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ABSTRACT

In many field studies to determine the quantities of radioactivity at
commercial low-level radiocactive waste sites, preliminary appraisals are made
with field radiation detcctors, or other relatively inaccurate devices. More
accurate determinations are subsequently made with procedures requiring
chemical separations or other expensive analyses. Costs of these laboratory
determinations are often large, so that adequate sampling may not be achieved
due to budget limitations. In this report, we propose double sampling as a
way to combine the expensive and inexpensive approaches to substantially
reduce overall costs. The underlying theory was developed for human and
agricultural surveys, and is partially based on assumptions that are not
appropriate for commercial low-level waste sites. Consequently, extensive
computer simulations were conducted to determine whether the results can be
applied in circumstances of importance to the Nuclear Regulatory Commission.
This report gives the simulation details, and concludes that the principal
equations are appropriate for most studies at commercial low-level waste
sites, A few points require further research, using actual commercial
low-level radicactive waste site data. The final section of the report
provides some guidance (via an example) for the field use of double sampling.
Details of the simulation programs are available from the authors. Major
findings are listed in the Executive Summary.
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PREFACE

The results discussed in this interim report are based on a range of
correlations, sample sizes, measurement error variances, statistical models
and coefficients of variation that we believe might be encountered at commer-
cial low-level radiocactive waste sites. At this point in our research, we
could not investigate all possibilities, nor explain all our observations.
However, it is clear that the resuits to date are useful, and if applied, the
methodology would result in more cost-effective estimates of mean or total
quantities of radionuclides.



EXECUTIVE SUMMARY

The purpose of this study was to investigate a statistical technique
known as double sampling as a cost-effective means to estimate the mean or
total amount of radioactivity which might be found in the environs of a
commercial low-level radioactive waste site. Double sampling is derived from
a broader classification of methods called ratio estimation. In ratio
estimation, the entire population of interest (e.g. a commercial low-level
waste site) is measured using an inexpensive method, such as a portable
radiation detector, so that a site mean or total (for radioactivity) can be
estimated. This estimate by itself is often either not very accurate,
unacceptable for regulatory purposes or of little use for health effects
assessment. In order to obtain a more precise and cost-effective estimate,
a subset of site samples may be analyzed by very accurate and usvally expen-
sive methods. The ratio of results obtained using the expensive and inexpen-
sive methods or the same sample can then be used to estimate a site total or
mean based on the measurements over the entire site using the inexpensive
method.

Unless measurements for the entire site are "free" (i.e. alreaay
available), ratio estimatio~ methodology may not be cost-effective. However,
an alternative approach, called double sampling, has been developed for use
in human and agricultural surveys, wherein only a large sample of the popu-
lation must be measured using the inexpensive method. In this report, we
have used computer simulation to investigate many of the assumptions, models,
and sample size requirements involved in order to assess applicability to
commercial low-level radicactive waste site needs.

The report is arranged so that a non-statistically inclined reader can
use Section 1.0 to gain an understanding of ratio methods (by example),
decide whether double sampling would be cost-effective (Section 2.0), and
perforn the needed computations (Section 7.0). Section 5.0 briefly discusses
the research results and provides the basis which indicates that double
sampling can be cost-effective for a variety of commercial low-level waste
site problems. Section 3.0 provides the technical basis for the simulation
results found in Section 4.0 and is written for the mo‘e statistically
inclined reader. Some of our principal results are summarized below and are
referenced to specific report sections to provide easy access for readers
with a particular interest.

1. Double-sampling regression and ratio estimates {based on a selected
range of models and parameters) resulted in acceptable estimates when
confidence 1imits were restricted to plus or minus 40 percent of the
mean, Thus, we conclude that double sampling is “robust” in that it
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gives accurate results even when there are substantial departures from
the theoretical models and parameter values upon which it was developed.
It also appears that the technique will be very cost-effective at
comme ~cial low-level radiocactive waste sites. However, since the
results are based on computer simulations, field testing is essential.
(Section 4.0 and page 41).

Confidence 1imits greater than plus or minus 40 percent for an estimated
mean or total are probably useless for regulatory action. When it can
be shown a priori that such a result is likely, field studies probably
should not be conducted. (pages 21 and 41).

Double sampling may be useful when sampling to detect a spill or

migration. The research on estimating a mean or total reported herein
should be extended to double sampling for stratification to make double
sampling applicable to a wider range of likely problems. (Section 6.0).

Double sampling becomes very cost-effec:ive when the inexpensive and
expensive methods are highly correlated and the ratio of costs
(expensive/inexpensive) is very high. (page 6).

When the correlation between the expensive and inexpensive measurement
is poor, additional research to improve the relationship may result in
substantial long-term cost reductions. (page §).

When inexpensive measurements have already been made over the entire
population of interest (they are “"free" of cost), ratio approaches
should always be considered for applicability. (page 5).

When the cost of the expensive method is high relativ2 to the inexpen-
sive technique, double sampling is worthwhile even when the two measure-
ments are poorly correlated. (page 6).

The ratio of small to large sample sizes studied in our research ranged
from 0.025 to 0.20. It appears that ranges of from 0.015 to 0.55 can be
encountered in field studies. Double sampling simulation studies using
these ratios may be needed. (page 16).

When the inexpensive method includes background, extraneous noise,
shielding or other statistical contamination, 1inear regression methods
may be preferable to ratio estimates. (page 17).

Simulations using multiplicative errors for the fnexpensive method
resulted in about 2 percent more of the calculated means outside
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13.

theoretical confidence limits compared to limits based on additive
normal errors often assumed to apply (usually an erroneous assumption
tor radionuclides). We conclude that this difference is not of practi-
cal significance. (pages 25-29).

Field data should be developed to define the relative magnitude of
measurement errors for the inexpensive method (often a field instrument)
for &ircumstances and radionuclides of interest at commercial low-level
radioactive waste sites, Our simulations were based on errors we
assumed to be “likely". Measured values are needed. (page 43).

The prospects of using deliberately selected samples for expensive
analysis (from a random sample of the large sample selected for inexpen-
sive evaluation) should be investigated. Considerable additional cost
reduction may thus be possible. (page 43),

Research on mathematical derivations of appropriate double sampling

equations 1s needed to avoid testing all possible values of parameters
as well as additional plausible models. Such results would have much
wider applicability. (page 43),

ix
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1.0 "NTRODUCT [ON

In an appraisal of statistical and sampling needs for environmental
monitoring of commercial low level radioactive waste (CLLRW) disposal facili-
ties, Eberhardt and Thomas (1983:pp. 4-11 and 4-12) pointed out the potential
advantages of combining two methods of measuring concentrations of radio-
nuclides in various kinds of samples to estimate totals or mean
concentrations. Assessments using portable radiation detector< are quick and
inexpensive, but ordinarily are not very accurate. More exacting procedures
usually finvolve chemical separations and other kinds of expensive
measurements. In the usual approach, the inexpensive methods are used to do
a preliminary survey, which is then followed up by collection of samples for
laboratory assays using chemical procedures. The two surveys are almost
always done separately, and it is often concluded that the budget would not
permit enough chemical separations for a desirable level of accuracy in the
final survey. Modern sampling methods are available to combine the two
approaches in order to achieve suitably accurate results in a cost-effective
manner.

Ir the present report, we consider the use of "ratio methods" for
improving sampling for commercial low-level radicactive wastes., These
methods have been developed and widely used in sampling human and
agricultural populations for a variety of purposes, but have been largely
neglected in other fields. Unfortunately, this leaves some gaps in the
underlying theory with respect to the applications of primary interest here,
Also, the lack of experience with the method in waste management contexts
leaves some uncertainties about the appropriate models for waste site
problems. Thus, there is a need for field testing and field research on
methodology. In this report, we provide a description of the methods and
explore the theoretical problems by using computer simulations. Further
investigations are needed to develop the full potential of the method for
CLLRW applications.

There are severa) different approaches which can be identified by simple
examples. The original method is known as ratio estimation. As an 11 us-
tration, assume that a very large quantity of low-level waste has been
accumulat- ' in containers of quite different sizes in temporary storage, and
that the individual containers were all accurately weighed, with the weights
recorded in a card file. Also suppose that, as sometimes happens, it is
later decided that an accurate estimate of the total quantity of some par-
ticular component radionuclide in the waste is needed. Assaying all of the
containers is ordinarily not feasible, and a few must be selected by
sampling. If the substance of concern is fairly evenly distributed through



the containers, a sensible approach is to assay a sample of containers and to
expand the sample results to cover the total population of containers by
using the known weights. A very simple equation can be used:

Yo = (¥/X)% (1.1)

Here Y, denotes the e<timated total inventory of the particular waste compo-
nent being measured, y is the average quantity in the samples assayed, X is
the average weight of those containers in the sample, and Xy is the total
weight of all containers (obtained by summing the weights on the card file).
Note that the weights used are the original values. If a random sample is
used to assay current radioactivity in a sample of containers, changes in
weight during storage will usually not have any significant effect on the
outcome,

The term, ratio estimation, comes from the ratio used in eq. (1.1)
above, and the approach implies the assumption that the underlying relation-
ship will pass through the origin on a plot of the data points, i.e., if a
container weight approaches zero, then the radioactivity burden of that
container necessarily also approaches zero. In other circumstances,
discussed below, this assumption may be unsatisfactory so that the alterna-
tive of fitting a straight line not restricted to passing through the origin
may be utilized in regression estimation. Instead of the simple ratio of eq.
(1.1), we now fit a regression line and use it to estimate a total inventory,

An undesirable feature of the current textbook approach is that the
x-values (known also as auxilfary variables) are assumed to be measured wit’
Iittle or no error, as is possible in weighing or in making various kinds of
counts (number of people in households, etc.). There are, however, many
circumstances in which this assumption is unrealistic. A relevant example
might be the case where it is desired to estimate the Quantity of some
specific radionuclide passing through an afr sampler over a long time period.
Usually, only gross radioactivity measurements are made on air sampler
filters. If, however, more accurate determinations are desired, some small
fraction of the many filters used may be subjected to more accurate analysis.
One then could use the gross reading of the filters as an auxiliary variable
[(x) in eq. (1.1)) to estimate a total based on the accurate method. In this
case, it is unrealistic to consider Xy as known without error, since repli-
cate readings of the same filter give results that differ due to "measurement
errors” or "instrument errors". A few theoretical results have been given
for this case (Cochran 1977:158-160).

In both of the above examples, a total is available for the entire
population of interest, In the first case, the total is assumed to be known



without error, and in the second case, it may be subject to instrument
errors, but is nonetheless based on a measurement made on every unit in the
population. In a great many instances, it would be desirable to use the
approach when a total is not available. One then takes two samples, one
large sample measured using a relatively inexpensive method (the auxiliary
variable, x) and a second much smaller sample on which x is measured but an
expensive and accurate assay (y) is also done. The same procedure as before
is followed, but instead of a known total one only has a large sample of the
population. In survey sampling literature, the approach is known as double
sampling while a quite different approach is widely recognized in quality
control circles under the same cognomen.

A good example of a textbook model, without errors in either x or y, is
the use of ratio estimation to estimate populations in years between the
decennial censuses. If we know the population of all U.S. cities in 1980,
then a relatively small sample of cities might be censused in 1985 and used
to estimate the total urban population in that year. Since there is a very
good correlation between the size of a city in one year and its size in a
subsequent year, the method gives excellent results. It can be especially
accurate if provisions are made to include disproportionately more of the
largest cities, inasmuch as they contain a sizable fraction of the
population. This suggests yet another possible effective use of ratio
methods at CLLRW sites, i.e., deliberate selection of units to include in the
sample,

It can realistically be supposed that both y and x are neasured with
little error in this example, so that the variation in the outcome is not
associated with the measurement technique at all, but is instead due to
differences in growth rates of cities. These chance fluctuations are then
assumed to be independent of the actual measurement, (i.e., large and small
cities can grow faster or slower independently of one another) and considered
to be "additive", so that the underlying model fis:

s LTS (1.2)

where e; denotes the "sampling error”, and R is the true ratio of mean city
populations in 1985 to those in 1980.

In dealing with radioactivity, there will almost always be "instrument
errors® to contend with and these errors will affect both of the variahles
being considered. Usually, they will be smaller for the "accurate" measure-
ment (y), but nonetheless replicate determinations on the same sample (when
feasible) will be expected to give at least slightly different results,
Sometimes large diffarences can result (Eberhardt and Thomas, 1983:p. 3-7)



especially when "mixing" is a problem or when particles are present. For the
accurate measurement (y) it may be reasonable to assume that the measurement
(instrument) error is additive. Whether or not this is true for the auxiliary
variable (x) is open to debate, and may depend on the instrumentation and
counting procedures used (e.g., fixed time counts versus counting to a pre-
determined total). Hence, we have assumed both an additive error and a
multiplicative measurement error for the x-variables utilized in our
simulations.

