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Abstract !

- This report documents the 3;overning physical equations and computational model |
of IIMS (llydrogen Mixing Studies), a finite-volume computer code for solving j

'- transient, three-dimensional, compressible, Navier-Stokes equations for multiple
gas species. The code is designed to be a best-estimate tool for predicting the trans-
port, mixing, and combustion of hydrogen and other gases in nuclear reactor con-
tainments and other facilities. An analysis with I-IMS will result in the pressure

'and temperature loadings on the walls and internal structures.

IIMS can .model geometrically complex containment systems with multiple
compartments and internal structures it can calculate gas behavior of low-speed
buoyancy-driven flows, of diffusion dominated flows, and during deflagrations. :
The code can model condensation in the bulk fluid regions; heat transfer to walls - '

and internal structures by convection, radiation and condensation; chemicai kinetics
of combustion of hydrogen or hydrocarbons; and fluid turbulence. Heat conduction ,

within walls and structures is one-dimensional.
,

in iIMS, the computational domain is discretized by a mesh of parallelepiped cells
in either Cartesian or cylindrical geometry, where primary hydrodynamic variables
are cell-face-centered normal velocity and cell-centered density, internal energy,
and pressure. A linearized Arbitrary-Lagrangian-IIulerian (ALII) method is used
for approximatini; the solution to the mass, momentum, and energy conservation
equations.
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Executive Summary,

Los Alamos National I.aboratory is developing the Hydrogen hilxing Studies (HhtS) i

code as a best-estimate tool for predicting transport, mixing, and combustion of :

hydrogen and other gases in nuclear reactor containments and other facilities. The ,

code can model geometrically complex facilities with multiple compartments and !

internal structures. It can simulate the effects of condensation, heat transfer to walls
and internal structures, chemical kinetics, and fluid turbulence. An analysis with i

the llhiS code will result in the pressure and temperature loadings on the walls and
internal structures participating in an event.

IlhiS has been used to calculate the distribution and control of hydrogen in com-
plicated nuclear containment and confinement buildings and in non-nuclear
facilities. It has been applied to situations involving transporting and distributing
combustible gas mixtures. It has been used to study gas behavior in complicated 1
containment systems, with low-speed buoyancy-driven flows, with diffusion- ;

dominated flows, and during deflagrations. The effects of control of such mixtures
by safety systems can be analyzed.

'

Hhis is a finite-volume code based on proven computational fluid dynamics
methodology that solves the compressible Navier-Stokes equations for 3D volumes
in Cartesian or cylindrical coordinates. Wall shear stress models are provided for
bulk laminar and turbulent flow. Hhis has transport equations for multiple gas
species and one for internal energy. The three turbulence models used in HhiS -

algebrale, subgrid scale, and ec-are, respectively, zero , one , and two-transport-
equation models that determine turbulent velocity and length scales needed to

_

compute the turbulent viscosity. Terms for turbulent diffusion of different species
are included in the mass and internal energy equations.

'

Heat conduction within walls and structures is one-dimensional. Heat and mass
transport to walls and structures is based on a modified Reynolds analogy which
accounts for increased heat transfer and condensation when the mass fraction of- .

steam becomes a relatively large fraction of the mass of the gas mixture. Conden-
sation can occur in the gaseous volumes or on the walls.

Chemical energy of combustion involving hydrogen or hydrocarbon fuels provides'

a source of energy within the gaseous regions. A one step global chemical kinetics-
model based on a modified Arrhenius law accounts for local fuel and oxidizer -
concentrations. A simplified model is available for radiating a fraction of energy of'-
combustion from a cell to surrounding walls or from hotter walls back to the gas,
where the user supplies view factors and logical connections between cells and walls

'

within a special subroutine.

In HhiS, the computational domain is discretized by a mesh of rectangular paral-
- lelepiped cells in either Cartesian or cylindrical geometry, where primary hydrody-
- namic variables are cell-face-centered normal velocity and cell-centered density,

vii ,
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:

internal energy, and pressure. A linearized Arbitrary-Lagrangian Eulerian (ALE)
method is used for approximating the solution to the mass, momentum, and energy :

conservation equations.

In the 1980s the name IlhtS was applied to any of a series of codes developed to ,

solve special problems sf hydrogen mixing using a common theoretical basis. The
latest version (IlhtS-92)is the first version that integrates the best features of all the
older versions into a single software package. IlhtS-92 includes several improve-
ments in models, calculational speed, input and output, and code structure.

!(1) Vectorizing the entire code makes run 5 to 10 times faster than the old unvec-
torized code.

(2) Generalizing the problem setup replaces code hardwiring of boundary condi-
tions, initial conditions and geometry (including obstacles) with highly flexible,
cell by-cell user input specifications.:

(3) Changing the cell grid structure from a fixed size (with hardwired size changes)
to variable sizing by input specification allows the grid structure to fit the geom-
etry and analysis conditions correctly, effectively, and easily.

'

(4) Coupling to a more powerful graphics package (2D and 3D velocity vectors,2D .

property contours,1D property profiles and time histories) gives the user more
control, capability and flexibility in specifying plotting during problem setup or
in post processing.

(5) Adding a hydrogen burn model extends the capability for analyzing safety issues
'

involving hydrogen mixing and combustion.

(6) Implementing the Los Alamos hiemory hianagement System automates allo-
cating memory and storage efficiently for the problem definition, frecir'g the
user from this task.

- (7) hiodernizing the coding of the models and the data structures enhances the
ability to modify the code efficiently.

i

HMS code documentation is currently planned for the following three volumes.
,

(1) HhtS: Theory and Computational hiodel
(2) HhiS: User's Guide
(3) HhtS: Assessment hianual

*

The theory manual describes the fluid dynamics models, equations of state and con-
stitutive relations, special component models, and numerical methods. The User's-
Guide, planned for 1993 publication, will describe the input needed to run HhtS and
provide guidance to the user on how to use the code,

vili
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1

The Assessment hianual, in preparation, will include the reports on the new devel-
opmental assessments performed with IlhiS-92 and will be expanded as more
assessments become available. HhiS-92 was recently assessed against three ptoblems
with known (experimental) results.

!

(1) von Karman Vortex Street. We have performed calculations on flow past i
obstacles at selected Reynolds numbers. The computed flow patterns agree well |
with experimental observations-specifically the occurrence of a vortex street j

(double row of vortices) at sufficiently high Reynolds numbers. The calculated
'

non-dimensional vortex shedding frequency agrees well with the empirical
values.

,

(2) Sandla FLAME F,1dlity. The Sandia FLAhiii Facility test F-21 involved injection
of hydrogen horizontally and near the bottom into a long channel full of air.
Because of the absence of operating fans to mix the gases, a buoyant plumer

developed and caused vertical stratification of the hydrogen. Two and three-
,

dimensional simulations of this experiment have been performed. Both
calculations show a buoyant plume developing and, as a result, a stratification >

'

in hydrogen concentration, which are in good agreement with the experimental
observations.

(3) IIDR Facility. This assessment problem models the T31.5 experiment that simu-
lates a large break LOCA and hydrogen release. The experiment was carried out
in the HDR containment building, which is a full scale facility with many com-
partments, interconnected passageways, and internal obstacles. The calculated
results agree reasonably well with the experimental data.

.

Previous versions of IlhtS were applied to the following facilities and standard
problems.

* EPRl/HDR International Standard Problems
Sandia FLAhtE and VGES Facilities*

Nevada llydrogen Tests*

NRC Containment Loads Working Group Standard Problems*

HCOG 1/4 Scale Test Facility*

CSNI Hydrogen Distribution Benchmark Problemso

Hydrogen Rule for large Dry Containments*

PHDR Large-Scale Hydrogen hilxing Experiment '*

PilDR Fire Experiments*

ix 4
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: Nomenclature

? Aw- Wall area ,

b- Velocity of control _ surface
~Co Structural drag coefficient t

Cr Frequency-(or pre-exponential) factor-see Eq. (60)-
C Specific heat at constant pressurep
Cy Specific heat at constant v :eme

,

D Structural drag vector ;

E Activation energy - i
g_ Gravitational vector
hw Wall heat-transfer coefficient u

ha Enthalpy for species a '
~H Hydrogen2

H O - Water vapor2

i x (or r)-direction index
I specific internal energy
l Specific internal energy at reference temperature

.'
o

j . y (or 0)-direction index
_

.k z-direction index
'I Turbulence length scale
m Mass
M Molecular weight

;z -- n Swam mole fraction
n . Unit normal vector -
N- Nitrogen2

: 0 -- Oxygen -2

.p - Pressure - .

-Q- Energy source or sink
Q, Energy of combustion

| Qw Convected energy exchange with walls -

h -q_ Energy flux vector
'

! q. Energy lost or transferred to structures by condensationL

gr - Radiated energy to wall surface
qw Convected energy to wall surface
q, Radiated energy from wall surface
r Radial coordinate

.R Flux ratio =
| R. Gas constant. |" M Universal gas constant

'S Mass source or sink
S*: Moving control surface-
S. - Arbitrary source term.,.

