suspended Mass of First
Component at Selected Times.

Var 20 min 40 min 60 min 120 min
-

' GSDL .101 .065 .015 .013

MMDI .183 .147 .055 .008
8

RML .699 1 .133 .016 .106'

| GSD2 .116 .014 .019 .050
2

MMD2 .035 .096 .023 .047

SR2 .334 3 .565 2 .667 1 .740 1

RD2 .017 .009 .016 .023
,

T .103 .172 .152 .l39

P .008 .035 .035 .0261

RCV .086 .032 .013 .017

RWV .036 .034 .026 .030

x .284 4 .317 4 .294 4 .246 4

6 .015 .010 .036 .023

p .119 .228 5 .227 5 .229 5

C .076 .016 .027 .033
T

y .468 2 .612 1 .613 2 .582 2

ST .074 .204 6 .220 6 .204 64

VT .010 .036 .033 .044

c .I18 .060 .047 .037

c .200 5 .367 3 .365 3 .356 3

MW .008 .009 007 .035

2 2 2 2
R =.800 R = .865 R =.911 R =.939

a Variable rank based on absolute' value of standardized regression
coefficient.

.

1

i

i
,
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Table 6.1. Additional Variables for Analysis of Aggregation.

Variable Definition Range Restrictions
.

SSB Smallest section boundary .01E-6 Loguniform
(m) to 1.E-6

LSB Largest section boundary (m) 50.E -6 Uniform
to 200.E-6

| NS Number of sections (irtteger 5 to 20 Uniform
values only)

Table 6.2. Stepwise Regression Ar.alyses of Aggregation Effects for Time to 90
; percent and 99 percent Deposition of First Component. Table

organization is the same as for Table 5.3.

2

Timo 90% Deposition Time 99% Deposition

Step Var SRC R2 Var SRC R2
!

!

; 1 SR2 .635 .372 SR2 .700 .489

I 2 y .567 .530 -y .586 .648
:

3 MMDI .168 .647 c .324 .753'

1

A c .346 .748 MMDl .120 .7964-

5 p .226 .807 p .230 .8544 7

| 6 ST .252 .861 ST .204 .901

7 RM1 .271 .912 -x .289 .934
I

| -8 x .299 .956 RMI .163 .949
| -

'

9 .SSB .089 .964 NS .147- .962

2 '

10 p .125 .975

i
. ,

i
f

-28-,

. . . . . . . .- - . - . . - . _ - . . . - , . - . .



Table 6.3. Stepwise Regression Analyses of Aggregation Effects for Integrated
Concentration of the First and Second Component. Table organizaton is
the same as for Table 5.3.

* -

Integrated Conc. First Comp. Integrated Conc. Second Comp.

. Step Var SRC R2 Var SRC R2

L RMI .776 .491 SR2 .661 .332

2 SR2 .423 .625 RD2 .489 .531

3 y .420 .738 c .341 .651

4 c .261 .812 y .478 .772

5 MMD1 .252 .867 MMD2 .270 .830

6 ST .210 .905 ST .219 .875

7 x .244 .943 x .248 .920

8 p .152 .965 p .178 .940

9 MMD22 .157 .961

Another way to investigate the effects of aggregation is by comparing
distribution functions generated by Latin hypercube sampling. Specifically, the
distribution functions are generated and compared for several different formulations
of the model involving diffecent levels of complexity. The fundamental question of
interest is whether changing the complexity of the model has a significant effect on
model predictions. As already indicated, it is possible that other uncertainties with
respect to the system will negate any improvement in model predictions that might
result from greater model complexity. The use of Latin hypercube sampling has the
advantage that it forces the full range of each uncertain parameter to be considered.

The results of two such comparisons appear in Figures 6.1 and 6.2. These
figures were generated with use of a Latin hypercube sample of size 50 from the
variables in Table 2.1 and use of the MAEROS model with the indicated number of
sections and section boundaries. The results contained in these figures and in other
unpresented figures clearly indicate that the dependent variable uncertainty
resulting from the variation defined in Table 2.1 far exceeds the variation caused by

.

the section boundaries or nurnber of sections used. If the results for 20 sections and
boundaries of .01E-6 and 400.E-6 meters are tcken as " correct," then the results for
the computationally much less demanding formulaticas with 10 sections and.

boundaries of .lE-6 and 50.E-6 meters are almost the same. Indeed, even when the
number of sections is reduced to 5, the difference in predictions is small in
comparison to the differences caused by the variation of the variables in Table 2.1.