The basic situation considered in this report is one in which a large
number of samples containing radicactivity are identified and subjected to
some rapid and inexpensive measurement. A much smaller subset of these
samples is also measured by using an accurate method, and the two sets of
data are combined to estimate a grand total (or, usually, an overall mean)
which is expressed in units of the accurate measurement. For concreteness,
one might think of sampling surface soils for a particular radionuclide. A
field measuring instrument might be used to take readings on several hundred
(or more) individual sites. At a much smaller sample of these sites (perhaps
10 to 30), samples of soil are removed and taken to a laboratory for accurate
analyses, which may be expressed in picocuries or microcuries per gram. The
double sampling procedure then serves to estimate a total (or mean) for the
entire area surveyed. If the area is not too large, it may be feasible to
cover it completely with the field instrument, thus approximating the second
example of the ratio estimation approach described above.

Much of the balance of this report is concerned with checking the
utility of standard textbook equations used for estimating means and
variances in the face of circumstances likely at CLLRW sites, where the
underlying model may be inappropriate (as indicated above). However, we
tirst need to briefly discuss a major question, i.e., when is the double
sampling approach worthwhile? It has a corollary issue which is "What is the
appropriate ratio of small to large sample sizes?"



2.0 WHEN SHOULD RATIO METHODS BE USED?

The cost-effective use of ratio methods depends on the existence of some
rapid and inexpensive analytical procedure that is correlated with a more
accurate method (i.e., the "standard" method), which yields widely accepted
results. An essential question then is one of how well correlated the two
methods need to be to make the ratio approach worthwhile. The correlation
coefficient considered here is Pearson's product-moment correlation, which is
defined as:

o = \ﬁovz(x.v)/m(x)vm(v)

If two measurements give almost identical results, the correlation coeffi-
cient (p) will be nearly unity, and one would routinely use the less expen-
sive method, while the expensive method would be relegated to very 1imited
use as a confirmatory tool. Conceivably, the inexpensive method might give a
value that is a constant multiple of the expensive method, so that there
might be a need for a single “calibration" study, but in most practical
instances, this calibration will have been done when the method was
developed.

If the correlation is very poor (nearly zero), one probably would not
consider the less expensive method, or would conduct studies aimed at
improving the correlation. We believe that this is an area needing a good
deal of further attention, especially in circumstances where sample analysis
is very expensive, Many opportunities for using ratio methods probably
exist, but have gone unrecognized simply because investigators have not known
about the approach.

The correlation between inexpensive and expensive methods is most
important in double sampling. This is because the ratio methods, in which
known totals are used, are likely to be only employed wnen the auxiliary
measurement is “"free", i.e., is collected for some other purpose. In the
first introductory examples (pages 1-2), the container weights would have
been collected for other reasons, and the air filter gross radioactivity
readings (page 2) would have been obtained in the course of routine
monitoring. When such data are available, it is always worthwhile to
consider ratio estimation. Cochran (1977:157) gives a simple rule, which
states that, for simple random samples, the ratio estimate has a smaller
variance than results from an independent estimate based only on the
expensive method if the correlation conefficient (p) exceeds one-half the
coefficient of variation (standard deviation divided by mean, C.V.) of the



auxiliary variable (x) divided by the coefficient of variation of the
accurate but expensive variable (y) (i.e., o > 1/2C.V.X/C.V.y).

For double sampling Cochran (1977:341) utilizes a simple cost function:
C=cn+c'n' (2.1)

where ¢ = cost per unit of the expensive analysis (y) for which n samples are
taken, and c' = cost per unit of the inexpensive determination (x) for which
n' samples are taken. In most practical situations, the total cost (C) is
fixed, so thit it is possible to calculate the ratio of individual costs for
which doub’e sampling is worthwhile, given a particular correlation or,
conversely, the minimum required correlation when an established ratio of
sampling costs is available. This result can be expressed as (Cochran
1977:341):

ol > 4(c/c')/(1 + c/c')2 (2.2)

Thus if the cost ratio (c/c') is 10, the critical correlation is

o = [4(10)/(11)211/2 = 0,58. If the cost ratio is 100, p is 0.2, while a
cost ratio of 2 requires o to be at least 0.94. Clearly, a high cost ratio,
as would exist for, say, "wet chemistry" versus use of a field radiation
detector makes double sampling seem worthwhile even if there is a relatively
poor correlation between the two methods.

Judging cost ratios and correlations will often depend on experience and
Timited data, so that an allowance needs to be made for errors in guessing at
some of the values. Hence we might consider a reduction of expected variance
to, say, 80 percent of the variance obtained by simple random sampling (using
the expensive method) as a possible criterion for employing double sampling.
Figure 2.1 gives a "break-even" line (equal variances), and curves showing
expected variances of 80 percent, 66 percent, and 50 percent of those
achieved without double sampling (i.e., if all of the available resources
were spent on samples using the accurate but expensive method). For example,
at a cost ratio of about 20 and a correlation of just over 0.4, all the
available resources can be devoted to an analysis of expensive samples since
double sampling will not reduce the variance of the estimated total.
Conversely if the correlation between the inexpensive and expensive methods
is about 0.7, a cost ratio of about 60 will result in a 66 percent reduction
on the variance of an estimated total. A worked-out example is presented in
section 7.0.
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Figure 2.1 Relation between cost ratios and the correlation for 4 percentage
reductions of variance in sample estimates when double sampling is
used. The 100 percent curve gives the "break-even" situation,
i.e., no gain from double sampling, the 80 percent curve denotes
situations where the double sampling variance is 80 percent of
that for simple random sampling with the expensive measurement
only, while the 66 percent curve represents a variance reduction
of 66 percent, and the 50 percent curve represents cases where
double sampling reduces the variance to one-half that for simple
random sampling.



3.0 SIMULATING DOUBLE SAMPLING

3.1 A Model for Double Sampling

Qur objective in simulating double sampling is to check on the perfor-
mance of the method under circumstances likely to be appropriate for sampling
radioactivity at commercial low-level radioactive waste sites (CLLRWS). To
do this, we had to specify a model for the situation to be simulated. As
indicated in Section 1.0, virtually all applications involving radioactivity
can be expected to involve instrument errors (measurement errors). We thus
need to make these errors an explicit component of the model. A second need
is to define the population to be simulated. In actual applications, it is
only necessary to be able to identify all of the elements in a given
population, and one does not need to specify much more about structure of the
population being sampled. However, it is essential to have an advance esti-
mate of population variability in order to use a realistic sample size in
actual applications. Hence, we need to specify something about variability
in the simulated population. Also, field experience with radioactivity and
other trace substances shows that the frequency distributions are almost
invariably skewed, that is, there is a small proportion of high values, while
the bulk of the population takes much smaller values.

Realistic assumptions about the variance and the distribution are
sufficient to construct a suitable population for simulations (i.e., to
sample from). However, it is useful to generate the population from a
theoretical model having known parameters, both for ease in programming and
to repeat the processes used, but also because some of the relevant sampling
theory rests on a "superpopulation" approach. That is, it is assumed that
the actual finite population being sampled was originally generated by some
process that could produce a very large universe of similar populations.
This view is increasingly prevalent in some of the earth sciences,
principally as a model for geological features. The superpopulation approach
has been criticized by some statisticians as being inappropriate for specific
kinds of problems. Here, we are only considering it as a way to avoid
specifying the size of a very large finite population.

Since it is well established that skewed populations are present in
sampling for radiocactivity, we adopted a gamma distribution as the "parent"
for the simulations. The gamma distribution used here has two parameters,
denoted by k and a. The mean and variance are:

E(z) = k/a V(z) = k/a® (3.1)



so that the squared coefficient of variation is:

(C.v.)2 = V(z)/[E(2)1° = 1/k

The coefficient of variation is the parameter of main interest here, since
the fairly substantial evidence available on variability of radionuclides in
field settings (see, for example, Eberhardt et al.(1976)) indicates that it
is relatively constant for a particular radionuclide and situation. Values
of the coefficient of variation encountered in practice range from roughly
unity (some transuranic data) down to 20 to 30 percent or thereabouts. We
have consequently selected values of k of 2, 4, and 11, giving coefficients
of variation of about 70 percent, 50 percent, and 30 percent. Sample sizes
required for a given level of confidence about a mean or total will vary
inversely with the coefficients of variation of the population, that is, the
largest sample will be required for the highest coefficient of variation.
Consequently, we will mainly be interested in simulations where the coeffi-
cients of variation are 70 and 50 percent (i.e., k is 2 or 4).

In many respects, the parameter a is a "nuisance parameter" in the
simulations. One approach is to set it equal to unity, but this results in
different mean values for the several coefficients of variation, so we have
chosen to use an arbitrary mean value of 5.0 [E(z)] for the simulations,
assuming that the average of the “expensive" determinations will always be 5
units (nannocuries, picocuries, microcuries, etc.). The three values of a
(0.4, 0.8 and 2.2) are thus determined from eq. (3.1). Simulated values for
three “true" (gamma-distributed) population were generated from the
expression:

k

z = -;—l 2 loge(l - ri) (3.2)
i=1

where r; is obtained from a random number generator. The rationale is that a
gamma distribution can be obtained as the sum of random variables drawn from
an exponential distribution, which can in turp be generated from -1/a
logg(1-r;), as shown by Bratley et al. (1983:157). The uniform random number
generator used here has been described by Simpson, Harkins, and Watson
(1979). Figure 3.1 shows the gamma distributions used in the simulations.

The remaining components required for the simulation model are the

measurement errors. The siwmplest model for measurement or instrument errors
is:
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Figure 3.1 Gamma distributions for three coefficients of variation (0.707,
0.500, and 0.302)

y1 = zi + 921 (3.3)
Xj = BZi g el,- (3-4)

where the random errors are additive and denoted by e and e, while 8
denotes a "scaling factor" between the two classes of measurement. Presumably
g will depend on the nature of the measurement systems and it may incorporate
aspects of "dimensionality", i.e., x may be reported in counts per minute,
which will be proportional to radionuclide concentration in units of curies.
For convenience, we have arbitrarily set g = 2, but it might very well be
some other number, depending on the field instruments, the field situation
and the radionuclide. '
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As previously indicated, we initially consider additive and normal
errors, with means zero and variances V(e,) and V(ez). These errors were
generated by summing 12 uniform random variables (to simulate a unit normal
distribution) and then transforming to a normal distribution with the appro-
priate variance (cf. Naylor et al. 1968:93). For a model with multiplicative
errors in the x-variable, we use:

X = Bzieli (3.5)

wiiere the error €15 now his a mean of unity and is lognormally distributed,
being generated by converiing a unit normal random variable to have the
appropriate variance, as discussed Section 3.5, below. The procedure fol-
Towed here has four steps:

(1) Draw N values of z; from a gamma distribution corresponding to a partic-
ular coefficient of variation.

(2) Draw a large random sample (n') from the population (N) and incorporate
the “instrument" errors and “"scaling factor" (8) of equations (3.3) and
(3.4) or (3.5), and record the xj to calculate x'.

(3) Draw a random subsample (n) of observations from the large sample (n'),
and record the y; and x;.

(4) Estimate overall mean concentrations, variances, etc., and compare with
“true" values for the finite population (N) or the parent population
(gamma distribution).

3.2 Estimating Equations and Simulation Criteria

The underlying model for these simulations assumes that a large popu-
lation of N potential sampling units contains quantities (z7) of
radionuclides. A sample of n' of these units is selected and measured with
the inexpensive technique, yielding the x; values (in the actual programming,
we also construct a yi value for each of the n' elements selected both as a
means of checking accuracy of the simulations, and to permit testing various
alternative sampling schemes, although only n of these values are actually
used in calculations). A subsample of n of the n' units is "measured” by the
expensive method and the y; values recorded.

Two estimating equations are then used:

yp = (¥y/x)x' (3.6)

12



Vip =7 + b(X' - X) (3.7)

These equations are those for the ratio and regression methods, respectively.
It should be noted that here we estimate a mean rather than the total as in
eq. (1.1). This is because we do not now have the total of the auxiliary
variable (X ), but must instead work with the mean (x') of a large sample. A
total is easily astimated by multiplying by N, e.g., = NyR In the second
equation, b derotes the usual linear regression coeff cient, estimated from
the n pairs of observations on y; and x;.