,

| 't Time-
T Temperature

p:

!: x.lii
i

1

_
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u x (or r)-direction velocity component
Fluid velocin vectoru

u, Grid velocity vector
y (or 0)-dirction velocity componentv

V Volume
V* Moving control volume
w z-direction velocity component
x Position vector
x Cartesian coordinate
x Mass fractionu

y Cartesian coordinate
y< Distance frem wall to cell center
z Cartesian coordinate
p Wall thermal diffusivity
D Apparent or total mass diffusivity
Sx Mesh cell size for heat conduction grid

At Time step
c Emissivity, dissipation of turbulent kinetic energy
x Turbulent kinetic energy
A Second coefficient of apparent or total viscosity
p First coefficient of apparent or total viscosity

Apparent or total kinematic viscosityv

p Density
a Stefan-Boltzman constant
t Viscous stress tensor
0 Azimuthal coordinate -

(o Reaction rate

Q Apparent or total conductivity
* Arbitrary scalar or vector function
QT Rate factor

Gm Mass-transfer correction factor

er Heat-transfer correction factor

Superscripts
A Lagrangian phase A computational level
B Lagrangian phase B computational level
n Old time level
n+1 New time level

moving control surface or volume*

Subscripts
b Bulk fluid property

xiv
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c Chemical energy
f cell face
F Fuel
g Gas
i x (or r)-direction index
j y (or 0)-direction index
k z-direction index -

m Momentum control volume
o Oxidizer, reference
0 Reference
r Radiated energy
ref Reference
s Steam at structure surface

~

w Wall
a Species

XV

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ . _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



_ . _ _ . . - _ . _ __ __._ . . _. _ _ _ _ _ _ .. _ _ . - . _ _ _ . __

:1 INTRODUCTION

1.1 Background

Combustion in light-water reactor (LWR) containments can cause high pressures
or temperatures that can, in turn, damage a containment or affect important safety-
related equipment. After the Three-Mile Island Accident (a severe, or degraded-
core, accident),it was found that significant quantities of hydrogen had been gener-
ated from the chemical reaction between the zirconium cladding (the thin protec---

'

tive covering of the nuclear fuel) and the water vapor. .When released into the
containment, this hydrogen burned by one or more combustion modes and threat-
ened the containment integrity, internal structures, and safety-related equipment.

'
Modeling the geometries of containment buildings is difficult. One example is the
Heiss Dampf Reactor (HDR) containment near Frankfurt, West Germany; shown in
Fig.1. The HDR building is 60 m high and 20 m in diameter. It contains two stair-
wells, an elevator shaft, several vertical open hatchways, and about 70 rooms. This
particular containment has roughly 11,300 m of free volume, or approximately one-3

sixth the free volume of a typical US pressurized water reactor (PWR) containment.
Experiments simulating cable tray and hydrocarbon lubricating oil fires, and severe
accident combustion phenomena currently are being conducted.

The US Nuclear Regulatory Commission (NRC) has supported research at the Los
'

; Alamos and Sandia National Laboratories to develop combustion models to evalu-
ate fire threats to the reactor containment and safety-related equipment. Current
research will coordinate model validation with ongoing experiments at the HDR
facility. We will describe the Los Alamos field-model approach in the report.

1.2 Computational Methodology
,

This report documents the theoretical and computational aspects of HMS (Hydro-
,

gen Mixing Studies), a finite-volume computer code for solving transient, three-
|_ dimensional, compressible, Navier-Stokes equations for multiple gas species.- The
; code is designed to be a best-estimate tool for predicting the transport, mixing, and
| combustion of hydrogen gas in nuclear reactor containments. HMS is based on the

_

| governing physical laws and modeling assumptions that are described in the Sec. 2.
| In Sec. 3, we describe the linearized ICED-ALE (Implicit Continuous-Fluid Eulerian;

.

| Arbitrary-Lagrangian-Eulerian) computational method used to_ integrate the equa-
l tions in time and space. Briefly, each computational step is divided into three

L phases,
l

(1) An explicit Lagrangian phase computes changes in material volume, density,
velocity, and internal energy caused by pressure gradients, combustion, conden-
sation, heat conduction, and turbulence.

|
| -

1

|

!

|
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| Figure 1 Cross-section of the Heiss Dampf Reactor (HDR) near Frankfurt, Germany.
1

(2) An implicit Lagrangian phase calculates pressures at the advanced time level by
solving simultaneously for pressure, density, velocity, and internal energy.

I (3) A rezone phase computes the mass, momentum, and energy exchange between
| Eulerian cells that has occurred in the Lagrangian phase and repartitions these
I variables onto the original mesh.

2
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Turbulence quantities-kinetic energy, dissipation, and viscosity--are calculated
..

explicitly at the end of each time step. One-dimensional heat conduction through
structural components is computed to accurately accouut for the energy transfer
across gas-structure interfaces.

2 MATHEMATICAL AND PHYSICAL MODELS

The equations of motion for a compressible fluid are derived from the physicallaws
that require the conservation of mass, momentum, and energy. The equations of
change, which are presented in this section, relate the dynamics of the fluid to tem-
poral and spatial influences such as viscous stress, body force, turbulence, structural
resistance, heat transfer, condensation, and combustion. This includes relations for

,

lthe transport of individual gas species. An equation of state is included to relate
pressure (p) to density (p) and internal energy (I).

As suggested by the " ALE" name, HMS uses both the Lagrangian and Eulerian >

viewpoints. The Lagrangian (or material) specification considers specific elements |
of matter and describes the motion as functions of space (x) and time (t). This view-
point is useful because the conservation laws refer to specific parcels of matter.
However, the Eulerian (or spatial) viewpoint is often more convenient because it
describes flow in terms of volumes fixed in space. Because the computational
method used to model the flow is facilitated by dividing the problem domain into
parallelepiped Eulerian volumes (cells) in either cartesian or cylindrica! geometry, it
is natural to present the continuous equations in integral form (Refs. I and 2). This
makes it easier to see how the integration of continuous volume and surface inte-
grals presented in this section are approximated by the discrete or finite-volume
equations give in Sec. 3.

2.1 The Generalized Conservation Equation

The conservation of any arbitrary extensive variable (for example, mass, momen-
tum, or energy) is

. .

d
- $ dV '= SedV (1)dt

D I

where $(x, t) is any continuously summable function, V is a material volume, and-
S is a source term. Using the Reynolds Transport Theorem, this may be expressed
as

'B$
' '

- dV + $ (u-n) dA = S,dV (2)
at

I i i

3

;
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where u(x, t)is the fluid velocity and n and dA are the. outward unit normal vector
and differential area, respectively, of material surface S bounding V.- Applying the
transport theorem to an arbitrary control volume V' (Ref. 2)(not necessarily a mate-
rial volume) enclosed by surface S* gives

!. . . .

d D$ l

$dV= - dV + $ (b n) dA + SedV (3) {-

dt at
t.. t.. . ;. t,.

If V' is chosen to be instantaneously coincident with V, Eqs. (2) and (3) may be com-
bined to give

. . .

- $ dV = * (b-u).n dA + SedV (4)
dt

t.. ;. t.

the integral form of the generalized conservation law. This is the basic kinematic
relation used in the following three subsections and states that the time-rate-of-
change of G in an arbitrary control volume V' (left side)is equal to the inflow of $
through the boundary plus the source term (right side). The term b - u is the rela-
tive velocity between the control surface nnd the fluid. When b = u, we recover the
Lagrangian form (Eq. (1)]. For a control volume that is fixed with respect to the coor-
dinate axes, b = 0 and we recover the Eulerian form

. . .

- $ dV = - $(u.n)dA + SodV (5)
dt

I> - 1 5-

or

' '

'ac
- dV = - $ (u n) d A + SedV (6)
Dt

I. I Ir

2.2 The Mass Conservation Equations

The mixture mass conservation equation follows.directly from Eq. (4) by letting
$=p

. . .

d
- p dV = p (b - u). n dA + | S dV (7)p
dt

z.. ;. t,.

4
.
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where p is the mixture density or the sum of the macroscopic densities for each
individual species, u is the mass-average velocity vector, and S is the mass lossp

(condensation) per unit volume and time. Similarly, sotting <b = 1 in Eq. (4) gives
an expression for the change in volume

.

dV b.n dA (8)-=

dt
1-

The transport equation for individual species is given by

. . . -
, e . -

A
dt ,

pa dV = pa (b-u) n dA + V. p'D V E" dV + SodV (9)(p
, , ,

v- s- v- v-

where cx denotes the gas species, pa is the mass per unit volume (macroscopic den-
sity), D is the mass diffusivity coefficient, and the source or sink term, Sa, represents
the species mass created or destroyed by chernical reactions and the loss of steam as a
result of condensation. The diffusion of species cx is represented by the second inte-
gral on the right side of Eq. (9). When Eq. (9) is summed over all species, the result.

is the mixture mass [Eq. (7)].

2.3 The Momentum Transport Equations

The mixture-momentum conservation equations are given by

. .

d
_

-dt .
pu dV = pu (b-u) n dA

.
e og

. . .

{ - Vp + pg ] dV - (t n)dA + D dAs (10)+

i- 1,
'
"

where p is the pressure, t is the viscous stress tensor, g is the gravitational vector,
and D is the internal structure drag vector. The right-side integra!s represent,
respectively, the flux of momentum through the control surface, the sum of pres-
sure gradient, gravity, and viscous forces on the control volume, and fluid drag
forces acting on structural surfaces.

The cartesian and cylindrical components of t for a Newtonian fluid are given in
Tables 1 and 2, respectively. The components of u are (u, v, w) in the x , y , and

5

_ - _ _ _ _ - _ _ _ _ _ _ _ _ _ _ _ _ _



_

z-directions (cartesian coordinates) or r ,0, and z-directions (cylindrical coordinates)
and subscripts on i indicate the surface normal direction and the direction of the
stress component.

.

The coefficient of viscosity, p, is interpreted as an " apparent" or " turbulent" viscos-
ity. Here we have used the second viscosity coefficient, A = -2p/3, which is equiva-
lent to assuming the bulk viscosity to be zero. The calculation of the apparent vis-
cosity through the turbulence model will be discussed in Sec. 2.7.