-29-
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Figure 6.1. Distribution Fur.ctions for Time to 99 percent Deposition of
First Component for Different Section Boundaries and
Number of Sections (1 ~ .lE-6 to 50.E-6 m, 5 sections;
2 ~ .lE-6 to 50.E-6 m,10 sections; 3 ~ .01E-6 to 400.E-6
m, 20 sections; 4 ~ 1.E-6 to 50.E-6 m,15 sections).
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Figure 6.2. Distribution Functions for Integrated Concentration of
Second Component for Different Section Boundaries and
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2 ~ .lE-6 to 50.E-6 m,10 sections; 3 ~ .01E-6 to 400.E-6
m,20 sections; 4 ~ 1.E-6 to 50.E-6 m,15 sections).
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Another way to present the comparisons given in Figures 6.1 and 6.2 is by
generating curves from pairs (x,y), where x is the " correct" model prediction
associated with the most detailed model formulation and y is the model prediction
associated with a less detailed formulation. If the predictions for the two
formulations are the same and the same scale is used on both axes, then the
associated curve will be a straight line through the origin with a slope of i. I'n
contrast, curves above and below this line indicate consistent over and under
prediction. respectively.

7. DIFFERENTIAL ANALYSIS. Thus far, this presentation has used techniques
based on Latin hypercube sampling and regression analysis. An alternate approach
to sensitivity analysis is based on the partial differentiation of model predictions
with respect to the independent variables under consideration. Once these partial
derivatives are obtained, they can be used in ranking variable importance.
Specifically, the model prediction Y of interest is approximated by a Taylor series
of the form

Y(X) 5 Y(Xo) + Eg{ SY(X )/8X } { Xg - XiOI (7l)O t e

where X denotes a vector of variable values Xg and X0 denotes a vector of " base
casc" variable values XiO. Higher order Taylor series approximations are also
possible.

The partial derivatives appearing in (7.l) are dependent on the units in which
the Xg are expressed, and thus, are not by themselves very useful in ranking
variable importance. Typically, the partial derivatives are normalized to

{ X o/Y(X )) (72){ aY(X )/aXg} i O0

or

{ aY(X )/aXg} { S(Xg)/S(Y)) (7.3)O ,

where S is used to denote standard deviation. An ordering of the absolute values of
either of these normalizations can be used to rank variable importance. The
normalization in (7.2) leads to a ranking of variable importance based on the offects
of equal fractional changes of the base case values X 0. The normalization in (7.3)
leads to a ranking of variable importance based on the effects of perturbing tre Xg
from XiO by equal fractions of the standard deviation S(X ). Thus, a ranking basedt
on (7.3) incorporates effects due to distributions assigned to the Xg while a ranking
based on (7.2) does not. Conceptually, the normalization in (7.3) is equivalent to a
standardized regression coef ficient. ,

if (7.2) and (7.3) are to be used to rank variable importance, it is first necessary
to obtain the required partial derivatives. If the function Y appearing in (7.1) is ,

relatively simple, then it may be possible to generate these derivatives analytically
or by simple differencing schemes. Of ten, Y is too complex to permit such simple
approaches. When Y arises in the solution of a system of equations, a common
approach is to introduce a second system of equations that involves the desired

|

!
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partial derivatives as unknown functions and then solve both systems simulta-
neously, it is this latter approach which was taken to generate partial derivatives
for the following example.

As previously indicated, the model under consideration is a system of
differential equations of the form

.

dQ1k(X,t)/dt = fik (Q(X,t),X,t), Qik(0) = Qtk(X,0) (7.4),

where Q is the vector of unknown functions and X is the vector of variables whose
effects are under investigation (i.e., the variables listed in Table 2.1). It is desired
to estimate aQ tk(X ,t)/8Xg for each element Xg of X, where X0 denotes a vector of0
base case values for the Xg. This can be done by formulating a new problem which
permits a simultaneous solution for both Otk and aQtk aXg. This new problem is/

obtained by ditferentiating the expression in (7.4) with respect to Xg, which yields

a[dQ1k(X,t)/dt)/aXg = a { ftk(Q(X,t),X,t} } /a Xg

a[Qtk(0)yaXg = 8[Q1k(X,0)]/8Xg (7.5).