Variance estimates for these two means follow equations given by Cochran
(1977:343-344). For the ratio method:

V(7g) * (Sy2 - 2RSy, + stzx)/" ’ (ZRSyx i RZSZx)/"' : Szy/" 8

This expression is given in terms of the population values of the several
quantities, for which sample values were utilized in our calculations (R is
estimated by y/x). The equation (based on sample values) used for the
regression method is:

v(¥1e) = szy.xtl/n + [(;' - i)z/z(xi-i)z]} %y - Fyx) o - Sy (3.9)

where sZ x denctes the variance about regression obtained from 1linear
regression calculations, and thus should be distinguished from the sample
value of § the covariance of y and x. The corresponding variance estimate
using popu*ation parameters is:

V(Fre) = [$%00 - 62) /n] + o262y /m - 2N (3.10)

The criteria used for judging outcomes of the simulations included
comparison of calculated means with “"true" values and "coverage" of confi-
dence intervals calculated using the variance estimates (egs. 3.8 and 3.9).
Two sets of "true" values were used, one being simply the means of the N
random variables in the population (denoted here as "finite" values), and the
second was expected values obtained from the underlying gamma distribution,
e.g., E(z) of eq. (3.1). "Coverage" is determined by recording whether or
not the calculated confidence limits do include the true value, using the 5
percent and 10 percent values from fh t-distribution in confidence limit
calculations, e.g. yp * t OS[V\yR,]

13



3.3 Expected Values

The sim.le linear structure of the model used in eq. (3.3) and (3.4)
makes it easy to calculate expected variances for the vopulation of N random
variables:

E(s%) = 62¥(z) + Viey) (3.11)
E(Szy) = V(Z) + V(ez) (3.12)
E(Syy) = 8¥(2) (3.13)

where V(z) is the variance of the underlying gamma distribution, and V(e,)
and V(e ) are the respective measurement or instrument error variances. He
can substitute these expected values in the definitions of the regression and
correlation coefficients to obtain:

Sxy/S%x = [8 + V[ey)/ev(2)] (3.14)

of o Pt St v 11 . [V(el)/BZV(z)]}'l[l V(e V@]t (3.15)

Using the above expected values, we also calculated expectations for vari-
ances calculated according to equations (3.8) and (3.10).

3.4 Simulation Parameters

As noted above, the simulations are based on parent gamma populations
having coefficients of variation of about 70, 50, and 30 percent. Finite
populations of N = 1000 were used, although we would expect such populations
to be much larger in practice. When the actual populations are larger, the
results will essentially correspond to the "theoretical" outcomes for the
parent gamma distributions. Hence, the small finite populetions (N = 1000)
serve to represent those situations where a relatively small finite popu-
lation might be encountered. Large samples of n'=100 and n'=200 were used,
and subsamples (n) of 5, 10, and 20 were taken from these. Larger subsamples
may sometimes be taken in practice, but these can be expected to behave
according to the variance equations if the smaller subsamples do so.

The number of runs in each simulation was set at 2,000, in order to have
enough replications to check agreement with expected values. This gives

14



approximate binomial confidence limits (CL) on the “coverage" calculation of
about * 0.01 since

Standard Error (SE) = (pa/n)}/2 = [(.05)(.95)/2000]1}/2 = 0.0049

and the approximate 95% CL = 2(SE) = 0.01, that is, if our empirical calcu-
lation of the coverage of a confidence limit calculation for the 5 percent
level of significance comes out within about *+ 0.01 of the expected value, we
have little reason to suppose that it differs significantly from that level.
However, chi-square calculations were also used to check the correspondence
between expected and simulated coverage.

The choice of measurement or instrument errors can be considered by
referring to eq. (3.15), which shows that these errors determine the corre-
lation coefficients for our basic model (given fixed parameters 8 and V(z)).
We assume measurement errors for the accurate method should be a relatively
small component of the overall variation of the populatica (if they are not
relatively small, then there is little point in doing much sampling). Hence,
we set the measurement error at about 10 and 25 percent of the variance in
the parent population, i.e.,

v(ep)/v(z) = 0.10 and 0.25.

We then introduce these values in eq. (3.15) and vary the relative errors
[V(el)/V(z)] for the inexpensive method so as to cover the range of corre-
lation coefficients that might be expected in practice. The expected
correlation coefficients will, of course, depend on the relative costs of the
two methods, and we suspect these will usually be a factor of 10 or more, so
that the underlying correlation coefficients will mostly be on the order of
0.5 and larger (see eq. (2.2) and Figure 2.1). By using ratios of V(e;) to
v(z) of 1, 2, 4, and 8, we obtained correlations (eq. (3.15)) of about 0.55
to 0.85, which should cover a sizable fraction of the cases where the method

is cost effective and thus likely to be of practical interest (cf. Figure
2.1).

It should be noted that the actual field application of double sampling
will usually be done in circumstances where the correlation between y and x
and the cost ratio (c'/c) are more or less fixed in advance. In designing a
survey, one thus has to use the approximate values of correlation and costs
to determine the relative sizes of the large and small samples. Cochran
(1977:341) gives the optimum ratio as:

a/n' = [(c'/e)(1 - p2)pp?]V/2
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In order to make our simulations broadly representative, we have used various
combinations of n and n'. The corresponding ratios (n/n') range from
5/200 = 0.025 to 20/100 = 0.20. If we consider a range of correlations (0.5
to 0.9) similar to that used in the actual simulations and cost ratios {(c'/c)
ranging from 1/10 to 1/1000, tre corresponding optimum ratios n/n') will
range from 0.015 to 0.55, a somewhat wider range than covered by the
simulations.

3.5 Lognormal Measurement Errors

In order to simulate multiplicative, lognormal errors, as in eq. (3.5),
we calculated parameter values such that the overall expected values of egs.
(3.11) to (3.13) would remain unchanged, giving the same numerical expec-
tations for regression slopes (eq. (3.14)) and correlations (eq. (3.15)) as
were used with the additive normal errors of eq. (3.4). This means that
V(e,), the variance of the lognormal, multiplicative error, has to be cal-
culated so that E(Szx). as computed previously from eq. (3.11), has the same
numerical value. We thus need an expression for the variance of X; computed
from eq. (3.5). Since 8 is a constant, we can use the rule for product of a
variance of two independent random variables (Goodman 1960) to obtain:

s2,= V(sze;) = 2)[E(2)1%V(e;) + [E(e;)]12V(z) + V(z)V(ey)] . (3.16)

In order to use a multiplicative error, we set E(e;) = 1.0. We can now
rearrange eq. (3.16) and equate it to the "old" variance term of eq. (3.11),
obtaining:

Ve, =V' e/ (82{[E(z)]2 + V(z)}) (3.17)

where V‘(el) denotes the (numerical) value of V(el) previously used for
normal additive errors in eq. (3.4).

To generate the actual lognormal errors we recall that the expected
value of 2 lognormal distribution is E(e ) = exp(u + o0 /28 Since E(e ) is
to be unity in the simulations, we set u = =g /2 (i.e, eV = 1.). Because
this lognormal distribution is to have a mean of unity, the variance reduces
to:

V(ey) = explc?) - 1
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Equating this to eq. (3.17), we can calculate the value of 02 for the parame-
ters previcusly determined for each case. The individual error terms are
then calculated from:

911 - exp[-02/2 + 0".‘] (3‘18)

where r; is a random variable drawn from a unit ncrmal distribution. The
resulting simulations thus have the same set of expected values given by eqs.
(3.11) through (3.15) for the case of a normal, additive error.

3.6 Alternative Models

The simulation nodels considered thus far are essentially those for
which ratio estimators were devised, i.e., straight lines through the origin.
In practice, one cannot always expect such a simple relationship between two
variables. The simplest alternative model is one in which a regression
relationship holds, i.e., instead of eq. (3.4) we have:

X.I =q + Bzi e“ (3.19)

Such a relationship might be generated if the auxiliary measurement includes
"background" counts or contamination of some kind. In this case, the extra-
neous source may be removed in the expensive analyses, which usually include
chemical separations to remove contaminarnts, These background counts could
thus give positive values for x; in cases where y; is essentially zero.
Hence, @ regression model is appropriate.

A variety of other alternative models might also be considered to result
from various kinds of inhonogeneities in the material sampled, or
contamination, inadequate shielding, and the like. Determining the most
likely candidates among the large number cof possible such models calls for
irfermation not presently available. To explore some of the prospective

effects, we used a ron-linear model, widely encountered in studies of
radicactivity:

Xi = A[l - exp(-Bzi)] + eli (3.20)

An example of this model appears in Figure 2.2. Note that this is a model to
generate the x; from a parent distribution of z;, and is not the relaticnship
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Figure 3.2 Examples of auxiliary variables generated using the non-linear

mode) (eq. (3.20)). Data points and curves have parameters
A=10,8 =0.25 (e) and A = 30, B = 0.50 (o). Measurement
errors are normal and additive, with error of the auxiliary
variable equal to variance of parent population. Note the
non-linear model serves to transform variables drawn from a
gamma distribution (z) into the auxiliary variable (x) used in

the simulations described in Section 4.0.

that would be observed in practice, i.e., between y, and x;.
ship is illustrated in Figure 4.6.

This relation-

The various models and parameters evaluated in this progress report are

given in Table 3.1.
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Table 3.1 Models and parameters evaluated in the examination of double
sampling. For each set of conditions, simulations were run for
finite populations (N) of 1000, and subsamples (n) of 5, 10 and 20
for the ratio model and 10 and 20 for the linear and non-linear
models. n' is the large sample size,

Measurement Moda! for x

C.V. n' Error for y Error on x* L300 [Thear Won-TTnear
707 100 .10 Additive 1,2,0,8° 1,6 1,2,8
(k=2, a=.4 Multiplicative  1,2,8,8 1.4
Viz)=12.5} .25 Additive 1,208
Multiplicative 1,2,0,8
200 .10 Additive 1,2,0,8
.500 100 .10 Additive 1,2,0,8 1,2,4
(keh, om.8 .25 Additive 1,208
V(z}=6.25)
.302 100 .10 Additive 1,2,0,8
(k“‘, ’2.2, .25 Additive ‘.2.‘.‘

V(z)=2.273)

: Errors on x were additive, normal or multiplicative, lognorsal,
1, 2, &, B refer to the ratio of the variance in x to the variance in the finite population
(i.e, V(e,)/V(z)). These ratios correspond to correlations between the primary (y) and
auxiliary (x) variables of: ,853, 778, .67%, .550 (.10) and .800, .730, .632, .516 (.25).
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4.0 SIMULATION RESULTS

4.1 An Upper Limit for Variability

Since we cannot, at present, accurately predict which of the parameter
combinations and sample sizes are most likely to be encountered under field
conditions, it is necessary to cover a fairly wide range of situations. In
order to do so, we have used some examples in which the ratio of small to
large sample size is far from its optimal value, and we thus would obtain
unacceptably large standard errors in an actual survey. There are no hard and
fast rules as to just what constitutes an "unacceptable" result, but, on the
basis of experience in various kinds of sampling, we believe that most
investigators would prefer to have confidence limits no wider than 40
percent of the estimate for a total or mean. Where it is at all possible, we
recommend that confidence limits nc wider than +20 percent be sought.
However, cost considerations almost always dictate the sample sizes that can
be achieved in a given study.

If we suppose that confidence limits of :40 percent constitute an
approximate upper bound on allowable variability, then the maximum coeffi-
cient of variation for yp or er can be no more than 20 percent (presumably
it will be somewhat smaller, depending on actual sample sizes and the sig-
nificance level selected). Since N, the size of the finite population being
considered, will nearly always be large, the last term in eq. (3.10) becomes
very small (relative to the other terms) and can be dropped, giving on
factoring out Szy:

V(e 52,[‘1 - o%)/n + oz/n']

Eq. (3.12) gives the expected value of S°

y
E(s2,) = () + v(ey)

The value of V(z) is determined in the simulations by the coefficient of
variation of the "parent population" (the gamma distribution generating z,),
and two values of v(ez) were used for each coefficient of variation, i.e.,

V(ep) = 0.1 V(z) and V(ep)= 0.25 V(z) (Section 3.4). Consequently, we can
write:

ev2(y) = [V(z) + V(ep)I/IE(2)12 = aV(2)/[E(2))? = acV?(z)
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Table 4.1 Means of yp and y,, estimated by double sampling (2,000
simulations). Measurement errors were normal and additive, and
measurement error of primary variable (y) was 10 percent of that
for the parent population. The true value of y (E(z)) is 5.