]
Table 1 Stress tensor components for a Newtonian fluid (cartesian coordinates) -

$" + 02"
3(V u). ay ax

-p t ,, =_ptu =

_ 3x

~ a 'Du Dw-
~

-p 2.v 2(V u) Tu =-p +-
t =

_ dy 3 _3z dx_33

-p 2 - (V . u) t,, = _ p +tu =

Table 2 Stress tensor components for a Newtonian fluid (cylindrical coordinates) -

2(V u)~
~3'v' lau~Du

-p 2
, Dr 3

_
_rDrtr; + - DO.

tro = - p -
T ,, =

r

~21 Dv u' 2
~

"Dv law''

- - + - - -(V u) t,o = - p +-T.,o = - p
r d0 r, 3

_
_Bz r D0__s

S" + a#2*
3(V u).

t ,, = --ptu =

_Dz_ Dz r.

6
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2.4 The Internal Energy Transport Equation i

!

The equation of change for total internal energy is

' ' '

pi dV = pI(b-u) n dA - pV u + 2 DV'~ dV
d

-

dt V at -;. ;. ;. -

. .

+ q.n dA + QdV (11)
* ;..

where I is the mixture specific internal energy and Q is the energy source or sink per
unit volume and time as a result of combustion, condensation, and energy exchange
with internal structures, floors, ceilings, and walls. Because condensation effects can
dominate the pV u work term, we must account for the remaining gas in a compu-
tational cell expanding into the volume change associated with the condensate. We
account for this effect by using the ideal gas equation of state to arrive at

1 DV, Rn,oT _ R n,oT g
V dt Vep p,

where Ru:o is the gas constant for steam, T is the gas mixture temperature, V,is the
steam volume, and Eirh is the sum of all mass per unit time of steam condensingi

_

on all surfaces internal to or bounding the computational cell Vc. Note that S is the
same mass loss per unit volume and time as E.g. (7). The energy flux vector q,is
given by

< 3

p'D[h V E"-
(13) .q = QVT + y

sP>,

where & is the apparent or turbulent conductivity, D is the apparent or turbulent
mass diffusivity, and ha is the enthalpy for species n.

2.5 Constitutive Relationships

The specific internal energy of specie a is related to the temperature by

'
.

Ia = (Io), + (Cv), dT (14)

Io

7
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;

!

,

'
For the species in which we are most interested (O , N > II , and H O), we can2 2 2 2

approximate the specific heats by

(Cy), = a + a3T + a2T2 + a,T3 + a4T4 - (15)-o

where the a/s are specie-dependent coefficients (Ref. 3).
.

After integrating Eq. (14), the specific internal energy as a function of temperature is -
approximated with the quadratic function ,

la = AoT2 + B,T + C, ..(16)

over the temperature range 200-2500 K. The total specific internal energy then is'-
given by

I = [x ly (17)u
G

where x,is the mass fraction for species a.
,

For consistency with Eq. (16), we approximate each species' specific heat by differenti-
I ating Eq. (16) with respect to temperature to yield

(Cy), = 2AaT + By (18)..;

3

instead of applying Eq. (15) directly,

Pressure, p,is obtained by app!;4ng the Gibbs-Dalton law of partial pressures to an '
ideal gas mixture

p .= T[Rupa = pT[x R. (19)-u
a a

where Ra is the gas constant for species a. The constant-pressure specific heats' are,

L calculated by

i- ,

(C ), = R, + (C,), (20)p

i'
|-
,

!

8
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2.6 Heat-Transfer and Condensation Relationships

2.6.1 Gas-Structure Heat Transfer

The heat exchange, Qw, between the gas mixture and a solid boundary (referred to
_

generically as a wall, but it may in fact be a ceiling, floor, or internal structure) is
given by

Q, = q, / V, (21)

where

qw = hwAw(Tw -T ) (22)g

In these expressions, Ve is the computational cell volume, T is the structure surface
temperature, T is the gas temperature, hw is the heat-transfer coefficient betweeng

the gas mixture and the internal structures, and Aw is the cell face area for walls or
the exposed area for internal structures in a computational cell.

The thermal boundary layer is taken into account by using a modified Reynolds-
analogy formulation (Ref 4), which is simplified to obtain the heat-transfer-
coefficient

hw = h C (23)'p
u,

- The rates of heat transfer and condensation increase when the mass fraction of
| steam becomes a relatively large fraction of the mass of the gas mixture. As the
| mass-transfer rate increases, the thermal and concentration boundary layers become--

thinner because of the suction effect of the condensation process. This reduction in
the boundary layer thickness further increases the temperature and concentration
gradients near the boundary and consequently increases the heat- and mass-transfer
coefficients. Bird, Stewart, and Lightfoot-(Ref. 5)'(Sec. 21.5) develop correction factors
based on film theory that can be used to determine the increase in the heat- and
mass-transfer coefficients. The corrected heat-transfer coefficient then becomes

,

h', = Oih. (24).

where

(25)
O r = &r - Ie

and the rate factor, QT,is given by

9
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(26)47 =

h.A.

] where rig is the wall condensation rate and (Cn),. is the specific heat of the water
vapor at constant pressure. Note that in the presence of condensing water vapor,
Qt is negative, which increases the correction factor, Or, and the heat-transfern-

coefficient, h*,. The internal structure heat-transfer coefficient is computed in an
analogous fashion.

] 2.6.2 Condensation

Condensation can occur on any structural sucface (walls, ceiling, floors, and internal --

structures) provided the surface temperature is less than the saturation temperature
of the water vapor next to the surface. The amount of energy resulting from con-
densation delivered to the wall surface a)ea, Am,is

rh. (In o),-(In:o) (27)qc =

where (lu o), is the specific internal energy of the water vapor in the computational

cell adjacent to the wall with volum i V< and (lu,o), is the specific internal energy of
the liquid water film that is on the surface. (Note: we have taken the film tempera-
ture to be equal to the surface temperature of the wall.)

Actually, the term in brackets in Eq. (27) states that the energy per unit mass
deposited on the surface caused by condensation is

(lu:o)3 -(I ), + hq + (Irt), -(lu o), (28)gi

where (I s), is the specific internal energy at the saturation temperature of the waterg

vapor, ha is the latent heat of condensation, and (1 ), is the specific internal energy9

at the saturation temperature for the liquid film.

The condensation rate is c'escribed as

th, = h] A, (pu c.)3 - (puto), (29)

where h] is the corrected mass-transfer coefficient, (pu:o)s b h WM vag &dy
in the bulk, and (pu o), is the water vapor density on the condensing surface.

10
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a

The mass-transfer coefficient,-ha, then can be expressed in terms of the heat-transfer
coefficient, h (Ref. 6), as

_

h-
ha = (30)

pCp

~

Following similar ideas as with the heat-transfer coefficient for relatively large
steam mass fractions, we correct the mass-transfer coefficient by

h; = Gmha (31)

where

log (R + 1)
(32)-Om =

R-

and

R="* (33)

is the flux ratio, nw is the steam mole fraction at the wall, and nt,is the steam mole.
_

fraction in the bulk.

2.6.3. Radlation

We model the radiation heat transfer in a relatively simple fashion We assume .

that 15% of the total chemical energy of combustion is radiated from a point source
at the computational cell center ' This energy is radiated spherically away from each
computational cell.where combustion occurs to solid surfaces such as floors, cell- s

ings, and walls with the appropriate geometric view factors. -In some cases, such as
_

j the hydrogen diffusion fla.mes in the Mar.k-III containments (Ref. 7)i.the wet-well
.

walls become quite hot, and energy is reradiated from each wall segment by -
h

qwr = A,a(e.Ti - TL) -(34)
_

i:

| -- -where a is the Stefan-Boltzmann constant; ew is the wall emissivity, andh is the
reference temperature.c-

g

1:

i

i ' * B. Zalosh, Factory Mutual Corporation," Energetics of Hydrogen Combustion," personal
comrnunication (1984). ,
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f 2.6.4 Heat Conduction !

'

For every computational cell ' side interfacing with a wall, ceiling, or floor, the one-
~

dimensional transient heat-conduction ' equation

DT 82T
ll (35).-=

Dt Rx2

with the wall boundary condition
-

q, + qc + 1q, - q , = - kA. gr - (36)
- . .

Dx n=0

is solved from the temperature distribution,-T(x), and 'the wall surface temperature,
Tw. ll in Eq. (35) is the thermal diffusivity of the wall. On the left side of Eq._(36), the
four terms represent energy delivered to a wall section by convection, condensation,
radiation from all computational cells with cambustion occurring in line-of-sight

_

contact, and reradiation of energy from hot surfaces, respectively. To simplify the
reradiated energy analysis, we have assumed this energy to be deposited in the
surrounding gas.

2.6.5 Wall Shear Stress -

The heat-transfer coefficient expression _ [Eq. (23)] contains the computational cell-
centered average velocity, u , and the wall shear stress, tw, which is related to the - 3c

fluid density and the wall shear speed u, by

2I, = pu - (37) --

We are unable to resolve turbulent boundary layers near solid walls with)any prac--

tical computing mesh, so ive match our solution near sclid boundaries or internal
_

structures with the turbulent law-of-the-wall (Ref. 8)

I "L = Alog(ycu, / v) + B .(38)-

u,

This expression requires an iterative solution for u. We find that it is more conve .
rdent and almost as accurate' to use an approximation obtained by replacing u. in the
argument of the logarithm in Eq.-(38) by the one-seventh-power law (Ref. 9). The
one-seventh-power law may be rearranged to give- t

|
|

~ Y'"* = 0.15 (ycu / v)f (39)-c
n

12
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,

which yields.
_

"L = 2.1910g(yy uf v)+ 0.76 . (40)-- .
/-

u.

when substituted into Eq. (38) and when A = 2.5 and B = 5.5. It is now straightfo'r ' 1

ward to find the shear speed, u., where y, is the distance from the wall to the cell-
i

centered average speed, u , and v is the gas mixture molecular kinematic viscosity.-c ,

The local Reynolds number, (y, u /v), may be small, indicating that the cell centerc

lies in the laminar sublayer and the law-of-the-wall formulation is not valid. In this
case, Eq. (40)is replaced by the corresponding laminar formula ,

S = (ycu/v)* - (41)eu.