In turn, the preceding system can be reformulated as

d[8Qik(X,t)/aX[]/dt = 8 { fik(Q(X,t),X,t)) /a Xg

+E a{fik[Q(X,t),X,t]) /a Qpq * 8Qpq/aXgpq

0[QLk(0)]/aXg = a[Qtk(X,0)]/8Xg (7.6).

The systems in (7.4) and (7.6) can now be solved simultaneously to obtain Q1k and
aQ ik aXg./

The approach outlined in the preceding paragraph was used to obtain the partial
derivatives which are presented in this section. This approach has been widely used
and additional background is available elsewhere (e.g., Tomovic,1965; Tomovic and
Vukobratovic,1972; Frank,1978). As it is necessary to solve the systems in (7.4) and
(7.6) for each Xg, generating partial derivatives in this manner can require a large
amount of computation. As will be briefly indicated later, there exist procedures
which have been developed to reduce the amount of required computation.

.

The partial derivatives of the integrated concentration of the first component
appear in Table 7.1. These partial derivatives and all others in this presentation
were calculated at the expected values of the variables appearing in Table 2.1.
Columns 1 and 2 present normalizations of the derivatives as shown in (7.2) and
(7.5), respectively. As the integer rankings listed in these columns indicate, these
normalizations produce similar, but not identical, rankings of variable importance.

4

I

I
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For comparison, Columns 3, 4 and 5 of Table 7.1 present rankings based on
standardized regression coefficients; such coefficients are analogous to the normal-
ized partial derivatives appearing in Column 2. Each regression involved the
construction of a regression model with the 21 variables in Table 2.1 and the
previously discussed Latin hypercube sample of size 50. No transformations were
used for either the independent or dependent variables for the regression in Column
3. If integrated concentration were truly a linear function of the Xg, then the
derivatives in Column 2 and the regression coefficients in Column 3 should be the
same. The variables for the regression in Column 4 were normalized as discussed in
Section 5. Finally, the variables for the regression in Column 5 were rank
transformed. That is, each variable value was assigned a rank from 1 to 50 based on
its relative size, and then the regression was performed on these ranks. Such rank
regressions often provide a useful way to study nonlinear, monotonic relationships
between variables within the framework of linear regression analysis (Iman and
Conover,1979).

Overall, the variable rankings in Columns 2, 3,4 and 5 of Table 7.1 are similar.
This is especially true for the more important variables (e.g., compare the variables
ranked I through 7 in importance). There is less consistency for some of the less
important variables. The partial derivatives and the indicated rankings in Columns I
and 2 should be correct for at least small perturbations from the basecase values.
However, the effects due to many of the less important variables are so small that
they are lost in the concurrent variation of many more important variables, and
hence, are not properly indicated in a regression model. In this regard, it is perhaps
useful to consider the stepwise regression for integrated concentration of the first
component presented in Table 5.4. There, a regression model with R2 = .907 is
produced with the use of five variables, while a regression model with R2 = .960 is
produced with the use of seven variables. In contrast, as shown in Column 4 of
Table 7.1, use of all 21 variables produces a model with only a slightly improved R2
value (i.e., R2=,973),

The partial derivatives of the total suspended mass of the first component at
times 20 min., 40 min.,60 min. and 120 min. after the start of the problem appear in
Tables 7.2 and 7.3. The derivatives in Table 7.2 have been normalized as shown
(7.2), while those in Table 7.3 have been normalized as in (7.3). As for the
derivatives in Table 7.1, the derivatives in Tables 7.2 and 7.3 indicate the effects of
perturbations away from the expected values for the independent variables. The
variable rankings in Tables 7.2 and 7.3 can be compared with those in Tables 5.2 and
5.5 obtained with partial rank correlation analysis and regression analysis,
respectively. The variable rankings are similar but not the same. This is to be
expected as the ranking criteria are not the same.