Correlation (p) Between

Coefficient of Primary (y) and Auxiliary
Variation of Parent Large Samnle Small Sample Estimate (x) Variable

Population Size (n') Size (n) Evaluated .853 .778 .67%  .550
707 100 5 YR 5.20 5.62% 6.11% 1,50
10 5.10 5.13 5.39 5.61*

20 5.0 5.0 5,10 5.26
100 5 ;lr 4,87 &K.77% &.78% 4. .81*
10 4.94 4,88 4.91 4,89

20 4.98 4.9 4,95 4.9
500 100 5 'y-R 5.08 5.11 5,32 5.9
10 5.0 5.08 5.12 5.5

20 5.01 5.03 5.0 5.10
100 5 Yie 4,92 4,88 4.89 4.92%

10 §.97 4,97 4,93 4.98

20 4.98 4,98 4.97 497

302 100 5 ;R 5.03 5.05 5.09 5.22
10 5.02 5.02 5.0 5.10

20 5.01 5.01 5.01 5.06

100 5 Yie 4.98 4.97 4.96 4.9

10 4.99 4,99 4,97 5.00

20 5.00 5.00 4,99 5.00

* Coefficient of variation of estimated mean greater than 20 percent.

where a = 1.1 or 1.25, depending on the relative value of V(e,) selected.
Since CVZ(z)= 1/k (Eq.(3.1)), and assuming E(i]r) = E(z), we have:

vy, = (a/k)[(l - o%)/n + pz/n'] (4.1)

This result lets us approximate the criterion of confidence limits less than
+40 percent for any parameter set. Values of outcomes exceeding this value
are identified (by an asterisk) in the tables of results. We believe that
these particular outcomes can largely be negiected in judging the utility of
double sampling for practical applications, since reasonable care in planning
the survey will avoid these outcomes. We have used the same criterion for the
ratio estimator, since a similarly convenient equation is not available. As
a second check, Appendix A, (Table A.1) gives coefficients of variation b2sed
on expected variances and expected means for yp and Yy, for cases
corresponding to parts of Table 4.1 and Table 4.5, The results suggest that
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eq. (4.1) underestimates somewhat for yp, so that a few more cases might
possibly be excluded from consideration.

4.2 Normal and Additive Errors

As described in Section 3.1, our initial model is that of normal and
additive measurement errors, yielding the values of y; and x; given by eqs.
(3.3) and (3.4). Table 4.1 contains the average values of yp and y,. for the
various parameter combinations used in the simulations and covers those
simulations for which the variance of measurement errors in the "accurate"
measurements (y) was 10 percent of that in the parent population
[V(e;) = 0.1V(2)]. The outcomes here are quite straightforward, with y;.
yielding a small underestimate of the true value (5.0), and yp giving a small
overestimate, excepting those cases where confidence 1imits on the estimates
would exceed 40 percent of the estimate.

The variance estimates used here (eqs. (3.8) using sample values and
(3.9)) are based on approximations of one sort or another, as discussed by
Cochran(1977). Consequently, we examined the ratio of the average computed
variance to expected values, finding that the computed values are good
approximations (Table 4.2), with a small positive bias (overestimating
slightly). Cases where confidence limits exceed +40 percent are more seri-
ously biased.

The results discussed above pertain to cases where the large sample size
(n') is 100. A subset of cases for the largest C.V. (0.707) was studied for
n' = 200, giving very similar results (Table 4.3).

A third check on the simulation results is provided by examining
"coverage" of confidence liunts obtained from the simulated outcomes. That
is, we calculated separate confidence limits for the means of each one of the
2,000 simulated sets of data, and then determined whether or not these
confidence limits included the expected values. If one chooses the 95
percent "level of confidence" (sometimes expressed as a 5 percent "Type |
error"), then, in about 5 percent of the cases, the simulated value should
fall outside of the calculated limits. The outcomes (Table 4.4) are gener-
ally quite close to 5 percent. A chi-square value was calculated in each
case, and those exceeding the one percent level of significance are iden-
tified in the tables. Since we are using approximate equations, and there
are small biases in the estimating equations (discussed below), it is not
surprising that there are more significant values of chi-square than would be
expected if all of the theoretical results held exactly. The important point
here is that between 4 to 6 percent of the confidence limits do not contain
the expected value, which is quite acceptable in planning for a 5 percent
level.
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Table 4.2 Ratios of the mean calculated variances to expected variance for
Yg and y;,. estimated by double sampling (2,000 simulations).
Measurement errors were normal and additive, and measurement error
of primary variabie (y) was 10 percent of that for the parent

population.
Correlation (p) Between
Coefficient of Primary (y) and Auxiliary
Variation of Parent Large Sample Small le Estimate (x) Variable
Population Size (n') Size (n Evaluated .853 .778 .67% .550
.707 100 5 ;R 1.22  9.50% 15.71% 9759,%
10 1.05 1.14 1,58 3,95*
20 1.03 1.0 1.08 1,30
100 5 Yie 1.39  1.42% 1.40% 1,36*
10 1.08 1.09 1.06 1,09
20 1.03 1,02 1,02 1,02
500 100 5 ;R 1.08 1.16 1.35 &4.66%
10 1.05 1.06 1,10 4,22
20 1.00 1,02 1.06 1.07
100 5 ;lr 1.42 1,40 1,40 1,45+
10 1.10 1,09 1,09 1.10
20 1.0 1,02 1.03 1.05
302 100 5 ;R 1.03 1,03 1,09 1.12
10 1.00 1,02 1,03 1.06
20 1.0 1,02 1.03 1.03
100 5 Yir 1.49 1,48 1,42 1.45
10 1.1 1.10 1,10 1.10
20 1.03 1.0 1,05 1.05

* Coefficient of variation of estimated mean greater than 20 percent.

“Coverage" for the 90 percent ievel of confidence was also examined in
the simulations, as was coverage for the finite population of N = 1000 for
both 95 percent and 90 percent levels. These data sets behaved nearly the
same as the coverage shown in Table 4.4, so they are given in Appendix A
(Tables A.2 to A.4).

Results for simulations in which the error term for the "expensive"
measurement (y) was 25 percent of that of the parent population [V(e ) = 0.25
V(z)] were very similar to those already given for the case where this error
was 10 percent of the variability for the parent population (Tables 4.1 and
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Table 4.3 Means and ratios of the mean calculated variance to expected
variance for yp and y;. estimated by double sampling (2,000
simulations). Measurement errors were normal and additive, and
measurement error of primary variable (y) was 10 percent of that
for the parent population.

Correlation (p) Between

Coefficient of Primary (y) and Auxiliary
Variation of Parent Large Sample Small Sample Estimate (x) Variable
Population Size (n') Size (n) Evaluated 853 .778 .67 .550
MEANS
707 200 5 ;a 5.20 6.14% 3 45% 7 g5*
10 5.06 5.20 5.39 5.77*
20 5.03 5.07 5.18 5.32
5 'y'“_ 4.85 4.79% 4.76* &4.80%
10 4.91 4,90 4.88 4,89
20 4.95 4.95 4.9% 4.9
VARIANCE RATIOS
5 ;R 1.26 23.2% 123.% 214.%
10 1.07 1.3& 1,38 9.82%
20 1.03 1,06 1.1% 1,63
5 Yir 1,51 1.38% 1.31% 1.43%
10 1.09 1.09 1.06 1,10%
20 1.06 1,03 1,02 1,03

* Coefficient of variation of estimated mean greater than 20 percent.

4.2). Thus, mean values (Table 4.5) and variance ratios (Table 4.6) are

presented only for coefficients of variation of 70 and 50 percent. Again,
ratio estimates provided siight overestimates, while regression estimates

were slightly low. It should be noted that the correlations are reduced by
increasing the measurement error.

4.3 Lognormal Measurement Errors

Since our prior experience suggests that measurement errors for at least
the auxiliary variable (x) may be multiplicative and non-normal, we used a
lognormal distribution to generate errors for eq. (3.5) as described in
Section 3.5. These simulations were limited to coefficients of variation (of
the parent population) of 70 percent and 50 percent. Results for a C.V. of
30 percent were generally less variable, as evident from the tables in
Section 4.2,
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Table 4.4 "Coverage" of calculated confidence limits for mean yp and y,,
estimated by double sampling (2,000 simulations). Va?ues shown
are proportions of the total simulations for which the 95 percent
confidence l1imits constructed from simulated data do not include
the "true" mean [E(z), expected mean for the gamma distribution].
Measurement errors were normal and additive, and measurement error
of the primary variable (y) was 10 percent of that for the parent

population,
Correlation (p) Between
Coefficient of Primary (y) and Auxiliary
Variation of Parent Large le Small le Estimate (x) Variable

Population Size (n' Size (n Evaluated 853 778 676 550
707 100 5 7. 050 .063 055 .06A*
10 .053 .058 057 .052

20 L057 052 .055 .043
100 5 ;” 051  ,063* _069% ., 082%
10 057 .073% _072% _068*
20 061 064* 058 064*

500 100 $ 'y'I 045 .049  ,035* 043
10 043 .09 059 053

20 053 .053 .o 054
100 5 'y'" 057 .058 .058 071w

10 050 .05 .059 059

20 .053 048  ,052 048

302 100 5 ;R 040 049 040 057
10 L0483 068 Obb 051

20 049 046 045 062
100 S 'i" 058 .0, 059 063*

10 053 .055 051 054

20 Oh6 045 051 047

* Calculated chi-square exceeds one percent level of significanc (6.63).

One of the interesting outcomes of these simulations is that the aver-
ages of yp and y,. (Table 4.7) now both exceed the expected values [only VR
exceeded the expected value for additive errors (Table 4.1)], but by amounts
that are largely tolerable in practical situations, being at most within a
few percentage points of the means (E(z) = 5). In addition, the variance
ratios for yp are now less than unity (Table 4.8), i.e., eq. (3.8) for Viyg)
now underestimates somewhat, where it previously provided an overestimate
(Table 4.2) for the normal and additive measurement error on the auxiliary
variable (x). The net effect of these changes on “coverage" (Table 4.9) is
that we now are operating at somewhat higher "error rates" than assumed by
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Table 4.5 Means of yp and y,, estimated by double sampiing (2,000
simulations). Measurement errors were normal and additive, and
measurement error of primary variable (y) was 25 percent of that
for the parent population,

Correlation (p) Between

Coefficient of Primary (y) and Auxiliary
Variation of Parent Large Sample Small Sample Estimate {x) Variable

Population Size (n') Size (n) Evaluated .800 730 .632 516
707 100 S ;“ S5.17% 5.62% 6.00% 7.16%

10 5.08 S5.16 5.39* 5.5+

20 5.08 5.06 5.1 5.28
100 5 ;I L.79% A.79% 4. 80" & 79
10 v 95 4,90 A.90% 49w

2 8.97 8.9 4.9 A9
500 100 5 YR 5.07 5.15 5.80% 6,19

10 5.03 5,07 5.16 5.26

20 5.0 5.0 5.05 5.12
100 5 Yie 4N .89 4.88% 4. 93

10 4.98 4.96 4.97 4.95

20 .98 4,98 4,98 A9

* Coefficient of variation of estimated mean greater than 20 percent,

Table 4.6 Ratios of the mean calculated variances to expected variance for
yg and y,, estimated by double sampling (2,000 simulations).
Measurement errors were normal and additive, and measurement error
of primary variable (y) was 25 percent of that for the parent
population,

Correlation (p) Between

Coefficient of Primary (y) and Auxiliary
Variation of Parent Large Sample Small Sample Estimate (x) Variasble
Population Size (n') Size (n) Evaluated .800 730 632 516
707 100 5 ;. 1.19% 10.6% 313.% 204.*
10 1,08 1.11  1.57% 9,15
20 1,03 1.0 1,09 1,34
100 5 ;" 1.80% 1.39% 1,75 1 46"
10 1,13 1,09 1.08* 1,09+
20 1.0 1,03 1,03 1,02
500 100 5 YR 1.10 1.1 1,73 10.1%
10 1.0 1.06 1.12 1.55
20 1.0 1.02 1.04 1.09
100 5 ;lr 1.46 1.49 1.84% 1 41%
10 .13 %0 .12 .1
20 1.03 1.02 1,03 1.03

* Coefficient of variation of estimated mean greater than 20 percent,
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Table 4.7 Means of yp and y,,. estimated by double sampling (2,000
simulations). Measurement error of auxiliary variable (x) was
multiplicative and lognormal, and measurement error of primary
varifable (y) was 10 percent of that for the parent population.

Correlation (p) Between

Coefficient of Primary (y) and Auxiliary
Variation of Parent Large le  Small Sample  Estimate (x) Variable

Population Size (n' Stze (n) Evaluated .85 .778 .67 550

707 100 S I 5.12  5.18% S.41% 5.70%

10 5.05 5.09 5.18 S5.04¢

20 5.03 S5.07 5.08 5.20

100 5 Y1e 5.15  5.22% 5.37% S.A7*

10 5.07 5.11 S5.1% 5,30+

20 5.03 5.08 5.07 5.12

500 100 L1 I 5.06 5.17 5.18 S5.38*

10 5.0 5.07 S.08 5.19

20 5.001 5.03 5.06 5.13

100 5 Yip 5.09 5.16 S5.16 5.23»

10 5.06 5.07 5.07 5.09

20 5.01 5.03 5.0 5.08

* Coefficfent of variation of estimated mean greater than 20 percent,

Table 4.8 Ratios of the mean calculated variances to expected variance for
Ygp and y, . estimated by double sampling (2,000 simulations).
Measurement error of auxiliary variable (x) was multiplicative and
Tognormal, and measurement error of primary variable (y) was 10
percent of that for the parent population.