The transition between Eqs. (40) and (41) is made at the value where they predict
the same u., which is (y; u /v) = 130.7. Therefore, u, is calculated by Eq. (40) whenc

.

'p u /v) 2130.7 and by Eq. (41) when (yc u /v) < 130.7. In the laminar case, the walle

heartransfer coefficient [Eq. (23)] reduces to h, = pv/ y,, which results in a simple-
difference approximation to the laminar heat flux for a molecular Prandtl number
of unity when substituted into Eq. (22).

2.7 Turbulence Modeling

i
Most flows of engineering interest, including the flows of concern here, are turbu- ;

lent. Turbulence may be described _ qualitatively as the superposition of an irregular
fluctuating motion on the mean flow, which, for an arbitrary variable y, may be-
expressed as -

y = i + y' (42)

where, y is the instantaneous value, y' is the fluctuating (turbulent) component,-

and 9 is the mean value defined as

to+t

V = li m y dt .- (43) -
i _. t ,

to

In practice, t is taken to be much larger than the characteristic times associated witti
y'-

When the instantaneous values of p, p, p, and ui (ui e u, v, w for i = 1,2,3) are sub-
stituted into the mixture-momentum equations [Eq. (10)], the resulting equations

_

:-
13
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contain additional products of terms involving u', u, , p', and p. The terms -f u'u'3,
called the Reynolds stresses, are the focus of attention in the turbulent equations.
(Other correlations such as iful are discussed, for example, by Cebeci and Smith

(Ref.10)(Chap. 2).] Defining -pu'u' as the components of the turbulent stress tensor
t and combining them with the laminar viscous stress, i, the total stress tensor mayi

be written as
,

t=i+t (44)i

The effect of t in most flows is a large increase in the apparent (turbule resistancei

of the flow; in other words, t results in increased momentum transport. With the _i

addition of the unknown turbulence quantities, Eqs. (7), (10), and (11) no longer
form a closed set and modeling t becomes the major problem in simulating turbu-i

lent motion.

To understand the general approach to modeling t , it is useful to consider twoi
observations about the eddies that characterize the turbulent motion. First, the
largest eddies (whose size is determined by the geometry of the flow) carry most of
the turbulent kinetic enetgy. The smallest eddies, with sizes determined by molec-
ular viscosity, dissipate turbulent kinetic energy. The qualitative dynamics of the
eddies and their interaction with the mean flow are described by Rodi (Ref.11).

The large eddies interact with mean flow (because the scales of both are
similar), thereby extracting kinetic energy from the mean motion and
feeding it into the large-scale turbulent motion. The eddies can be
considered as vortex elements which stretch each other. Due to this _

vortex stretching, which is an essential feature of the turbulent motion,
the energy is passed on to smaller and smaller eddies until viscous
forces become active and dissipate the energy. This process is called
energy cascade. The rate at which mean-flow energy is fed into the
turbulent motion is determined by the large-scale motion; only this
amount of energy can be passed on to smaller scales and finally be
dissipated. Therefore, the rate of energy dissipated is also determined
by the large-scale motion although dissipation is a viscous process and
takes place at the smallest eddies. It is important to note that viscosity
does not determine the amount of dissipated energy but only the scale
at which dissipation takes place. The smaller the effective viscosity (i.e.
the larger the Reynolds number), the smaller are ;ir dissipative eddies
relative to the large-scale eddies. When buoyancy forces are present,
there is also an exchange between potential energy of the mean flow
and turMem kinetic energy, which can go in both directions but is also
effects ngh the large-scale motion.-

14
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The preceding observations are the basis for modeling the effects of turbulence on
the mean flow, specifically in choosing the relevant velocity and length scales that
characterize the local state of turbulence. Postulating an analogy between saminar
stresses and Reynolds stresses (Boussinesq's idea), that is

(t,,), = - pu'u' = pi ?"' (45),
dx,

the turbulence closure problem is seen as one of finding a turbulent or eddy viscos-
ity pi. The effects of turbulence on the mean flow come down to rnodeling pi
(hereafter we drop the subscript t) as a function of fluid properties, the dynamics of
the flow, and the geometry. The three turbulence models used in HMS-algebraic, _

subgrid scale, and x - c-are, respectively, zero, one, and two transport equation
models that predict the velocity and length scales that are used to compute p. The
models are described in order of increasing complexity, number of equations, and
computational effort and, as a rule,in order of accuracy.

Turbulence effects in the vicinity of a wall are modeled with the law-of-the-wall
formulation (Sec. 2.6.5).

2.7.1 Algebraic Model

For a turbulent velocity scale l'randt! suggested that the square root of the mean
turbulent kinetic energy K as a natural choice, where

u'2 + v'2 + w'2 )" (46)K=
-

_

and a length scale r characteristic of the size of the energy carrying eddies. Thus,

p = C px"2i (47)p

where C is a constant (typically 0.05). It often is estimated that 10% or less of then

mean flow energy is contained in the turbulent kinetic energy, so

gu2 = {0.1(1/ 2)u2 jv2 (48)

For containment studies, the length scale usually 'is set equal to 0.25-0.5 m.

2.7.2 Subgrid Scale Model

This model also uses KU2 as the characteristic velocity scale, but here r represents the
turbulent kinetic energy of eddies too small to be resolved by the computational

15
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mesh. By implication, the mesh size is the length scale; generally, we have set t to
be the length of the cell diagonal

r = (Ax2 + Ay2 + az2)u2 (49)

The trar. sport equation for the product px is given by

. .

d
-- px dV = (p x(b - u) + (pVK)[ n d A
dt

}. '.

. ._
t:Vu

px)t2 _ dV (50)
7apr (u n)dA +
3 I -.-.

s- v-

where the first integral on the right-hand side represents the convection of turbu-
lence by the established velocity field and the diffusion of turbulence, the second
integral represents the effects of turbulence generation by compression, and the
tenns unoer the third integral represent production of turbulence by viscous dissi-
pation and decay of turbulent energy into thermal energy. This last term anpears
with an opposite sign as a source term in the thermal internal energy density equa-
tion [Eq. (11)], Viscous dissipation, the irreversible conversion of kinetic energy int ,
internal energy,is represented by the double-dot product t:Vu, which is defined for

symmetric t as

'Bu' 'av' ' Dw ' 'Du av'
T:Vu = tu - +t - + ty - + txy -+- -

yy<Dx, <Dy, < Di > <Dy Dx,
(51)

'Du Dw' 'av Dw'
in cartesian coord.
.

inates+ tu -+- +t, - - + - -y
( Dz Dx , (Dz dy ,

and

'Du' 'l av u' ' Dw ' ~ D 'vT lau~
t:Vu = tr, - + too - d0

+- + tu + tre - + - -
( Dr , (r r, ( Dz , ~r Dr g r , r as~

(52)
' l aw DvT 'Du Dw'

in cylindr.ical coordinates
.

+ ta - de + - | + tr, -+-
(r Dz / ( Dz Dr ,

After dividing out the density, the turbulent kinetic energy, x, is substituted into
Eq. (47) to compute the turbulent viscosity. It is interesting to note that in the quasi-
steady solution, where the production term equals the decay terms because of vis-
cous dissipation, this generalized model reduces to the original algebraic subgrid

16
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scale model of the type used by Smagorinsky (Ref.12) and Deardorff (Ref.13 and
Ref.14).

2.7.3 x-c Model

The Navier-Stokes equations may be manipulated to produce exact expressions for
x, the turbulent kinetic energy, and r, the rate of dissipation of turbulent kinetic
energy (Ref.15) defined as

e=v (53)

The exact x and c equations are modeled by a pair of approximate transport equa-
tions developed by Launder and Spalding (Ref. 4) with an extension to treat buoy-
ancy effects. Again, giz2 is the characteri.stic velocity scale, and the length scale is
proportional to x3'2/c. The transport equation for the product px is given by

A p x(b - u) + Vx ndA
dt ,

px dV =
,

(o x ,
, _

y, s.

.

[uVu + pag.VT - pc + xS]dV (54)+

,.

_

where a is the coefficient of thermal expansion. The advection and diffusion of
turbulent kinetic energy are given by the terms in the first integral on the right side,
and the terms in the second integral represent its production by viscous stresses,
production by buoyancy, dissipation, and generation from sources respectively.

The transport equation for the product of the density and the dissipation of the
turbulent kinetic energy, r,is

A pc(b - u) + Ve ndA
dt ,

pc dV =
_

< a, j_,

v- s-

= -

CStVu + csp (ug VT)- C:pE, + c S dV (55)+
,

_
x x x

_

y.

17
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1

1

The terms on the right-hand side have meanings analogous to those in Eq. (46)J The ~l
turbulent viscosity is calculated using the Kolmogorov hypothesis

CJu2p= _(56)
,

C

For this analysis, we assume that the turbulent Prandtl and Schmidt numbers equal
unity. Therefore, the turbulent conductivity, Q,is

& = pC (57)p

and the turbulent mass diffusivity, D,is

<M = p/p (58)-

- Both of these transport coefficients are expressed in terms of the turbulent viscosity
and thermodynamic properties of the gases.