This presentation contains only a small number of the regrcssions and Taylor
series generated in this analysis. For some variables, rankings based on partial
derivatives normalized as in (7.3) and on standardized regression coefficients were
similar; for other variables, they were different. If problems associated with the
generation of the results are ignored, then which ranking is preferred depends on the
type of information that is desired. If a ranking based on small perturbations of all
variables is desired, then the ranking based on partial differentiation is probably
better. However, if it is desired to assess the effects of the concurrent variation of
a number of variables over possibly wide ranges, then rankings based on standardized
regression coefficients and partial correlation coefficients are probably better.
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Table 7.1. Normalized Partial Derivatives and Standardized Regression
Coefficients for Integrated Concentration of First Component.

*

Var la 2D 3c 4c Se

CSD1 .126 10f .065 11 .086 8 .054 11 .045 13
'

! MMDI .210 9 .310 4 .329 4 .261 4 .244 5

RML .754 2 .832 1 .794 I .811 1 .850 1

GSD2 .028 14 .014 14 .008 19 .011 19 .056 12
MMD2 .054 13 .108 8 .039 14 .029 13 .010 2l
SR2 .362 6 .399 3 .431 2 .411 3 .345 3

RD2 .321E-3 20 .137E-3 20 .338E-3 21 023 15 .020 19
T .486 4 .069 10 .028 16 .063 9 .085 9
P .114 12 .030 13 .006 20 .060 10 .060 il

RCV .021 15 .010 15 .074 9 .021 16 .017 20
RWV .010 17 .005 16 .030 15 .014 18 .029 17
x .476 5 .237 5 .073 10 .223 6 .261 4
6 .604E-6 21 .509E-6 21 .058 12 .004 20 .037 15
p .286 7 .096 9 .184 6 .185 7 .168 8
CT .668E-3 19 .3 3 3E-3 19 .062 11 .028 14 .030 16;

' y -1,324 1 .503 2 .344 3 .461 2 .454 2
; ST .557 3 .186 7 .086 7 .167 8 .173 7
'

VT .014 16 .565E-3 18 .016 17 .016 17 .074 10
i c .006 18 .004 17 .055 13 .038 12 .027 18
; c .240 8 .217 6 .236 5 .254 5 .179 6

MW .117 !! .039 12 .011 18 .002 21 .040 14

a (aY/aX )(X /Y).t;

b (aY/aXg)(S(X[)/S(Y)) where S denotes standard deviation.
,

c Standardized regression coefficients with no normalizations or transformations.
R2 =.905.

d Standardized regression coefficients with (t) logarithms taken for Y and all log
uniformly distributed variables, and (2) all variables normalized to mean 0 and
standard deviation 1. R2 = ,973,

e Standardized regression coefficients with (t) all variables rank transformed, and
(2) all variables normalized to mean 0 and standard deviation 1. R2 = .001.

f Variable rank.
.

.

!

.
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Table 7.2. Normalized Partial Derivatives (BY/aX )(X /Y) for Total Suspendedt i
Mass of First Component.

Var 20 min 40 min 60 min 120 min

a
GSDL .164 3 .180 12 .853E-01 13 .168E-01 15

MMOl .160 5 .349 9 .350 11 .459 10

RM1 .916 I .510 5 .376 8 .599 11

GSD2 .195E-01 12 .934E-01 14 .228E-01 15 .156 12

MMO2 .169E-01 13 .131 13 .l25 L2 .149E-01 17

SR2 .3 l9E-01 11 .483 6 -l.16 5 -2.86 3

RD2 0. 21 0. 21 0. 21 .0 2l

T .128 6 .797 3 1.33 3 2.48 4

P .883E-02 l7 .182 !! .358 10 .734 9

RCV .623E-01 8 .358E-OL 15 .8l4E-01 14 .133 13

RWV .ll2E-01 15 .14tE-01 17 .ll3E-01 17 .165E-01 16

x .162 4 .777 4 1.23 4 2.24 5

6 .738E-06 20 .806E-06 20 .554E-06 20 .295E-06 20

p .344E-OL 10 .450 7 .884 6 1.79 6

C .772E-03 19 .906E-03 l9 .703E-03 19 .698E-03 19
T

y .251 2 -2.11 1 -3.88 1 -7.63 1

ST .109 7 .901 2 -1.62 2 -3.08 2

VT .155E-01 14 .193E-01 16 .153E-01 16 .212E-01 14

r .654E-02 18 .821E-02 18 .657E-02 l8 .96tE-02 18

c .500E-01 9 .387 8 .699 7 -1.29 7

MW .939E-02 16 .186 10 .367 9 .754 8

bTSM = 343 kg TSM = 216 kg TSM = 87.4 kg TSM = 4.7 kg

a Variable rank.
b Total suspended mass of first component.