Correlation (p) Between

Coefficient of Primary (y) and Auxiliary
Variation of Parent Large Te Small le Fstimate (x) Variable

Population Size (n' Size (n Evaluated 853 778 .67 550

707 100 5 I 0.87 0.76% 0.68* 0.55+%

10 0.9 0.88 0.79 0.69

20 0.9 0,92 o0.88 0.78

100 5 Y1e 1.2 1A7% 1. 66% 2.06%

10 1,05 1.03 1,06 1.12%

20 0,99 0,99 0.99 0.9

.500 100 5 ;' 0.89 0.85 0.80 0.68*

10 0.95 0.%92 0.87 0.8

20 0.98 0.9 0.92 0.89

100 5 7“, 1,32 1,62 1,38 1.48*

10 1,07 1,08 1,10 1.10

20 .00 101 1,00 1,02

* Coefficient of variation of estimated mean greater than 20 percent,
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Table 4.9 "“Coverage" of calculated confidence limits for mean yp and Nr
estimated by double sampling (2,000 simulations). Values shown
are proportions of the total simulations for which the 95 percent
confidence limits constructed from simulated data do not include
the “true" mean [E(z), expected mean for the gamma distribution].
Measurement error of auxiliary variable (x) was multiplicative and
lognormal, and measurement error of the primary variable (y) was
10 percent of that for the parent population.

Correlation (p) Between

Coefficient of Primary (y) and Auxiliary
Variation of Parent Large le Small le Estimate (x) Variable

Population Size (n' Size (n Evaluated 853 .778 .67&4 550

70?7 100 5 I L088% .086% .119% 146

10 071%  ,089*% ,099% 132+

20 063 080* .087% ,108*

100 5 Yir 068* ,077% 077 .089*

W 059 ,072* .076* .085*

20 062 078* 073 070

500 100 5 ;. 068* _083* .088% . 106*

10 062 .065* 087+ ,095%

20 060 062 062 088+

100 5 'y" ’ 066* .065* .078% .076%

10 062 .052 .07+ 063

20 063 .058 .0S5 071

* Calculated chi-square exceeds one percent level of significance (6.63).

the usual confidence limit calculations. Nonetheless, a shift from an
assumed 5 percent rate to an actual level of 7 percent or so is not a matter
that should be of much practical concern.

Again, changing the value of the measurement error in the principal
variable (y) from 10 percent to 25 percent of the variance of the parent
population yields results very close to those in Tables 4.7 to 4.9, so the
outcomes appear in Appendix A (Tables A.5 to A.7).

4.4 Bias in Estimators

Estimates of the regression slope (b) of the primary variable (y) on the
auxiliary varfable (x) are known to be biased. The regression slope is
“attenuated" by measurement errors, having an expected value approximately
described by eq. (3.14). An approximation is involved inasmuch as we use the
ratio of expected values of Syy to Szx rather than E(b), which would be very
difficult to determine ana?yti!ally. 1he simulation outcomes for the case
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with normal and additive errors (Figure 4.1) indicate that eq. (3.14) pro-
vides an adequate model for the relationship, with the means of slopes
calculated from 2,000 simulations being a little less than predicted by eq.
(3.14). The deviations from the expected outcome are most pronounced for the
more variable data sets. The outcomes for larger samples (n = 20) and the
smallest coefficients of varfation (0.30) were nearly indistinguishable from
expected values, We have thus shown only the smallest samples (n = 5) from

Mean Regression Slope for 2,000 Simulations

0 = 1 | 1
0 01 02 03 04 05

Expected Value of Regression Slope

Figure 4.1 Mean values of regression slopes from 2,000 simulations plotted
against calculated expected values for normal and additive
errors. Data selected from Appendix Table A.8; only values for
the more variable data sets [n = 5, coefficients of variation
0.707 (®) and 0,500 ()] are shown. Less variable outcomes were
very close to the expected values. The straight line shows the
1:1 relationship. Measurement error of the primary (y) variable
was 10 percent of the variance of the parent population.
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the more variable parent populations (coefficients of variation 0.500 and
0.707) in Figure 4.1.

Using multiplicative, lognormal errors (eq. (3.5)) changes the relation-
ship appreciably (Figure 4.2), yielding mean values of the regression coeffi-
cient appreciably larger than expected. This change presumably is a
consequence cf the multiplicative model. While we maintained the same
numerical values for the variance of the auxiliary variable (cf. Section
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Figure 4.2 Mean values of regression slopes from 2,000 simulations plotted
against calculated expected values for multiplicative and
lognormal errors., The straight line shows the 1:1 relationship.
Measurement error of the primary (y) variable was 10 percent of
the variance of “he parent population. Data selected from
Appendix Table A.10, for expected coefficients of variation less
than approximately 20 percent.
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3.5), the expected value presumably will not be the same as for the normal,
additive case. Averuge estimates of b for the various cases are listed in
Tables A.8 to A.11.

The bias of the mean ratio (ﬁ = y/x) can be approximated as follows
(Cochran 1977:161):

E(R - R) = 1/n(Cyy - Gy )R (4.2)

(we have dropped a finite population correction term since it is not impor-
tant here). In this expression, Cyx and C,, denote coefficients of variation
and can be calculated from eq. (3.11) and 15 13) as:

Cox= S /LE()TZ = CV2(z) + V(ey)/82[E(2))? = 1/k(1 + a/8?)
Cry = Sxy/E(X)E(Y)

where a = V(e; )/N(z) = 1, 2, 4, or 8, the ratios used (cf. Section 3.4
obtain the range of correlations between y and x in this report, and CV (z)
1/k. Substituting g = 2, and R = 0.5 (Section 3.1), we have:

E(R - R) # a/8nk

where n denotes small sample size and k determines the coefficient of varia-
tion of the parent population (0.707 for k = 2, 0.500 for k = 4, and 0.302
for k = 11).

A plot of the data for the normai and additive case (Figure 4.3) indi-
cates relatively large deviations for the larner expected values. These again
result from the more variable data sets. The simulation data (Appendix A,
Tables A.12 and A.13) suggest that the more variable data sets (large C.V. of
parent population, small n, lower correlations) tend to have the larger
expectations and deviations from expectation. Those results where the
estimated coefficient of variation was 20 percent or more are not included in
Figure 4.3.

Although the prediction of bizs for the ratio estimator for the normal
and additive case is not as accurate as might be desirable, the relative
magnitudes are nonetheless not particularly disturbing, being at most about
10 percent of the true ratio (R = 0.5) for those cases of main interest here
(Figure 4.3). The multiplicative case with lognormal errors somewhat
surprisingly yields a closer relationship between deviations and expected




values (Figure 4.4). The corresponding data are in Appendix A, Tables A 14
and A.15.

4.5 Linear Regression Model

We have thus far only considered a basic model in which the expected
value of the auxiliary variable (x) is directly proportional to the under-
lying “true" value (z). As noted in Section 3.6, it is desirable to also
consider linear and nonlinear alternative models. In the linear regression
model of eq. (3.19), we add a constant quantity (a) to each observation.
Doing sc shifts the values of x; to the right on 2 plot, so that the

006
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Average Deviation (R-R) From 2,000 Simulations

0 | 1
0 002 004 006

Expected Value of Deviation From R

Figure 4.3 Mean values of deviation of average value of R from the true
value plotted against calculated expected deviations for normal
and additive errors. Measurement error of the primary (y)
variable was 10 percent of the variance of the parent population.
Data selected from Appendix Table A.12, for expected coefficients
of variation less than approximately 20 percent.
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relationship between y and x no longer goes through the origin, but is
instead moved to the right, giving a negative y-intercept. A plot of a set
of simulated data appears in Figure 4.5. Inasmuch as the added constant does
not change the expected values of eq. (3.11) to (3.13), the various other
expectations remain unchanged, and the only substantial change in results
that one might expect is that the ratio estimate should not perform as we!l
as previously, since the underlying model is now a regression model.
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Figure 4.4 Mean values of deviation of average value of R from the true
value plotted against calculated expected deviations for
Tognormal and muitiplicative errors. Measurement error of the
primary (y) variable was 10 percent of the variance of the parent
population. Data selected from Appendix Table A.14, for expected
coefficients of variation less than approximately 20 percent.
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Figure 4.5 Relationship between primary (y) and auxiliary (x) variables when

x is generated by linear regression [eq. (3.19)].

Measurement

errors were normal and additive, with vartance selected to
produce a correlation of o = 0.853, and the error of the primary

(y) variable 10 percent of that of the parent population.

Upper

set of data generated by eq. (3.19) with a = 8 and eq. (3.3). In

the lower set, a = 1.0,
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Table 4.10 Outcomes for 2,000 double sampling simulations in which the
auxiliary variable (x) was generated by a linear regression model
[eq. (3.19)]. Measurement errors were normal and additive, and
measurement error of the primary variable (y) was 10 percent of
that for the parent population. Large sample size (n') was 100.
Coefficient of variation for the parent population was 0.707.

Ratios of
Mean Value Calculated
Mean Value from Linear Variance

Intercept from Ratio Regression to Expected Calculated

o for Small Sample for x on z Estimator of y on x _ Value Calculated Ro?.
y and x Size (n) (a) (yg) v} lyg) (3y,) Ratio Coefficient

.853 10 1 5.08 h.9% 0.95 1,07 460 .388

2 5.03 4,93 0.90 1,07 419 .388

B 4,97 4.91 0.91 1.10 .355 .389

8 4.9 4,92 1.0 110 275 389

20 1 5.03 4.98 0.96 1.03 457 392

2 5.00 4.97 0.93 1.03 417 392

4 4.99 4.96 0,92 1.02 .356 391

8 4.98 4.96 1.06 1,03 .276 393

674 10 1 5.26 4.9 1.07 1,05 481 260

2 5.20 4.9 0.88 1.06 435 239

W 5.10 4.90 0.69 1.05 .366 239

8 5.02 4.92 0.58 1.06 .281 239

20 1 5.%0 4.95 0.95 1,02 466 41

2 5.¢9 4.96 0.84 1.02 426 8

4 5.05 4.96 0.71 1.02 .362 242

8 5.01 4.96 0.64 1.03 .278 244

This expectation is borne out by a limited series of trials (Table
4.10), with the intuitively somewhat surprising result that the estimates of
YR are still quite accurate. The noticeable differences are in estimates of
R and of variances (compare with Tables 4.1 and 4.2). These quantities shift
with a, simply because the fitted relationship is constrained to go through
the origin. Hence the estimated ratio (R) decreases with increasing a and
influences the variance calculation (eq. (3.8)). The fact that the estimated
means (yg) remain reasonably accurate is a consequence of the nature of the
estimator (eq. (3.6)). Although the ratio is distorted from its true value,
it nonetheless produces an appropriate correction. If we rearrange eq.
(3.6):

Yp = ¥(x'/%)

it is apparent that, if x -esults from a random sample of n', then the ratio
of X' to x can be expected to be approximately unity. The main question then
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has to do with variances and efficiency of the estimator. However, in the
present situation, we need only note that the linear regression estimator is
the appropriate technique, since the underlying relationship does not go
through the origin.

4.6 Nonlinear Models

Introducing a nonlinear model brings in a variety of complications,
including the fact that expected values may be difficult to obtain. More
importantly, it is not now known just what kinds of nonlinearities may exist
in practice. Consequently, we have only conducted a limited investigation,
using the model of eq. (3.20), with the two sets of parameters illustrated in
Figure 3.2. Figure 4.6 gives an example of a data set generated for each of
the two sets of parameters. Although the underlyira curves deviate quite
sharply from linearity, it is evident (Table 4.11) that the estimates of yp
and y;, are nonetheless quite accurate. However, "coverage" suffers somewhat
from nonlinearity but is adequate for all practical purposes.