:

The values of the five new constants (Ci, C , C , o , o,) appearing in Eqs. (55) and (56)2 y m

and listed in Table 3 are those suggested by Launder and Spalding (Ref. 4) following -
- an extensive examination of experimental data for free turbulent flows

Table 3 Constants used in the x-c turbulence model-

C C2 C o a,
~

i p r

-1.44 1.92 0.09 1.0 1.3--

.

t

,

2.8 Chemical Kinetics
,

1" For diffusion flames involving hydrogen (Ref;16)_or hydrocarbon fuels / we haveL
used a simple one-step global chemical kinetics model that grossly over-simplifies

,
_

the actual chemical processes. In the present implementation of this model, the
only reaction modeled is

& .

a(H )+b(0 )+c(N ) => d(H O)+ e(H )+f(O )+c(N ) (59) -_2 2 2 2 2 2 2

* J. R. Travi_s and F. R. Krause,"An Analysis of HDR Test T52;14: Diffusion.Flarnes in a Full Scale .
Nuclear Reactor Containment," los Alamos National I.aboratory report in preparation.

18
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_

where the coefficients a;b, c, d, e, andf are rnole fractions, In modeling nuclear reac =
_

- tor containment buildings, typical computational cell volumes are 1-2 m3; they are
3larger in some cases. - We try to . keep cell volumes to about 1Lm in regions where

diffusion flames are expected. For this spatial resolution, there is no attempt to D

- describe flame structure; we simply represent combustion energy release in a co_m - ,

plex geometric containment. Furthermore, chemical reaction time scales' generally -
',

are short compared with fluid motions in these combustion modes, so the many -
elementary reaction steps and intermediate chemical species can be neglected in this
first approximation.

_

The reaction rate, s, in Eq. (59) is modeled by a modified .Arrhenius law, The gen-_

eral expression for the reaction rate is
..

rate (mole /m -s) = Cr[T/To[[ fuel)'[ oxidizer] e-E/MT (60)3

where Cr is the frequency (or pre 2 exponential) factor; E is an activation energy; t, f,
and o are exponents; fuel and oxidizer indicate local concentrations in mol/m3;91 is ,

the universal gas constant; and To is the adiabatic fl me temperature For _the H -02a 2.

reaction, t = 0, f = 1, and o = 1, but in some hydrocarbon ~ simulations, we set t = 1/2 in
.

an attempt to model molecular motion.

The finite-rate chemical kinetics now can be written for the fuel

bPF - -amps (61)
at

and the oxidizer,

. i

dp
-bMos ~(62)=

at .

<

where Mr and Mo are the molecular weights of fuel and oxygen, respectively. The
chemical energy of combustion is computed as a source for the energy transport
equation [Eq. (11)] by

Qc = Ccs -(63)-

.where Ce = 4.778 x 103 J/mol (1.2 x 10u erg /g)

In practice, when solving the finite-rate chemical equations [Eqs. (61) and (62)], we
integrate the fuel [Eq. (61)] when the fuel-oxidizer mixture is fuel lean and the oxi-
dizer [Eq. (62)] when the fuel-oxidizer mixture is fuel rich. By.using Eq. (59), all
components of the combustion process are determined. We have compared the

19
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L

results of this model with the experimental data for the one-fourth-scale test facility
(Ref.17) and the HDR containment building (Ref.18) and have found good agree- I

_

ment for the general circulation patterns in complex geometry's, concentrations of
ombustion products, and temperature distributions throughout the containment 1c

buildings.'

3 COMPUTATIONALMODEL

The computational model and solution algorithm for solving the multi-
dimensional, time-dependent fluid-flow equations follows the ICED-ALE method-
ology first introduced by Hirt et al. (Ref.19) and used later in other computational .
fluid dynamics efforts at Los Alamos (Refs. 20-25).

The computational domain is defined by a regular, three-dimensional array of reg-
ular parallelepiped cells. First, each coordinate axis is divided into intervals that
define cell faces in that direction. The location of each interval is identified by its
physical mesh coordinate (x, y, or z in cartesian geometry or r,0, or z in cylindrical
geometry) and a corresponding logical coordinate (i, j, or k) called the mesh index.
The domain is divided up in the x-direction by planes passing through the>

x-direction mesh coordinates and normal to the x-axis. Similarly, sets'of planes
normal to the other directions divide up space in the y and z directions. ' The inter - i

-

sections of the three families of planes define a three-dimensional arrangement of g

cells (" finite volumes"). Figure 2 shows a typical cell along with conventions for
identifying faces and vertices.

Values of p,I, and p are computed at cell centers, and the face-normal component of
velocity is computed at cell faces. Initial values for each variable and appropriate
boundary conditions _ are set at all locations. .The continuous integral equations of
motion described in Sec. 2 are approximated by finite-volume expressions (discrete -
algebraic equations) on the computational mesh. Thus, the dynamic state in the
problem domain can be approximated by integrating the finite-volume equations in
space and_ time.

-In the standard ALE method _ (Ref.19), both fluid and grid (u ) velocities are locatedg

at cell vertices. By specifying u to be different from u, the 'hape and spatial distri-g

bution of the mesh may be changed to model a problem with a deformable bound-
ary. Mass, momentum, and energy are exchanged between cells by averaging vertex
velocities to produce a cell face fluxing velocity. Because HMS is designed to com-
pute flows with fixed geometry's, this general mesh motion' feature is not needed;.
therefore, we locate fluid velocities directly on cell faces. Other differences between

-

; the standard ALE method and the ALE method implemented in HMS' are given in -

|| Table 4

i

* The ilDR results are discussed further in the llMS Assessment Document (in preparation).

20
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Figure 2 Computational cell. Velocity components are located at face centers:
[W) west (-x), [E] cast (+ x), [S] south (-y), [N) north (+y), [B) bottom (-z),
and [T] top (+z); all other variables are located at the cell center.

Table 4 Comparison of standard ALE and IIMS ALE features

Standard ICED-ALE HMS linearized ICED-ALE

Cell-centered p, I, p Cell-centered p, I, p
Vertex-centered u, momentum Face-centered u, momentum
Total energy (E) Internal energy (1)
Pressure work is done only in the Pressure work is done in both the
implicit Lagrangian phase. explicit and implicit Lagrangian phases.
Control volumes are (1) computational Control volumes are (1) computational
cells and (2) volumes centered on cells and (2) volumes centered on cell-
vertices, faces.

Vertex motion algorithm Vertices stay fixed
Arbitrary hexahedral cells Parallelepiped cells
Algorithm for cell volumes Volume calculations are straightforward
Face-fluxing in rezone phase (tace fluxing x , y , and z-face fluxing in rezone phase
u must be computed from vertex u)

Linearized volume treatment in
implicit Lagrangian phase

21
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Mesh cells serve as control volumes for cell-centered variables and thus serve as
the finite volumes for solving the mass and energy equations. Because velocity
components are located at cell faces, a different treatment is needed for the momen-
tum equations. A momentum control volume, Vm,is defined as half of each of the ,

two cells sharing a common face (Fig. 3). In this sense, we say that momentum con-
trol volurnes are " face-centered," although this is strictly true only if both cells are
the same size. A momentum control volume for the east face of cell (i, j, k)is
Vm = (V p + Vn3,p)/2 A similar definition is made for the momentum controli ,

volumes that straddle the north and top faces. '

Because we are interested only in the Eulerian solution of the flow equations, a full
continuous rezone always will be applied (see Sec. 3.3, Itezone Phase), with the
1.agrangian phase being only an intermediate step toward the full solution.

Each fluid dynamics time step is broken into three phases as described below and is
followed by turbulent transport and heat conduction calculations.

r - - - -- - S - - - - ,

I y i

I AN |

| |
J

| i
I

.

i
I j l U |

, t._..___._,.___._.J +E ,
! !

! !
' ' j.1

e-

t

|-

11 I

Figure 3 A two-dimensional mesh slice showing the u and v momentum
control volumes associated with cell (1, J, K).
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3.1 Phase A: Explicit Lagrangian Phase

:In this phase, the densities, velocities, and specific iriternal energy fields are updated
~

- by the effects of all chemical and physical processes. This includes combustion,-
-condensation, heat transfer, body forcesiand turbulence effects.

3.1.1 Condensation Mass and Energy Transfer

Whenever the temperatmes of structural surfaces and the adjacent gas differ there
will be heat exchange by convection. If condensation occurs, there will be energy
and mass transfer from the gas to the condensate--a condensate that typically
appears as a thin film. The resulting change in mass and energy of the gas appears

.

as source terms in the Phase A mass and energy equations (Secs,3.1.4 and 6) and as a -
heat flux boundary condition in the structural heat cenduction solution (Sec. 3.5).

First, we combine Eqs. (29) to (31) to yield an expression for the change in steam
density

Om Z (pe - p,^ )n,gh,A.
[th, = V E''lil = - "#8 %

01 2(P"C)urs e
a

where HTS indicates summation over all of the heat-transfer surfaces in contact
: with the fluid cell. In terms of the mass condensation source term, S , this becomesp

|

. .

OmE (p^ - p,^)u2o , A,,-
-(65)

-
h4

3 = pu ,o i ,,on ms-;- =_

vl(pc)P aAt
p

a

and then solving for ps,o

Pb 0 Vl(P C )+ Ate X(p,h,AL)'2 r m

ps'o = -(66)
'"3

VE(p"c )+ Ate; Z(h,A.) .p
_ a llTS .

Next, for all heat-transfer surfaces, we compute hw from Eqs (23), (37), (40) and (41)
.

and the corrected heat-transfer coefficient h*, from Eqs. (26) to (28). The total energy
lost by the gas may be written as

E- h*, A,(T, - T^)-
Eb(P)a ~~ (P ), - msI I

S T,^ - Td - (67)
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The terms on the right side of Eq. (67) represent the energy lost by convection and
^

the energy lost in cooling steam from T, to the saturation temperature Tsa.