.
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Table 7.3. Normalized Partial Derivatives (aY/8X[)(S(X )/S(Y)) for Totali
Suspended Mass of First Component.

Var 20 min 40 min 60 min 120 min-

GSDI .917E-01 4* .775E-01 11 .209E-01 13 .201E-02 15
-

MMDI .256 2 .430 4 .245 6 156 6

RMI 1.09 I .468 2 .196 7 .101 8

CSD2 .109E-OL 13 .402E-01 13 .560E-02 15 .186E-01 l2
MMO2 .368E-01 9 .220 8 .119 9 .693E-02 14

SR2 .380E-01 8 .444 3 .606 2 .728 i

RD2 0. 21 0. 21 0. 21 0. 2l
T .197E-OL 11 .943E-01 10 .90!E-OL 10 .8tlE-01 9

P .25tE-02 17 .400E-01 14 .447E-01 L2 .446E-01 l!

RCV .335E-01 10 .148E-01 15 .191E-01 14 .153E-OL 13

RWV 606E-02 l4 .586E-02 16 .268E-02 16 .189E-02 l6
x .874E-01 5 .322 5 .290 4 .257 4

6 .67tE-06 20 .565E-06 20 .221E-06 20 .574E-07 20
p .124E-01 12 .125 9 .l40 8 .138 7

C .414E-03 19 .375E-03 19 .165E-03 19 .800E-04 19T
y .t03 3 .669 1 .699 1 .668 2

,

ST .393E-01 7 .250 7 .257 5 .237 5

VT .822E-03 18 .625E-03 18 .197E-03 18 .867E-04 18

e .474E-02 15 .460E-02 17 .209E-02 17 .149E-02 17

c .487E-01 6 .291 6 .298 3 .269 3

MW .336E-02 16 .516E-01 12 .578E-OL 11 .577E-OL 10

a Variable rank.

.

.

.
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A problem which cannot be avoided in practice is that of cost, both human and
computational. The differential analysis presented in this section was far more
demanding, in terms of human and computer time, to implement than the analysis
based on Latin hypercube sampling. First, it was necessary to write a computer
program which would define and solve the two systems in (7.4) and (7.6). This turned
out ta be a very tedious and numerically difficult task. Second, once these systems
were defined, it was necessary to solve them simultaneously for each of the 21
ir' dependent variables under consideration. In contrast, implementation of the -

analysis based on Latin hypercube sampling was much easier. Already available
orograms were used to generate the sample and to perform the regression and
correlation analyses. Further, the basic model defined by (7.4) could be used in an
essentially unchanged form by placing it within a 00 loop which supplied the
individual sample vectors to it and then recorded the desired dependent variables on
a file for later analysis.

It is possible to reduce the amount of computational time required in a
differential analysis by the use of specialized numerical procedures to avoid having
to solve the systems in (7.4) and (7.6) once for each independent variable under
consideration. These procedures are known as adjoint methods (e.g., Koda et al.,
1979; Cacuci et al.,1980; Cacuct ,198ta and 198tb; Piepho et al.,1981; Hall et al.,
1982; Cacuci et al.,1983) and Green's function methods (e.g., Hwang et al.,1978;
Dougherty et al.,1979; Demiralp and Rabitz,1981a and l981b; Dacol and Rabitz,
1983). These procedures are conceptually similar and requa the solution of a
differential equation involving the Jacobian matrix for the original system (i.e.,
equation (7.4)). Once this second system has been solved, it can be used repeatedly
in numerical integrations to evaluate the desired partial derivatives. However,
implementation of these techniques is numerically more complex than
simultaneously formulating and solving the systems in (7.4) and (7.6); thus, they are
also more demanding of human time. Hence, there is a trade-off. It may be
possible to save computational time but at the cost of greater human time in the
implementation of the analysis. At the outset of this effort, the intent was to use
adjoint methods to calculate the desired partial derivatives. Ultimately, it was
decided that it would be more cost effective to repetitively solve the systems in
(7.4) and (7.6) than to implement an adjoint analysis.