Very similar results (Table 4.12) were obtained when the multiplicative
lTognormal error structure replaced the additive, normal structure used to
generate the data in Table 4.11. In this case, coverage is a little less
satisfactory, but still quite acceptable, and the mean calculated regression
coefficients show a wider range than before. The sets of data discussed here
(Table 4.11 and 4.12) were generated from a parent distribution having a
coefficient of variation of 0.707. As in the other examples previously
discussed, less variable results can be expected for smaller coefficients of
variation. One example (normal, additive error, C.V. = 0.500) is in Appendix
A (Table A.16).
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Figure 4.6 Relationship between primary (y) and auxiliary (x) variables when
x is generated by a non-linear regression [eq. (3.2)]. Errors
were normal and additive. Measurement error of the primary (y)
variable was 10 percent that of the parent population and errors
in the auxiliary (x) variable were selected to produce a
correlation of p = 0.853. Data points on the left were generated
using A = 10, B = 0.25 (®); those on the right with A = 30,
B = 0.50 (o). Plotted lines represent the relationship when no
error is included.
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Table 4.11 Outcomes for 2,000 double sampling simulations in which the
auxiliary variable (x) was generated by a non-linear regression
model [eq. (3.20)]. Measurement errors were normal and additive,
and measurement error of the primary variable (y) was 10 percent
of that for the parent population. Large sample size (n') was
100. Coefficient of variation for the parent pcpulation was

0.707.
Mean Value
Small Mean Value from Linear Covorog'

p Sample Nonlinear from Ratio Regression for 95% Calculated
for y Size Parameters Estimator of y on x Level Calculated Reg.
and x (n) B A g) ¥,) (yg) O,,) Ratio Coefficient
.853 10 .25 10 5.08 4.94 074% 075% .820 415

20 5.00 4.9 .075%,073* .402 440

30 4.96 4.89 .079%,081* .266 .365

.50 10 5.03 4.99 079%,075* .627 L3

20 4,97 4.97 .080* . 077% .310 .389

30 4.95 4.90 L079%,087* .205 346

20 23 10 5.06 4,99 .060 ,058 .816 AL
20 5.04 5.02 .055 ,055 405 432

30 5.02 4,99 .065%,067* .269 361

.50 10 5.05 5.03 .058 .058 .630 .329

20 5.01 5.02 .060 .059 312 .378

30 5.00 4.98 L067%,068* .207 .336

778 10 25 10 5.35 4.99 .061 ,068* .865 .239
20 5.02 4,96 074% 075% 404 316

30 5.00 4.9 L081%,082% .268 .302

.50 10 5.18 5.02 L070% . 064* 647 .186

20 5.01 5.01 L075%.069* 312 .263

30 5.01 5.01 L081%,081% .208 .169

20 .25 10 5.19 5.04 .055 .052 842 L2462
20 5.03 5.00 .058 ,060 405 .317

30 4.99 4.97 .063 ,065% .268 30

.50 10 5.13 5.05 .059 .051% 642 .187

20 5.03 5.03 .062 .058 .313 .262

30 5.01 5.00 .060 ,062 .208 .266

674 10 25 10 5.91 5.00 J067%, 064* .957 BEL
20 5.13 4.96 .069* . 075% 413 .202

30 5.02 4.95 .062 .064* .270 .220

.50 10 5.33 5.01 .063%, 066% .670 101

20 5.06 5.02 .069*,065% .316 164

30 5.02 5.03 L078%,072% .208 .188

20 .25 10 5.42 5.04 .052 .059 .890 A3
20 5.10 5.04 055 .056 412 204

30 5.03 5.00 .058 .061 .270 .225

.50 10 5.22 5.01 .052 .057 656 .100

20 5.07 5.04 +065%,057 316 .163

30 5.03 5.04 .062 056 .209 .188

#aTcuTated chi-square exceeds one percent Tevel of significance (6.537.
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Table 4.12 Outcomes for 2,000 double sampling simulations in which the
auxiliary variable (x) was generated by a non-linear regression
mode! [eq. (3.20)]. Measurement errors.for auxiliary variable
(x) were multiplicative and lognormal, and measurement error of
the primary variable (y) was 10 percent of that for the parent
population. Coefficient of variation for the parent population

was 0.707.
Mean Value
Small Mean Value from Linear Covor;g.

[} Sample Nonlinear from Ratio b?nulon for 95% Calculated
for y Size Parameters Estimator of y on x Level Calculated Reg.
and x (n}) B A (¥g) ¥,) (—y'.) ¥,,) Ratio Coefficient
.853 10 3 10 4,99 5.05 .082% ,075% .BO& .835

20 4,96 5.01 .087% ,087* .399 418

30 5.01 5.07 L080% ,074% .269 . 284

.50 10 5.04 5.12 L083% ,074* 628 581

20 5.02 5.09 L080* .077% .313 .292

30 5.01 5.08 L.079% .081* .208 196

20 29 10 5.01 5.05 L074% 071% .807 823
20 5.00 5.03 L075* 071 .403 414

30 4.99 5.07 L079% 078* .268 275

.50 10 4.98 5.02 .070% ,066* .621 560

20 5.02 5.05 062 .062 .313 .288

30 4.97 5.01 L064* 060 .207 192

674 10 .25 10 5.13 5.16 .068* ,068* .829 448
20 5.09 5.1 .087% ,083* 4N .232

30 5.12 5.15 L073% ;076* 275 .153

.50 10 5.13 5.1 L076% 071* bhi . 264

20 S.14 5.12 L077% ,069* A A27

30 5.10 5.1 077% .070* 212 .086

20 % . 10 5.02 5.03 .076* .065* 812 429
20 5.06 5.09 079* .068* 409 .209

30 5.08 5.07 .059 .057 274 42

.50 10 5.03 5.02 .068* ,067* .630 .237

20 5.04 5.05 .066* .063 .316 119

30 5.05 5.06 L078% ,064* 2N .078

#alculated chi-square exceeds one percent leve!l of significance (6.563).
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5.0 DISCUSSION

For the most part, the simulation results described in Section 4.0
indicate that the double sampling approach will function adequately under the
range of models and parameters investigated here. One necessary caveat is
that the sampling be planned so that the resulting confidence limits can be
expected to be less than #40 percent of the estimate. This realistic
requirement should easily be satisfied in practice. If costs appear to
preclude obtaining confidence 1imits narrower than +40 percent, then serious
consideration should be given to doing no sampling at all.

Our major concern at this point is the apparent lack of data on measure-
ment errors for radionuclides likely to be of interest in a commercial
radioactive low-level waste management context. We cannot determine whether
our results are wholly appropriate without bett2r knowledge of circumstances
prevailing in field sampling. Further discussion of the needed data appears
in Section 6.0 (Research Needs). An important point, currently widely
neglected, is that additive error terms are quite unrealistic in a context of
low level radioactive waste sites. To understand this, one only needs to
write down a few equivalents, e.g., 5 millicuries equals 5,000 microcuries,
and 5,000,000,000 picocuries. Quite obviously a realistic additive error
term at one scale (e.g., microcuries) will be meaningless at another scale.
This is the reason for considering multiplicative errors, and provides an
explanation for the observation that the coefficient of variation is rela-
tively constant over a wide range of concentrations. Consequently, we
believe that the lcgnormal, multiplicative error model [eq. (3.5), Section
3.1] provides the most realistic model for the auxiliary variable (x). As
previously remarked, the nature of the error term for the primary
("accurate") measurement may depend on the way in which measurement errors
are controlled.

We emphasize that our simulations serve mainly to show that the double
sampling approach is "robust" over the range of models and parameters tested.
The variance equations (3.8 and 3.9, Section 3.2) generally give satisfactory
results for small samples, ranging down to as few as n = 5 for the
"expensive" method, in the sense that "coverage" of calculated confidence
limits using these variances is close to the assumed levels (5 and 10
percent). In actual applications one can thus safely use these variance
equations (as given by Cochran, 1977:343-344) to check whether double
sampling is worthwhile or not, along with the available information on
correlation between the primary (expensive) and auxiliary (inexpensive)
variables. Simulations like those used here can only demonstrate feasibility
under assumed conditions, and both experience and preliminary field date must
serve to determine whether or not a given technique should actually be used
in practice.
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6.0 RESEARCH NEEDS

The outcomes of the simulations presented in this report serve to
establish the feasibility of using double sampling as a cost-efficient tool
in low level waste management. Effective use of this methodology will,
however, need to be guided by a detailed study of actual data on measurement
errors. Our preliminary investigations suggest that little of this data is
available, and that some field and laboratory studies may be needed. Such
studies would also be very valuable in establishing other details of applica-
tions of double sampling and of general efficiency in sampling. We have been
using what is, in effect, a two stage procedure in other sampling contexts,
that may be very useful for double sampling applications. The procedure is
essentially to collect a large random sample of, say, soils, and analyze
portions of the sample sequentially. In a double sampling context, if
certain conditions for ratio estimation are met, it might be possible to
deliberately select the samples for the expensive measurement (y) on the
basis of the observed values of the auxiliary variable (x). This approach
has the potential of being very efficient, and thus reducing sampling costs
substantially.

A different area of needed research concerns the use of double sampling
in defining the area and extent of a "spill" or other source of contamination
and in efficiently guiding any procedures used to contain or “clean up" such
a contaminated area. Skalski and Thomas (1984) discuss an approach using
compositing procedures. When a useful auxiliary variable is available (such
as data from a field detection instrument), it may be quite feasible to
utilize double sampling for stratification (see Eberhardt and Thomas, 1983,
pp. 4-9 and 4-11) as an alternative approach. In this case, double sampling
would be used to define strata (we used double sampling in this report for
estimation purposes), and thus might well serve to define areas of different
levels of contamination.

Most of the available textbook results on double sampling are based on
approximations of one kind or another. Many of these start with Taylor
series approximations to a ratio, since as Cochran (1977:153) remarked, "The
distribution of the ratio estimate has proved annoyingly intractable because
both y and x vary from sample to sample." Since the results of the present
simulations suggest that Cochran's (1977) basic equations perform reasonably
well under assumptions quite different from those normally given for double
sampling, it may well be that the various approximations have a considerable
degree of generality. Hence, another area of needed research is to
re-examine the available derivations to see whether they can be considered
appropriate under the revised assumptions of the present study. The need for
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this research stems from the fact that simulations are essentially “"narrow-
minded" procedures, when compared to mathematical analysis. For example, we
found it necessary to use specific values for certain parameters, and these
parameters may not be appropriate in ali CRLLWS circumstances.

44



7.0 INTERIM GUIDANCE FOR USING RATIO METHODS

A large part of this report has dealt with the technique known as double
sampling, which is a special case of a broader classification described here
as ratio methods. The important distinction is that ratio methods were
developed to fit circumstances where a total (or overall mean) value was
available for an auxiliary (inexpensive) variable measured over the entire
population being studied. In many commercial low-level radioactive waste
site (CRLLWS) situations, an auxiliary variable can readily be measured
(e.g., gross beta or gamma), but a population total is not available. Double
sampling was developed to permit substituting data from a large sample of the
population for knowledge of the overall mean or total of the auxiliary
variable. Since it is the main practical use of ratio methods at CRLLWS, the
following example concerns double sampling. As noted in Section 2.0, the
original ratio methods will mainly be used when information on the auriliary
variable is already on hand, and is thus essentially "free" as far as the
field work is concerned. An evaluation as to whether such "free" data will
reduce the variance of an estimated mean or total can be obtained by calcu-
lating a correlation coefficient, and coefficients of varfation for the
expensive and inexpensive methods (see Section 2.0).

Our example for application of double sampling is based on data analyzed
by Gilbert and Eberhardt (1976). Those authors evaluated the prospective use
of double sampling on previously collected data on concentrations of pluto-
nium in soil and readings made with either a field instrument ("FIDLER") or a
laboratory instrument using a lithium-drifted germanium crystal [Ge(Li)
detector] to measure soil concentrations of americium-241. Cost ratios were
based on the analytical cost (at that time) of a single soil sample for
plutonium by a commercial laboratory. These single sample costs were about
double those for using a laboratory Ge(Li) detector, and about 50 times the
cost of using the field instrument (FIDLER) to make one measurement. We
caution that cost ratics will vary with circumstances and substance being
studied, and must be determined independently for each study. In this
example, we assume that the ratio of cost (c) for the expensive measurement
(y) to the !%s{‘%x') for the auxiliary measurement (x) is either 2 or 50,
depending on the analytical method used.

In our example application we start with an overall budget (C) which
will be allocated to a sample of laboratory analyses (n) and to making n'
instrument readings in the field or laboratory. We then must estimate the
correlation between the two kinds of measurement and use either eq. (2.2) or
Figure 2.1 to determine whether double sampling is cost effective. From eq.
(2.2), we find that we need:
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= 0.94 for the Ge(Li) detector, and
]1/2

o » [r2n]

A [4(50)/(1+50)2 = 0.28 for the FIDLER (field instrument).

If the actual correlaticn is greater than the right hand side of eq. (2.2)
then we would allocate sampling effort to the two methods according to an
equation given by Cochran (1977:341):

n/n' = {(c'/c)[(x C 02)/92]}1/2

If we assume, for example, that the correlation between results from the
field instrument and soil plutonium is p = 0.50 [Gilbert and Eberhardt
(1976:Table 1) give data on observed correlations], then:

n/n' = [1/50[(1-0.25)/0.25]}1/2 = 0.245.