Substituting (pcyT)^ for (pl)^ and solving for T^ gives

Ell (h', A,)
~'

E
(pl)" + At - S e ,T,,p

T *^ --
- ,- (68)

HIS(h* A,)E
(pe,)^ + At - S c,r p

V
-

"
__

For each wall, the energy exchanged by convection is given by Eq. (22) and the energy
exchanged during condensation is

ih , h,g +(c ) (T^ -T f (69)9e = y w

3.1.2 Ilydrogen Combustion

When the relationship between molar quantities a and b for H and O in Eq. (59)is2 2

a < b/2, the mixture is fuel lean; the discrete version of Eq. (61) then is used to
predict the change in hydrogen density

'

/ A Tf n 4
~

A n

PH: -P"'=- aC,Ma2
" "; e" (70) ;

At hin: , qhlo: ,

an implicit expression for pA, where superscripts n and A identify the old time level
and Phase A in the new time level. Upon rearrangement, this becomes

~~

/ n T

P$ - PEi, = - PEi, + l - 1 + At a C, e" (71)APn
-5

2

The change in oxygen and water vapar density follow directly from mass conserva-
tion and Eq. (59)

P ^>, - P" = (P$ -PEI:)blo / 2htu, (72)APo, S
2 2

and
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APa,o a PA,o -pit,o = - (P$ - PII,)hin,o / hin, (73)2

If the mixture is fuel rich (a > h/2), we first compute the change in oxygen density
from the discrete version of Eq. (62)

i-
. , , s ..i-

|
Apo, a p$, - p",, = - ps, < 1- 1 + At h C "' Mr l(74)e ,

f

,
. s H, s

.
,

Then we compute the change in hydrogen density
y

P$, - PII, * 2(P$, - P$ )hin, I hlo, (75)2

and the change in water vapor density front Eq. (73),

3.1.3 Volume Equation

The change in each computational cell volume, Vc,is calculated from the discrete
approximation to Eq. (8) using the divergence theorem (Appendix A)

~

= [ u" dA, (76)
*

Superscripts A and li denote Lagrangian Phases A and it

3.1.4 hiass Equation j

The mass change for each species because of combustion, condensation, and turbu-
lent diffusion is calculated by

E'A y'^ _ E yaa
'

L = V " S,",
(77)At

When comparing Eqs. (9) and (77), we see that

*

( 9*n

S" = . [ prD V EH- +S (78)o
s. < P >.c

25
_ _ ~ -



3.1.5 Momentum Equailons-

The components of the velocity field then can be found from the discrete approxi-
mation of Eq. (10)

PgA y'A _A n

e y' = -V" Vp + V" ht" -[t, dA (79)
y

a
,, , ,

where, by comparing with Eq. (10)

ht" = pg- D (80) i

The structural drag vector represents the resistance of internal structures such as
pipes, I-beams, catwalks, and such configurations that are impossible to resolve.
These internal structures play an important role as heat sinks and, to a lesser degree,
as momentum sinks. Ilowever, we do attempt to model their momentum effects by

Y

1) = lpCn |ul( A / V,) (81)u
2

where (A/V,) represents frontal structural area divided by the fluid volume for
,

every computational cell containing internal structures. -Note that A is dependent
on the orientation of the structures. For example, there is little resistance to flows
parallel to the gratings of the catwalks but quite a different resistance to flows nor-
mal to the gratings. The drag coefficient, Co,is determined empirically or selected
from tables of drag coefficients of common shapes.

3.1.6 Internal Energy Equation I

We now can find the change in the total internal energy

p^1^V,^ - p"1"V[ = - p" u[dA
~

" "
f p"-

~[gydA + Q"V," -(82)+ f
g

-

.

where Qn as defined in Eq. (11) contain3 the energy of combustion, condensation,
and heat-transfer effects. The gas-mixture temperature, T^,is computed from a -

| mass weighted version of Eq. (16)
L

f- f \ f )

[x,A,1T^)!'+ [x,B, (T^)+ [x,C, -I = 0 (83)
.. .. ,. .. ,
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3.1.7 Equation of State

Finally, the updated pressure is determined from the equation of state [Eq. (19)]

p^ = T^ 14 p^ (84)
'

3.2 Phase lh implicit Pressure licration Phase

In this phase, an implicit evaluation of the time-advanced densities, velocities,
pressure, and specific internal energy fields is achieved. The purpose of this phase is
to compute time-advanced pressures to allow calculations of low-speed (low-Mach-
number) flows without any time-step restrictions from the fluid sound speeds. The -

following argument (Ref.19) explains the need for this step.

In an explicit method, pressure forces can be transmitted only one cell
each time step, that is, cells exert pressure forces only on neighboring
cells. When the time step is chosen so large that sound waves should
travel more than one cell, the one cell limitation is clearly inaccurate
and a catastrophic instability develops. The instability arises because
the explicit pressure gradients lead to excessive cell compressions or
expansions when multiplied by too large a time step. This then leads
to larger pressure gradients the next cycle, which try to reverse the
previous excesses, but since the time step is too large the reversal is also
too large and the process repeats itself with a rapidly increasing
amplitude. The over response to pressure gradients in this fashion is
eliminated by using time-advanced pressure gradients, for then cells
cannot compress or expand to the point where gradients are reversed.

In this phase, the mixture equations for cell volume, mass, momentum, and energy
are

v"-v^
= v" V . (u" - u") (85)

At

DyD_ A y'A
=0 (86)'

At

u -u^=- VL V(p" - p") (87)
D

,

and

E gu yD ~ E g A y'AD A

= - V" p" V -(u - u") (88)
8'

c
At
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p^ = T^ [ R pu^ (84)y

a
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,
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cells. When the time step is chosen so large that sound waves should
travel more than one cell, the one cell limitation is clearly inaccurate
and a catastrophic instability develops. The instabihty arises because
the explicit pressure gradients lead to excessive cell compressions or
expansions when multiplied by too large a time step. This then leads
to larger pressure gradients the next cycle, which try to reverse the
previous excesses, but since the time step is too large the reversal is also
too large and the process repeats itself with a rapidly increasing
amplitude. The over response to pressure gradients in this fashion is
eliminated by using time-advanced pressure gradients, for then cells
cannot compress or expand to the point where gradients are reversed.

In this phase, the mixture equations for cell volume, mass, momentum, and energy
are

~

= V" V .(u - u") (85)D

Al

pDyD_ AyAc c =0 (86)
At

^ U

u" - u^ = -(p\,), V" V(p -p") (87)

and

p1V -r^1^V^u8 D

-V" p" V -(u" - u") (88)
At
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The equation of state for the mixture may be written as

pV =pV (89)tex Ito u
II

Equations (85)-(89) are a coupled of set four linear and one nonlinear [lig. (87)]
algebraic equations in five unknowns (ID, p", uD, VD, and pD). In the following

,

development, we derive an equation for p alone. Using Eqs. (85) and (89) we canD

eliminate pu by rewriting the left side of Eq. (88)

(p"1 V )-(p^ 1^ V^) = pV(1 -1^)
D D 8

(90)
At AtTXx Itn u

a

hiultiplying and dividing this last expression by (TD - T^) and noting that
(l" - |D)/(TB - T^) ~ C, (T^) gives

_

(p"I V")-(p^ 1^ V^) = C,(T^)(p" V - p^ V^)
D D

(91)
At At TE x llu a

Lt

Using this expression for the left side of Eq. (88) and substituting Eq. (85) into the
right side of liq. (88), the energy equation becomes

C, (T^)(p" V - p^ V + p^ V - p^ V^) = -(V - V^) p"
D D D U

-

(92)
At T E x lt Ata a

a

where pN VD has been added and subtracted from the left side to simplify the algebra.
- After collecting terms and further rearrangement, this becames

(p - p^) = -- x Itu / C,(T) p* + p^ (Vf - V^)/ Vf (93)a

This equation can be linearized by rearranging (Vf - V^)/ Vf and then applying a
binomial series to obtain

(Vf - V^)/ Vf-(Vf - V^)/ V^ (94)
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provided (Vy - V[)/ V^ << l. Note that this quantity is monitored during a tran-
sient simulation to ensure an accurate solution. As the time step decreases, this
quantity approaches zero. Next, VDis eliminated by combining Eqs. (85) and (93),
adding and subtracting pa to the left side, and adding and subtracting V u^on the
right side to give

Sp + (p" - p^ ) = -V"{ } V -(u ' - u^)+ V (u^ - u") (95)
t

where

{}=< x, R / C,(T) p" + p^ (96)o

.n .

and

HSp = p - p" (97)

1:inally, uu is eliminated by substituting the right side of Eq. (87) for (uh- u^)

At' V" V . - V ^ Sp = V^ (P" - P^) + At V" V .(u^ - u'')V "" vsp,

(98)
(pV),, , {} {}

or

~ '

V^ Sp " V^ (P" - P^) + ("-"")rM Nh _'V"VSpdA _{} {}
^ ~fp ),,,

'
ry

which is second order and linear in Sp. To solve this Poisson-type pressure equa-
tion, we use the Preconditioned Conjugate Residual (PCR) method that is described
in Appendix B.