8. DISCUSSION. An approach to uncertainty and sensitivity analysis based on Latin
hypercube sampling and regression analysis has been paesented and illustrated. The
basic idea is (1) to select a set of potentially important variables that define the
input for the model, (2) to choose ranges and distributions for the variables, (3) to
sample from the variables according to their assigned ranges and distributions,(4) to
generate input values for the model from the sampled values of the variables,(5) to
produce model output with the gener.ated input, (6) to estimate distribution
functions and population parameters directly from the model predictions, and (7) to
assess the relatinnships between the original variables and model output by
regression techniques. -

The preceding approach has a number of desirable attributes. Latin hypercube
sampling allows treatment of multivariate input involving arbitrary distributions and
correlations. Further, the entire range of each variable is considered. This is
important as different independent variables may be important at different times or
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with respect to different dependent variables. In contrast, random sampling does'

not cover the range of each variable as efficiently, and fractional factorial sampling,

' involves only a few values for each variable and is not amenable to the inclusion of
distributions and correlations. Output generated by Latin hypercube sampling can
be used to obtain scatter plots of the values of individual dependent variables versus

i .

~ individual independent variables; such plots can provide guidance with respect to ;

Individual variable importance and possibly with respect to the conduct of the4

analysis.-

!
' Uncertainty analyses can be performed through the direct estimation of

distribution functions. Direct estimates for expected values and standard deviations
are also possible; however, as model predictions are typically nonnormal and the

;

j preceding quantities are not robust measures of model behavior, expected values and
1 standard deviations are not as useful in describing model behavior as are estimated

distribution functions. Further, even if the distributions assigned to individual
i variables are questionable, distribution functions-provide guidance with respect to
i potential ranges for dependent variables of interest. Sensitivity analyses can be ;

performed with partial correlation analysis and regression analysis. Further, various*

data transformations can be used to facilitate both types of analysis. Regression'

analyses are probably best performed by stepwise regression; then, the order in
2 values with the addition ofwhich variables enter a regression, the changes in R

successive variables, and the standardized regression coefficients in the final
,

regression model can be used to gain insight with respect to variable importance,;

j Further, the R2 value for the final regression provides insight with respect to the
amount of variation in model predictions which has been accounted for.

An important aspect of this approach to uncertainty and sensitivity analysis is
that it does not require extensive modification of the underlying model; rather, the

,
model is placed within a DO loop, the sampled input parameters are supplied to it,
and then the predictions of interest are stnred for later analysis. Both the program;

j that generates the Latin hypercube sample and the programs that are used in the
| analysis of the resultant predictions are independent of the actual model under

consideration.'

For comparison, a sensitivity analysis based on differential techniques was also;

presented. In such an analysis, model predictions of interest are expanded as Taylor!

series and then these series are used in assessing model behavior. However, such
series are based on the behavior of model predictions at a specific set of values for
the independent variables. Such behavior may or may not extend far beyond the
point at which the analysis is performed. Thus, while differential analyses can give

i very good information for small perturbations of variable values, care must be taken !

j in their use if larger perturbations are involved. This is particularly true if
uncertainty analyses are performed with Taylor series approximations for model:

l predictions through the use of Monte * Carlo methods or variance propagation ,

i methods. Further, computation of the necessary partial derivatives may require a
significant outlay of human and computational effort.! -

It is important tu recognize the impacts that distribution assumptions can have
j on the outcome of an analysis. Estimated distribution functions are conditional on-

the distributions used for the independent variables. However, a valuable property
:i of Latin hypercube sampling when dealing with computer models which are

expensive to evaluate is that it is possible to recalculate estimated distribution
j

t

!
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functions to reflect different distribution assumptions for the independent variables
without terunning the medcl (Iman and Conover,1980). Other parts of an analysis
are also affected by distribution assumptions. The points selected in a Latin
hypercube sample ultimately derive from the distribution assumptions for the
independent variables. Thus, the raw data on which partial correlation and
regression analyses are based are influenced by distribution assumptions. This is
probably not a serious problem unless the sampling procedure and the assumed
distributions result in important areas of model behavior being omitted.
Distribution assumptions do not enter directly into the calculation of partial
correlation coefficients but they do influence the value of standardized regression
coefficients due to the use uf expected values and standard deviations for the
independent variables in the associated normalization procedure. When rank
regression is used, this effect is removed as all independent variables have the same
expected value and standard deviation.