Hence we should take about 1/0.245 = 4 instrument readings for each labora-
tory determination. Consequently, if the overall budget is, say, 10,000
dollars, and a laboratory determination costs 100 dollars (c), and the field
reading thus costs 2 dollars (c'), then we can use eq. (2.1) (Section 2.0):

10,000 = 50(n) + 2(n"')

to express our overall budget, and substitute the ratio n/n' = 0.245 to
calculate the two respective sample sizes as follows:

10,000 = 50(0.245 n') + 2(n")

702 = n'
since n=0,245n"
then n=172.

Given the two sample sizes, one would then actually collect the samples
and take the measurements, after which eq. (3.6) and (3.7) can be used to
estimate mean concentrations, while eq. (3.8) and (3.9) serve to provide
variance estimates, from which confidence 1imits can be calculated. We
illustrate these calculations from a set of the data studied by Gilbert and
Eberhardt (1976). Table 7.1 shows the FIDLER readings and corresponding
laboratory determinations of plutonium concentration. The overall total
number of FIDLER readings (n') was taken to be 165 with a mean (x') of 10.
In practice, these data would be obtained by going to n' randomly selected
field locations and taking FIDLER readings. From these n' locations, n would

46



Table 7.1 An example (from Gilbert and Eberhardt, 1976) illustrating double
sampling computations. Tne auxiliary variable (x) is FIDLER
counts of < Am, while the primary variable (y) results from a
radiochemical analysis for plutonium. For the calculat‘ons the
overall mean (x') wag taken to be 10.0, and the sample size (n')
was 165. s 2 and $,° are the variances of y and x respectively,

sy‘ is the covariance
Radio- Radio- Radio-
FIDLER Chemical FIDLER Chemical FIDLER Chemical
(x) (y) (x) (y) (x) (y)
5.2 17.056 1.4 8,277 10.8 64,336
18.6 58.383 19.6 136.610 9.8 51.081
7.8 67.579 7.2 61.097 10.8 24,626
10.8 36.82% 6.2 39.119 16.2 64, 640
3.2 2.93% 38 13.115 3.2 14.834
8.8 0.886 6.2 19.567 23.0 172,310
15.2 15.749 11.8 30.885 10.2 7.622
15.0 30.467
- 2
y = 42,45 s = 1814.76 Syx = 179.M1
i o= 10,22 s = By

be randomly selected and at each of these a soil sample would also be col-
lected and analyzed for plutonium in the laboratory. Table 7.1 thus pertains
to the data collected at these n locations.

Both ratio and regression estimates are calculated since our simulations
suggest that either may be appropriate. When enough data are available, one
might choose between the two on the basis of statistical theory. If the
actual relationship goes through the origin and the variance increases
approximately in proportion to x, one would use a ratio calculation. If the
actual relationship clearly does not go through the origin, one would likely
prefer the regression calculation. In prectice, there may not be enough data
or experience for a clear cut choice, so both calculations are carried out
here.

Ratio calculations using data from Table 7.1 are:
yg = (y/%)x
= (42.45/10,22)10
yp = 41.54
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For the variance estimate the total parent population is assumed to contain
1,000 units (N), and R is 4.15 (i.e., 42.45/10.22). The estimated variance
is calculated as follows:

v(yg) = (syz - ZRsyx + stszn + (ZRsyx - stzxy"' - szy/N

= [1814.76 - 2(4.15)(179.41) + 17.22(33.37)]/22
+ [2(4.15)(179.41 - 17.22(33.37)]/165 - 1814.76/1000

v(yg) = 44.63

Calculations for the regression method are:

-

y]r - Y’ b(i. - X)
= 42.45 + 5,38(10 - 10.22)

Vi = 41.27

where b = 5.38 (i.e., b = s ¢ . 179.41/33.37). For the variance

x/ Sx
estimate, the calculations arz:

viyye) = szy_x{l/n + [(i' - i)z/z(ii - i)z]l + (szy-szy_xyn' - szy/n

= 892.56‘1/22 + [(10-10.22)2/700.71]] + [(1814.76 - B892.56)/165]
- 1814.76/1000
v(y1r) = 44.4]

where s, 2 = 892.56 (i.e., s, ,2 = [s,2(n - 1) - b%,2(n - 1)] /(n - 2)
= [1814.76(21) - 28.94(33.37)(21)]/20)
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APPENDIX A

ADDITIONAL SIMULATION RESULTS

Since a number of the simulation outputs are quite similar to data
already presented in the tables of Section 4.0, they are tabulated and
presented 'in this Appendix.

Table A.1 Coefficients of variation based on means and expected variances
for yg and y;, for selected portions of Tables 4.1 and 4.5,

Error in Large Small
Primary Coefficient of Sample Sample Correlation (p) Between Primary
Variable Variation of Size Size Estimate (y) and Auxiliary (x) variable
(y) Parent Population (n') (n) Evaluated ,853* .778 .67% .550
.10 707 100 5 ;R 19.54 24.89 33,08 45,22
10 14.39 17.87 23.33 31.54
20 10.93 13.02 16,42 21,67
100 5 ;Ir 18,29 21,47 24,89 27.89
10 13.58 15.64 17.87 19.86
20 10,46 11.67 13,02 14,24
.500 100 5 'i. 13.82 17.60 23.39 31.97
10 10.17 12.64 16.50 22.30
20 7.73 9.1 11,61 15.32
100 5 e 12,93 15.18 17.60 19.72
10 .60 11.06 12,64 14,04
20 7.50 8.25 9.2 10.07
«25 707 100 5 ;R 23.05 27.73 35.27 46,84
10 16.77 19.84 24,87 32.69
20 12.50 14.36 17.50 22.50
100 5 ;" 21.99 4.7 27.73 30,85
10 16.09 17.85 19.84 21.65
20 12.09 13,15 14,36 15.48
.500 100 5 ;' 16.30 19.61 76,94 33.12
10 11.86 14,03 17.59 23.12
20 8.84 10.16 12.37 15.9
100 5 ;lr 15.55 17.47 19.61 21.53
10 11.37 12.62 14,03 15.1
20 8.55 9.30 10.16 10.94

*Correlation values are .800, .730, .632, .516 for lower half of table (error in primary
variable = ,25),



Table A.2 “Coverage" of calculated confidence 1imits for mean yp and Nr

estimated by double sampling (2,000 simulations). Values shown
are proportions of the total simulations for which the 90 percent
confidence limits constructed from simulated data do not include
the "true” mean [E(z), expected mean for gamma distribution].
Measurement errors were normal and additive, and measurement error
of the primary variable (y) was 10 percent of that for the parent
population.

Correlation (p) Between

Coefficient of Primary (y) and Auxiliary
Variation of Parent Large Sample Small Sample Estimate (x) Variable
Population Size (n') Size (n) Evaluated .853 .778 .676 .550
.707 100 5 'y'I L1086 106 .10 113

10 LA02 0 16 112 108
20 107 110 105 095

100 5 7" 097 .121%  [128% .16M6*
10 108 .122% ,125% ,127%
20 118 ,120% 120 117

.500 100 5 ;R 086 .092 086 087

10 095 .099 104 100
20 102 .110 091 097

100 5 Ve 105 ,120% 113,129+
10 103 ,108 113 114
20 109 102 099 094

.302 100 5 7. 087 .106 082* ,112

10 09 095 095 088
20 093 .089 o9 m

100 5 ;,' 106 .108 .112 112
10 103 105 105 103
20 087 .098 107 103

* Calculated chi-square exceeds one percent level of significance (6.63).




Table A.3 "Coverage" of calculated confidence limits for mean y§
u

estimated by double sampling (2,000 simulations). Va

and y
es shown

are proportions of the total simulations for which the 95 percent
confidence limits constructed from simulated data do not include
the “true" mean [i.e., the mean of the finite population (N) of
1,000]. Measurement errors were normal and additive, and
measurement errcr of the primary variable (y) was 10 percent of

that for the parent population.

Correlation (p) Between

Coefficient of Primary (y) and Auxiliary
Variation of Parent Large le Small Sample Estimate (x) Variable

Population Size (n' Size (n) Evaluated 853 .778 .67% .550
.707 100 5 ;R 047 060 .05 063
10 051 .059 .054 .0S51

20 051 052 .050 .0e2
100 5 ;,' 068 061 .070% ,082*

10 .053 .070% ,068* ,071*

20 .054 ,059 .060 .058

500 100 5 ;. L0848 049  ,035* ,0A1
10 086 050 ,056 .054

20 .051 046 .039 .052
100 5 ;‘ y .058 059 .060 .076*

10 .050 057 .057 .0§7

20 .052 043  .045 046

302 100 5 ;. 081  ,049 .00 .056
10 L0841 047 043 050

20 047 043 046 .06
100 5 'i“, 056 .051 ,059 .065*

10 049 053 048 .0%3

20 061 080 .047 .089

* Calculated chi-square exceeds one percent level of significance (6.63).



Table A.4 “Coverage" of calculated confidence limits for mean yp and y;,
estimated by double sampling (2,000 simulations). Values shown
are proportions of the total simuiations for which the 90 percent
confidence limits constructed from simulated data do not include
the "true" mean (i.e., the mean of the finite population (N) of
1,000]. Measurement errors were normal and additive, and
measurement error of the primary variable (y) was &5 percent of
that for the parent population.

Correlation (p) Between

Coefficient of Primary (y) and Auxiliary
Variation of Parent Large le Small le Estimate (x) Variable

Population Size (n' Size (n Evaluated .853 T8 670 550
707 100 ] ;. 105 107 07 oM
10 09 108 115 105

20 J01 1 107 093
100 5 Yie 099  121% 121% A6
10 06 122 122% 126%

20 AL LM 110 16

500 100 5 ;. L086 .09 .089 088
10 0% .093 104 100

20 09% 105 .086 .097

100 5 Yie 106 1204 111 127

10 098 110 1M2 109

20 02 095 099 096

302 100 5 7' L085 106  .082% 110
10 091 .09 093 087

20 090 086 088 110

100 5 ;'" 101 107 109 12

10 100 102 106 10

20 091 087 .09% .098

* Calculated chi-square exceeds one percent level of significance (6.63),

A-4



Table A.5 Means of yp and y,,. estimated by double sampling (2,000
simulations). Measurement error of auxiliary variable (x) was
multiplicative and lognormal, and measurement error of primary
variable (y) was 25 percent of that for the parent population.

Correlation (p) Between

Coefficient of Primary (y) and Auxiliary
Variation of Parent Large le  Small “1!0 Estimate (x) Variable

Population Stze (n' Size (n Evaliated 800 .730 .632 .51

707 100 5 Yo 5.10 5,20 5.3 5.69

10 5.0 5.09 5.2v 5.3

20 5.0 5,03 5.2 5.v7

100 5 ;" S.1a% 5. 21% 5.38% 5,50%

10 5.0 5,10 S5.17% 5.2

20 5.06 5.03 5.1 S5.12

.500 100 S 7' 5.07 5.10 5.22 5.8

10 5.0 5.06 5.09 5.2

20 5.10 5.0 5.05 5.10

100 5 7" 5.09 5.10 5,17 S5.22¢

10 5.0 5.05 5.09 S5.14

20 5.01 506 5.0 5.0

* Coefficient of variation of estimated mean greater than 20 percent,
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Table A.6 Ratios of the mean calculated variances to the expected variance
for yg and ¥, estimated by double sampling (2,000 simulations).
Measurement error of auxiliary variable (x) was multiplicative and
lognormal, and measurement error of primary variable (y) was 25
percent of that for the parent population.

Correlation (p) Between

Coefficient of Pr!u" {y) and Auxiliary
Vartation of Parent Large le Small le Estimate x) Variable

Population Size (n' Size (n Evaluated 800 730 .632 516
707 100 5 YR 0.9 0.88 0,72 0.5

10 0.9 0,89 o0, onNn

20 0.97 0.9% 0.9 0.80
100 5 Yie 1.54%  1.49% 1 B9% ) 950

10 1.07 1,06 1.08% 1.4

20 1,00 100 100 100

500 100 5 ;. 0.9 088 0.8 0,75

10 0.98 0.9 0.89 o0.82

20 0.99 0,97 0.9% 0.8

100 5 Yie 1.9 106 1A} 160

10 1,09 108 1.1 1.5

20 1,03 1,02 103 100

* Coefficient of varfation of estimated mean greater than 20 percent,



Table A.7 "Coverage" of calculated confidence 1imits for mean y, and Nr
estimated by double sampling (2,000 simulations). Values shown
are proportions of the total simulations for which the 95 percent
confidence limits constructed from simulated data do no include
the “true" mean [E(2), expected mean for gamma distribution].
Measurement error of auxiliary variable (x) was multiplicative and
lognormal, and measurement error of primary variable (y) was 25
percent of that for the parent population,

Correlation (p) Between

Coefficlent of Primary (y) and Auxiliary
Variation of Parent Large le  Small le  Ectimate (x) Variable

Population Stze (n' Stze (n Evaluated 800 .73 .632 .56

Jo? 100 s 3. JOTe%  087%  102%  1a0w

10 L72% 082 09 127

20 JOBT®  06A% 072% 094

10 L0861 066% _067% 074

20 0860 058 062 .06a*

. 500 100 5 'y'. 060 L066% 086 098%

10 055 ,060 071 093

0 068 078% 075% _O76%

100 ) y 058  L064*  070% 068%

10 " 009 0S4 057 .089

20 067 060 061 088

* Calculated chi-square exceeds one percent leve! of significance (6.63),
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Table A.8 Expected values of regression slope [E(b)] and mean values (b)
calculated from 2,000 double sampling simulations., Measurement
error of the auxiliary variable (x) was normal and additive, and
measurement error of the primary variable (y) was 10 percent of
that for the parent population. Large sample size (n') was 100.