This implicit solution of the pressure equation allows for greater efficiency than
a purely explicit calculation with reduced time steps. The numerical stability
achieved permits pressure waves to traverse more than one computational cell in
a time step. In practice, after solving Eq. (99) for Sp, we evaluate uB from Eq. (87),
V" from Eq. (85), p" from

p"n y n _ g<A y A
n=0 (100)

c

At

p f rom Eq. (93), TV from Eq. (19), and la from Eqs. (16) and (17).u
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;

3.3 Phase C: Rezone Phase

The third phase explicitly performs all the advective flux calculations, repartitioning
the dependent variables onto the original mesh. The superscript n+1 (and not C) is
used to indicate that this Eulerian rezone phase completes the spatiotemporal inte-
gration of the equations of motion from time-level n to time-level n+1. The finite

' s
|

volume equations for mass, momentum, and energy advection, respectively, are as
follows

P." ' V " PD Vf = _ (po DdA), (101)
.

u

'
p"3 u"1 V"' - pn n VDu

= - (pDub uDdA), (102) ~
'"y

'
r
e

and
,

poiins y{a _ pn in yn= - (pDjD u dA), (103) [nr

1

Decoupling the rezoning step from the rest of the physics computations facilitates
the implementation of different numerical advection algorithms. We have made

i use of simple donor cell, interpolated donor cell, van Leer (Ref. 26), and FCT
(Refs. 27--29) to model the right-hand sides of Eqs. (101)-(103). Phase C is completed

_

by computing Tn+1 from Eq. (16) and pml from Eq. (19).

3.4 Turbulence Transport

The final fluid dynamics task. in each computational cycle is the explicit updating of
turbulence variables.

3.4.1 Algebraic Model

. The new time-level turbulent viscosity follows directly from Egi(47) *

p"' = C p"' O.l .j (u"'),' + (v"'), + (w"')* 1/2
.

~

(104)y

3.4.2 Subgrid Scale Model

-The product px is updated with a discrete version of Eq. (50)

..
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|

(pg)"ly'a _ (pg)" y'a
-{-(px)"u"' + p" Vg"}d A (105)

-

[=

At .I,.

-j~ (px)" [ .u"' dA , + (t:u)"' V"
p"(x")"*,

V"
f

. ,

The new time-level turbulent viscosity, pn+1, then is computed from Eq. (104).

3.4.3 x - c Model

The new time-level products px and pc are computed from the discrete versions of _

Eqs. (54) and (55)

(px)"' V, -(px)" V" p" V " dA (106)
"

,o ni

At c,
A .I.L

+ (t: u)"' V" + p"(u"g . VT")V" -(pc)" V," + x" S" V"
$

and

(pc )"' V| - (pt)" V" " ' N-(pc)u"*+ Vc" dA (107)
At c,

I of. *

"{"ti n

+ C y(t:u)"' V" + C p"(a"g . VT")V| - C: V" + c"S"V|i ,,

The turbulent viscosity then is computed from Eq. (56)

C" p"'N" )2p"'=
c,;3 (108)

The new time step is controlled by checking the entire computational mesh for a
material velocity Courant condition and a diffusion stability limit condition.

3.5 IIcat Conduction through Structmes

Heat transfer through structural components (usually concrete and steel) is modeled
as one-dimensional heat conduction. The tructure is represen$ed numerically by
N finite-difference nodes spaced Sx apart; node number 1 is on the structure-gas

31
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boundary (Fig. 4). New time-level temperatures at all but the first and last nodes
are computed from an implicit finite-difference approximation to Eq. (35)

T* * * - T* k T"*1 Pr " ' ' + T"**''
'

e i i- _t * ' sis N-1 (109)=

At p e,, SC

Collecting coefficients of like T terms, Eq. (109) becomes

AT|j' - (l+ 2 A)T"'' + AT|'| = - T| (110)

A corresponding expression at the gas-structure interface for node 1 is
...

-(j + nh + A)Ti+1 + ATS*1 = - }T[ - q(qc -Eq, + q., + h.T^) (111)

where

k At
Aa r (112)

pc,, oc

^'
y r_ (113)

pe,,Sx

and k, p, and c are the conductivity, density, and specific heat of the structurep
material,

liquations (110),(111), and a boundary-condition-dependent equation for node N are

a linear system of N equations for the unknown temperatures T|"I that are found
from a tridiagonal matrix solution algorithm.

/
/
/
' ...

, , , ,

., (lw -> | | | |

h40 q 0>g, i= 1 2 3 N-1 o 'N
I I i 1

q > | | !,,, !
y

/
/
' 4- S x ->s

Figure 4 Geometry for one-dimensional heat conduction.
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4 SUMMARY

In this report we have described the theory behind the IIMS computer code and the
computational model used to numerically integrate the governing equations in
time and space.

'

The core of the code is based on the conservation laws for mass, momentum, and
energy, which were presented in integral form to more closely mirror the finite
volume formulation for the discrete equations. The basic fluid dynamics equations
are supplemented with relations for multiple gas species, heat transfer, condensa-
tion., turbulence transport, and a simple finite-rate global chemical kinetics model
for combustion.

An ICED ALE numerical method, adapted to fixed geometry, is used to solve the
equations of motion. Each time step is split into three phases: (1) an explicit

,

Lagrangian phase where most of the physics is done, (2) an implicit Lagrangian1:

phase where time-advanced pressure, velocity, density, and energy are computed
together, and (3) a rezone phase where problem variables are repartitioned onto the

'

original mesh. Turbulence quantities and structural temperatures then are
advanced to complete the time step.

i

Using the above field equation model coupled with finite-rate global chemical
kinetics, we have successfully analyzed the hydrogen and hydrocarbon diffusion
flames occurring in a nuclear reactor containment under accident conditions. These
combustion modes are the easiest to model and analyze when compared with other
modes of combustion, such as propagating flames in premixed fuel / oxidizer vol-
umes. Deflagrations, flame acceleration and transition from deflagration to detona- ,

tion (DDT), and detonations are all important combustion modes that have not
been modeled successfully in complex reactor containment structures. We will
address some of these issues and recommend approaches for solutions in Sec. 5.

5 RESEARCil DIRECTIONS

5.1 Nonreactor Combustion Modeling
,

|
The basic framework necessary for modeling combustion phenomena associated

L with nonreactor systems has been established.- llowever, research in several areas is
| needed, including radioactive and nonradioactive combustion characteristics, mate-
! rial transport model improvement, lumped-parameter and field model coupling,

development of system safeguards models, and experimental validation and veri-
fication of system (network) modeling codes.

Very little is known about how radioactive materials burn, particularly how they
.may combine with nonradioactive burning material. Currently, highly empirical
data are being used to determine the airborne fraction of radioactive release from

- 33
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contaminated materials. Itesearch needs to be performed to develop better models
using a larger experimental data base.

The transport of smoke with its radioactive component is perhaps the single most
important aspect of nuclear materials fires. Models that accurately simulate the
behavior of particulate and gaseous materials as they movt 'through the nuclear
facility are needed. In particular, interparticle dynamics and particle depletion
models need to be developed and refined.

For large volumes in nonreactor systems (such as large rooms) the lumped-
parameter approach is not suitable. In this case, a multidimensional model is
needed and can be coupled with a lumped-parameter ventilation network. This
capability currently does not exist, and research needs to be devoted to establishing
this capability,

l<esearch directions toward developing system safeguards models also need to be
pursued. These models would simulate the effect of sprinklers, halon discharge,
and demisters. The adequacy of a fire protection system can be evaluated with these
models.

1:inally, the lumped-parameter codes and models need to be validated through
experiments.1.arge systems of interconnected ductwork, rooms, filters, dampers,
and f ans need to be included in the experimental system. This experimental system,
with proper instrumentation for measuring temperatures, pressures, flows, and
aerosol concentrations, would be invaluable for obtaining experimental data.

5.2 Reactor Combustion Modeling

The field equation approach has been applied successfully to diffusion flame com-
bustion modes in complex reactor containment geometries. To evaluate other
major concerns involving combustion phenomena during a severe accident in a
reactor containment, we must develop modeling capabilities to investigate flame
propagation in premixed, complex, multidimensional volumes. This includes lam-
inar and turbulunt deflagrations, flame acceleration and DDTs, and detonations. We
also wish to model radioactive and nonradioactive aerosol dynarnics and the inter-

'

.

action of the nonoxidized and oxidized aerosols with the propagating flame. Acci-
dent mitigation concepts such as water sprays and their influence on a steam-air- ,

hydrogen environment must be assessed. All of these phenomena must be evalu-
ated in terms of thermal and mechanical loads on the containment and on safety- .

related equipment. Some of these research areas include adaptive gridding, detailed
chemical kinetics, turbulence, radiation heat transfer, aerosol dynamics, and model
validation with experimental data.

For flames propagating through complex geometrks; spatial resolution of the
combustion process and the flame front are important. This will require dynamic

34.
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implementation of adaptive gridding algorithms (Itef. 30) to resolve the flamt front
sufficiently as it propagates through the containtnent.

Global finite rate chemical Linetics, which were used for diffusion flame analysis,
will not be adequate for modeling propagating flames. For the wide range of con-
ditions (pressure, temperature, and gas composition) likely to be found in reactor
containments, it will be necessary to couple the fluid dynamics with a detailed
chemical kinetics reaction set as cuggestui by Oran et al (Ref. 31). The disadvantage
of directly coupling chemical kinetics with 48 reactions and 9 species is that for large
time-dependent, three-dimensional problems, the solution algorithm is currently
computationally prohibitive. An alternative approach (Refs. 32 and 33) could be
to solve the detailed chemical kinetics for the expected range of pressures, tempera-
tures, and gas compositions. From these conditions and solutions, we can deter- -

mine an induction time, a reaction time, and the amount of chemical energy
released. These parameters could be approximated wi'h analytic functions or |
tabulated in a parameter space table. A modified-combustion-parameter, P, ?
transport equation can be written as

i)P 1

-+ u . V P = V(OVP') + (114)
i)t t:(T.P,x )i

where t and O represent the induction time and turbulent transport coefficient,i
irespectively. Initially, P r: 0, so that when P h 1 the induction time has elap3ed andr

the chemical energy of combustion is released over a period of time equal to the
reaction time, tg. In this way, an approximate method for coupling the fluid
dynamics and detailed chemical kinctics can be achieved. The disadvantage of
this procedure is that fluid dynamics effects like acoustic waves and turbulence
intensities would not actually influence the individual chemical reaction rates and -

therefore the reaction time. It may be possible to add an additional variable to the
parameter space table to account for turbtdence and the influence that turbulence
has on the reaction rates, induction time, and reaction time. If the reaction rates
could be correlated to the intensity or kinetic energy of the local turbulent condi-
tions then the first term on the right-hand side of Eq. (114), the turbulent diffusion
of P, could be climinated from the equation.