It might appear that analyses based on fractional factorial designs do not
involve assumptions about variable distributions in the generation of a sample. In

i reality, such analyses make a fundamental assumption about the importance of
variable distributions: that it is necessary to evaluate a model at only a limited
number of values for a variable to assess the impact of this variable on model
predictions. Similarly, it might appear that analyses based on partial derivatives
normalized with respect to base case values are distribution independent. However,
this is not entirely true as some type of decision with respect to the distribution of
the independent variables must be made to select the base case point at which the
partial derivatives are calculated. Unless the underlying model is linear with
respect to the independent variables, its partial derivatives can change significantly
with different base case selections. Thus, although the approach to unartainty and
sensitivity analysis presented in this paper may appear to make he wy use of
distribution assumptions for the independent variables, careful consiceration of
other approaches to uncertainty and sensitivity analysis will reveal that they also
contain distribution assumptions.

Analyses of the type described in this paper can have a number of uses, several
of which are now indicated. Insights into the uncertainty in model predictions and
the variables which cause this uncertainty can be developed. Such insights might
lead to the conclusion that the uncertainty in model predictions was acceptable or,
if such uncertainty was not acceptable, guidance might be provided as to the
research needed to reduce the uncertainty. Further, insights into the operation of
the models and the variables which influence this behavior can be gained. In turn,
such insights may lead to ways to improve or simplify model operation. As a final
example, uncertainty and sensitivity analysis provide a powerful tool for model
quality assurance. Due to the extensive variation of all variables and the capability
of regression techniques to reveal model behavior, the presented techniques provide
a systematic way to search for errors -in model development. In the following
paragraphs, some of the insights gained from the analysis of acrosol behavior in a
TMLB' accident are given. Additional discussion of these insights is available in

-

Leigh and Helton (1985).
*

The time dependent behavior of each of the two aerosol components is shown in
Section 5. Initially, the containment volume is loaded with particles consisting only
of the first component; particles containing the second component are introduced as
a source. The particles grow through agglomeration and deposit onto the

-40-



containment surfaces. As a result, the suspended mass of the first component is
large at first, decreases as the accident progresses, and is eventually depleted. The
suspended mass of the second component increases until it reaches a steady state
plateau where the addition and depletion rates are equal and then decreases after its

- source is shut off. The time for depletion of the first component decreases when
the source rate of the second component is increased, and since the first component
is generally very radiotoxic, the presence of a source of less radiotoxic particles can
help to reduce the radiological consequences of a releases from containment.-

The range of predictions obtained from the MAEROS model for this scenario is
shown in Section 5. The results of the regression analysis indicate that the initial
mass loading of aerosol material, the source rate of aerosols, the dynamic and
agglomeration shape factors, the turbulent energy dissipation rate, and the particle
material density are the largest causes of uncertainty in the model predictions. The
source rate and initial mass loading cause uncertainty at early times. As the
calculation progresses, these parameters become less important and the parameters
affecting the agglomeration rate constants become important (i.e., the shape
factors, the turbulent energy dissipation rate and the material density). These
results indicate that two physical processes control the depletion rate of the
suspended material: aerosol agglomeration and resultant gravitational settling of
large particles. Deposition by thermophoresis is not significant.

The ranges of justifiable values for the agglomeration and dynamic shape fac-
tors and the turbulent energy dissipation rate may be larger than used in this study
(Lipinski et al.,1985). The shape factors are used in the analysis of experimental
data and in various codes both as true physical parameters and as fitting or " fudge"
parameters with values ranging from I to 10. The turbulent energy dissipation rate
generally ranges from .001 m3/sec to .02 m3 sec. Uncertainty in its value reflects/

the uncertainty in the hydraulic conditions expected in a control volume. Since
these parameters appear to account for a large part of the uncertainty in the
predictions, obtaining more accurate values for these parameters is important and
efforts to narrow the ranges for these three parameters are justified.

The effects of varying the largest and smallest section boundaries and the
number of sections are shown in Section 6. The uncertainties introduced by varying
these parameters are insignificant when compared to the overall model uncertainty.
As a result, as long as large uncertainties in the parameters in Table 2.1 exist, it is
probably adequate to use a particle size range from .lE-6 m to 50.E-6 m and
approximately 5 to 10 size sections when modeling aerosol behavior in a dry control
volume with a sectional approach like that used in the MAEROS model.

c
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