Correlation Between Expected Value Aver Regression
Pﬂ.'{ (y) and Coefficient of of ession Coefficient from
Auxil (») Variation of Small le Coefficient from Simulations

Vari Parent Population Size (n E(b) (b)

.550 J07 5 667 L1580

10 1667 L1554

667 1627

. 500 5 1667 616

10 L1667 JeN

20 1667 672

JNo2 L) 1667 160

10 1667 1623

L1667 1675

670 107 5 . 2500 2289

10 . 2500 2156

20 . 2500 2643

. 500 5 . 2500 W2

10 . 2500 2389

20 21500 26457

102 5 L2500 2169

10 . 2500 2429

20 . 2500 2460

778 107 S A3 3044

10 ALY 3140

20 A3 141

500 | B ERE) mn

10 33 1262

20 B EEE] 3272

302 b) i) 279

10 A 1254

20 A3 129

853 Jor S . 4000 3770

10 . 4000 LY

0 . 4000 L1944

. 500 ] . 4000 3918

10 . 4000 A9

20 . 4000 e

302 5 L4000 L

10 . 4000 L1960

20 L4000 999
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Table A.9 Expected values of regression slope [E(b)] and mean values (b)
calculated from 2,000 double sampling simulations. Measurement
error of the auxiliary variable (x) was normal and additive, and
measurement error of primary variable (y) was 25 percent of that
for the parent population. Large sample size (n') was 100,

Correlation Between Expected Value Aver Regression
Primary (y) and Coefficient of of ression Coefficient from
Auxiliary (x) Variation of Small le Coefficient from Simulations

variable Parent Population Size (n E(b) (b)
.550 707 5 L1667 51
10 1667 1627

20 1667 L1640

.500 5 L1667 L1650

10 1667 L1646

20 L1667 1653

670 707 5 . 2500 .2200
10 .2500 2355

20 .2500 2606

.500 5 . 2500 2304

10 . 2500 2505

20 .2500 2480

778 707 5 .3333 3022
10 .3333 3193

20 L3333 3254

.500 5 L3333 3147

10 .3333 3236

20 .3333 3262

853 707 S . 4000 I
10 . 8000 m

20 .4000 1928

500 5 4000 3916

10 L4000 .3932

20 . 4000 3972
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Table A.10 Expected values of regression slope [E(b)] and mean values (b)
calculated from 2,000 double sampling simulations. Measurement
error of the auxiliary variable (x) was multiplicative and
lognormal, and measurement error of the primary variable (y) was
10 percent of that for the parent population. Large samole size

(n') was 100.

Correlation Between Ezpected Value Mnr Regression
Primary (y) and Coefficient of of sion Coefficient from
Auxiliary (x) Variation of Small le Coefficient from Simulations

Variable Parent Population Sfze (n E(b) (b)

.550 707 5 L1667 .3087

10 1667 .2598

20 1667 .2320

500 5 1667 2436

10 L1667 2187

20 1667 2004

670 707 5 .2500 L3554

10 .2500 .3218

20 .2500 .2980

500 5 .2500 L3091

10 . 2500 . 2904

20 . 2500 179

778 707 5 .3333 4008

10 L3333 3812

20 .3333 3709

500 5 .3333 1766

10 L3332 1648

20 .3333 3532

853 707 5 . 4000 4522

10 . 4000 A278

20 . 4000 4208

500 5 .4000 29

10 . 4000 4188

20 . 4000 4120
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Table A.11 Expected values of regression slope [E(b)] and mean values (b)
calculated from 2,000 double sampling simulations. Measurement
error of the auxiliary variable (x) was multiplicative and
lognormal, and measurement error of the primary variable (y) was
25 percent of that for the parent population. Large sample size

(n') was 100.

Correlation Between Expected Value Aver Regression
Primary (y) and Coefficient of of ssion Coefficient from
Auxiliary (x) Variation of Small le Coefficient from Simulations

Variable Parent Population Size (n E(b) (b)

.550 707 5 1667 A

10 1667 .2632

20 L1667 .2782

.500 5 1667 .2385

10 1667 2212




Table A.12 Deviations of calculated ratio from true value (R - R) compared
to expected value calculated from eq. (4.2). Measurement errors
were normal and additive and measurement error of primary
variable (y) was 10 percent of that for the parent population.
Large sample size (n') was 100.

Expected Deviation Average Deviation

Correlation Between Coefficient of Between Estimated Between Calculated
Primary (y) anc Auxiliary Variation of Smal) le and Actual R and_True R

(x) Variable Parent Populatfon  Size (n E(R - R) R -R)
.853 707 5 L0125 L0203
10 L0063 L0094

20 L0031 L0048

500 5 .0063 L0070

10 .0031 .00AS

20 L0016 L0013

302 S L0023 0027

10 Loon 0022

20 .0006 0015

778 707 5 .0250 L0646
10 0125 L0156

20 L0063 . 0056

500 5 0125 0118

10 . 0063 . 0080

20 L0031 .0036

302 5 L0045 0061

10 .0023 0021

20 oon L0014

670 707 5 . 0500 1174
10 .0250 0441

20 0125 o

500 5 .0250 0344

10 L0125 0133

20 . 0063 0063

302 5 009 0092

10 . 0045 0046

20 L0023 0024

.550 707 S . 1000 -.5093
10 L0500 L0664

20 L0250 L0339

500 5 . 0500 L0989

10 L0250 L0523

20 0125 L0

302 5 L0182 023

10 009 0097

20 L0045 0058
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Table A.13 Deviations of calculate: ratio from true value (R - R) compared
to expected value calculated from eq. (4.2). Measurement errors
were normal and additive ¢nd measurement error of primary
variable (y) was 25 percent of that for the parent population.
Large sample size (n') was .00.

Expected Deviation Average Deviation

Correlation Between Coefficient of Between Estimated Between Calculated
Primary (y) and Auxiliary Variation of Small le and Actual R and_True R

(x) Variable Parent Population Size (n E(R - R) (R - R)
.853 .707 5 L0125 L0194

10 .0063 L0078

20 L0031 .0036

.500 5 .0063 .0077

10 L0031 .0032

20 L0016 .0015

778 707 5 .0250 L0642

10 L0125 .0185

20 .0063 . 0064

.500 5 0125 0162

10 .0063 .0087

20 L0031 0046

.670 .707 5 .0500 L1945

10 .0250 L0411

20 L0125 0144

500 5 .0250 L0421

10 L0125 .0169

20 .0063 . 0064

.5%0 707 5 . 1000 2581

10 .0500 L0542

20 .0250 0361

.500 3 .0500 1281

10 .0250 .0260

20 L0125 .0156
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Table A.14 Deviations of calculated ratio from true value (R - R) compared
to expected value calculated from eq. (4.2). Measurement error
of the auxiliary variable (x) was multiplicative and lognormal
and measurement error of primary variable (y) was 10 percent of
that for the parent population. Large sample size (n') was 100.

Expected Deviation Average Deviation

Correlation Between Coefficient of Between Estimated Between Calculated
Primary (y) and Auxiliary Variation of Small le and Actual R and_True R
(x) Variable Parent Population Size (n E(R - R) (R-R)
.853 707 5 L0125 .0120
10 .0063 L0047
20 L0031 .0027
500 5 .0063 . 0054
10 L0031 .0039
20 0016 0016
778 707 5 .0250 0183
10 L0125 0103
20 .0063 0084
500 5 L0125 0178
10 .0063 0080
20 .0031 0043
670 707 5 .0500 0445
10 .0250 0239
20 .0125 0119
500 5 .0250 0193
10 0125 0106
20 .0063 0078
550 707 5 L1000 0757
10 .0500 0488
20 .0250 on
500 5 .0500 0402
10 0250 .0235
20 0125 0156
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Table A.15 Deviations of calculated ratio from true value (R - R) corpared
to expected value calculated from eq. (4.2). Measurement errors
of the auxiliary variable (x) was multiplicative and lognormal
and measurement error of primary variable (y) was 25 percent of
that for the parent population. Large sample size (n') was 100.

Expected Deviation Average Deviation

Correlation Between Coefficient of Between Estimated Between Calculated
Primary (y) and Auxiliary Variation of Small Sample and gctual " and_True R

(x) Variable Parent Population  Size (n) E(R - ») R-Rr)
.853 .707 5 0125 .0096

10 .0063 . 0046

20 .0031 L0051

.500 9 .0063 .0062

10 .0031 .0032

20 0016 L0013

778 707 5 .0250 o2

10 .0125 .0099

20 .0063 . 0040

.500 5 0125 L0091

10 .0063 0061

20 L0031 0044

670 707 S .0500 .0380

10 .0250 0236

20 0125 0116

500 5 .0250 .0215

10 .0125 0114

S 0063 0079

550 707 5 L1000 .0760

10 .0500 L0399

20 .0250 0228

.500 5 .0500 0437

10 .0250 L0274

20 .0125 0122
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Table A.16 Outcomes for 2,000 double sampling simulations in which the
auxiliary variable (x) was generated by a non-linear regression
model [eq. (3.20)]. Measurement errors were normal and additive,
and measurement error of the primary variable (y) was 10 percent
of that for the parent population. Large sample size (n') was
100. Coefficient of variation for the parent population was

0.500.
Mean Value
Small Mean Value from Linear Coverage
[+] Sample Nonlinear from Ratio Regression for 95 Calculated
for y Size Parameters Estimator of y on x Level Calculated Reg.
.853 10 .25 10 5.03 4.99 .049 061 .759 436
20 4.99 4.96 .066* 061 .376 .450
30 5.00 4.95 062 .062 .251 376
.50 10 5.0 5.01 063 .067% .584 .337
20 4.99 5.00 L071% 065% .292 415
30 4.97 §.95 076* 071> 194 .383
20 .25 10 5.01 5.00 .055 ,052 .758 481
20 4.99 4.98 .060 .058 .377 Lhbh
30 4.99 4.97 .054 050 .251 .369
.50 10 4.99 5.00 .056 .059 .583 .338
20 5.00 5.01 .054 054 «292 AL
30 4.98 4.97 .063* 062 194 375
.778 10 25 10 5.12 5.03 .057 .058 J7 274
20 5.00 4,98 .061 .059 377 330
30 4.98 4.96 .065* ,062 251 .310
.50 10 5.06 5.01 .053 .059 .593 .193
20 5.02 5.04 .062 .057 .293 .286
30 4.99 5.00 073% ,072% 194 .292
20 .25 10 5.03 5.00 .054 ,053 .761 264
20 5.00 4.99 .054 054 .378 .330
30 4.99 4,98 057 .056 .251 .310
.50 10 5.02 5.01 .058 ,051 .588 .195
20 4.99 5.00 .062 .057 2N .278
30 5.00 5.00 .057 .055 .195 .29
674 10 .25 10 5.26 4.98 046 .057 .800 .145
20 5.03 4.99 .050 .061 .380 .222
30 5.01 4,99 .066* 059 .252 .239
.50 10 5.15 5.01 057 .065% .601 .099
20 5.01 5.01 .059 ,060 .293 174
30 5.04 5.06 .058 .053 .196 .202
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Table A.16, continued

Mean Value
Small Mean Value from Linear Cover

o] Sample Nonlinear from Ratio Regression for 9 Calculated

for y Size Parameters Estimator of y on x Level Calculated .
and x (n) 8 A (¥g) ¥y,) (¥g) 5,,) Ratio Coefficient

20 .25 10 5.10 4.99 .054 .058 a7 .143

20 5.02 5.00 .052 .054 .379 S0

30 4,99 4.98 .055 .055 .25 .233

.50 10 5.04 5.00 056 .0S1 .590 .105

20 5.01 5.01 .057 .0S5 .293 .169

30 4.99 5.01 .055 055 194 .203

* Calculated chi-square exceeds one percent level of significance (6.63).
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