For diffusion flame modeling, we have found that turbulent buoyant plumes
generally are iepresented adequately ,vith the two-equat on x- c model. Ilowever,
Zyvoloski' has shown that the most accurate plume dynamic predictions are pro-
vided with the three-equation x-r-T'2 model. For this rnodel, the additional
transport equation for the average temperature fluctuations squared is solved.
Reynolds strest.es and turbulent energy fluxes then are calculated and used directly
in the Reynolds-averaged Navier-Stokes equations. At this point,it is not clear
_ _ _

* G. Zpoloski, %mulation> of Intenw Drw A Comparison of Turt>ulence Models" Los Ahmos
National lat> oratory report in preparation.
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|

whether this three equation model is needed to describe diffusion flame plume
dynamics. If the survival and proper functioning of safety related equipment
located near diffusion flames remains an unresolved safety issue, then it may be
necessary to use a three-equation model. Also, if the diffusion flame plume
impinges on the steel shell liner, a higner temperature can be predicted than what
actually is observed. Although this result is conservative, there is a.tually more
entrainment of cooler material into the plume than predicted. It may be necessary
for "best-estimate" calculations of thermal loads on the containment shell to use the
three-equation model.

Radiation heat transfer from diffusion and propagating flames can be of major
importance. For example,in optically thick regions near hydrocarbon diffusion
flames, the coupling between carbon or soot, the fluid field, and the radiation field -

will be strong, whereas in optically thin regions far from the flame, this coupling
will be weak. To include these effects, we consider adopting an extension of a
nonequilibrium radiation model ori;inally developed by Alme, Westmoreland,t
and Fry (Ref. 34) and then extended by Daly (Ref. 35). In this model, the local energy
densities of the radiation field, the fluid, and the particles can be different, llecause
the speed of light is inherent in these equations, any practical solutions must be
obtained from an implicit finite-difference form of the equations.

Water sprays and aerosol dynamics are similar problems. For example,in a steam-
air-hydrogen environment, the spray water droplets and aerosol particles provide
co.idensation nuclei to reduce the steam concentration in the mixture. Two unde-
sired phy3ical effects occur: (1) hydragen concentrations increase as the steam
ondenses and (2) turbulence levels increase with condensation and droplet and

particle momenturn exchange with the continuous gas phase. Nonoxidized
accosols in the presence of hydrogen combustion could increase the energy release
as aerosols contribute to the combustion process. On the other hand, water sprays
sech as mists can be huge energy sinks and provide mitigation methods for sup-
pressing or controlling potentially damaging combustion modes. These trade-offs
must be evaluated and assessed to provide input for severe accident management
policies.

These modeling questions and the coupled phenomena are difficult, and the phys-
ical geometry to which they must be applied is 30 complex that model and code
venfication is essential. This can be accomplished only with mod'lers and experi-
menters working very closely in a collaborative effort to resolve and unders'and the
relevant phenomena. Separate-effect experiments must be performed to validate
individual physical and chemical processes wherever possible. Integrated te.sts at
several scales will provide data and the confidence for computer models to be used
to extrapolate to full-scale geometry's. Only in this way can numerical modeling
and simulations address the issues and answer the questions concerning the prob-
lems involved in nuclear reactor safety.
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APPENDIX A
G AUSS' DIVLl(Gl:NCli TilFOREM

The divergence of a continuously differentiable vector diintegrated over a finite
volume V may be written as

.

V . d> dV

'y

Using Gauss' Divergence Theorem, this may be expressed as a surface integral

'(
V. *dV = di.ndA ( A-1)

* *
v ,

A rigorous development of Eq. (A-1) may be found in most advanced calculus texts;
'for example, see Apostol . 36).1

A discrete approximation to the surface integral, which is applied to hexahedral
control volumes, is obtained by sumrning the individual contributions from each
face, f

.

$.ndA o [$,dA, (A-2)
I.

s

where $, is the outward face-normal component of $ and jar is the face area. For
the regular parallelepiped cells used in IIMS, the sum is over the west, east, south,
north, bottom, and top farer (abbreviated as W, E, S, N,11, and T respectively).
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APPENDIX 11
PRECONDITIONED CONJUGATE ItESIDUAL ALGOlllTilhi

1 INTitODUCrlON

The presture equation [Eq. (103), Sec. 3.2) is solved by the preconditioned conjugate
residual (PCR) method described in this section. Consider the linear system

Az = b (11-1)

where A is an n by n symmetric positive definite (SPD) matrix, z is a solution vector,
and b is known. The residual vector r a b - Ax, a measure of error of any vector x

-

from the exact solution given in Eq. (11-1), is the focus of the development that
follows. Variable definitions that are applicable only in this appendix are listed in
Sec.2.

2 DEIlNITION 01: VAltl AllLES

A n-by-n SPD coefficient matrix
b Right-hand side vector
11 Diagonal of matrix A
D Diagonal of matrix h1
k iteration count
L Strictly lower triangular part of A
h1 n-by-n SPD preconditioning matrix

Number of equations to be solvedn
p Search vector -

Q Nonsingular matrix such that h1 = QQT
q Working array
Tr Residual vector for preconditioned system
r Residual vector ( r e b - Ax )
U Strictly upper triangular part of A
V Cell volume
x Solution vector estimate
z Solution vector for Az = b
at Step length
Dg Orthogonalization coefficient
e Global convergence criteria
A Eigenvalue

41
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3 MOTIVATION

The guiding philosophy behind the PCR method can be shown by first considering
the functional E (x) defined asp

E (x) a f((x - z), A"(x - z)) (B-2)g

where ( , . ) denotes an inner product, for example, (x, Ax) a xTAxi E (x)is definedp

as :he error functional and is equal to one-half the square of the A" norm of (x J z).-
The exponent p takes on positive integer values; p = 1 for conjugate gradient mini-
mization, and p = 2 for conjugate residual minimization (the choice made here). !

- Recalling r = b - Ax = -A(x - z), we write E (x) as2

Ey(x) e }( A(x -z), A(x - z)) = }( r,r ) (B-3) ,

it follows that the minirmm of E(x) as x varies over Rn is

DE (x) a A(Ax-b) = - Ar (B-4)!
dx

' Ilence, the problem of minimizing the quadratic error functional E (x)is seen to be '

2

equivalent to solving the original linear system [Eq. (B-1)] with the solution being
x = z in each case.

The goal of the PCR procedure is to successively calculate improved estimates for
the solution vector xt

xx = xt.i + ut pt - (B-5)

by minimizing E(x) along yet-to-be-determined search directions, pt, where ut and ~
- pt, are constants. Substituting Eq. (B-5) into Eq. (B-3) gives -

E (xg)-a f( A(x 3 + a pt - z), A(x .i + atpt - z)) . (B-6)2 t t t

The optimum value of ut minimizes E,(x) with respect to ng-

- DE,(x')-=u(APL, APL )-( r .p Apt ) = 0 (B-7)_
'

t g

Day

- or

at = ( rt.pApt)/( Apt, Apt) (B-8)-
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Because constant values of E(x) correspond to level surfaces (hyperellipsoids)in Ra, .
it is natural to select the negative gradient of E(x) [Eq. (B-3)] as the search direction,
with VE(xt) being the direction of most rapid change at x. This is equivalent to using
r as the search direction vector p in Eq. (B-5) and is known as the method of steepest
descent. The set of residual vectors ri(i = 0,k)in the steepest descent method is not
usually linearly independent, and if the condition number of A, x(A) = Amo/ Amin,is
large (corresponding to highly elongated ellipsoids), the convergence can be slow.
Instead, we compute pg

pi = rua + Dapta (B-9)-

subject to the requirement
1

(pi, Apj) = 0 for i / j s n (B-10)

Computed this way, the search directions, p , are A-conjugate (or A-orthogonal) to- '

all other directions pi, and the solution vector xg computed from Eq. (B-5) will
minimize E (xt) over the span (po, pi, . . . pg) (Ref. 37). Chandra (Ref. 38) shows that

. 32.

the family of conjugate direction methods (which includes the conjugate residual '

method) are optimal among all linear iterative methods with respect to E (x).g

The orthogonalization coefficient pg is found by substituting Eq. (B-9)into
Eq. (B-10) -

Dg = -( rg.i, Apga)/( pg.i, Apga) (IM1)

4 PRECONDITIONING

The solution to Eq. (B-1) can be obtained more rapidly if we precondition the system
Ax = b. Instead, we solve

A'x' = b' (B-12)

where, A' = Q4AQ T, x = QTx, b' = Q4b, and Q is a nonsingular matrix. If Q4AQ-T -I,
then x(A')is small and N ~ Q4Q-T. Defining M s Q1Q-T, as the preconditioning
raatrix, we use the factorization of Dupont, Kendall, and Rachford (Ref. 39) for M

M _= (L +D)D4(D + U) - (B-13)
,

to solve a system of the form Mu = v, which may be inverted rapidly by an LU
decomposition. The additional effort required to solve for u is more than offset by
the faster convergence of the PCR algonthm presented in the next section.

>
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5 Tile NUh1ERICAL PCR ALGOltlTilh1

The solution to the linear system [Eq. (B-1)] is obtained from the following version
of the l'CR method and closely follows the algorithm of Chandra (Ref. 37)(Sec. 5.4).

Step 1. Initialization

Choose x (B-14a)o

(ll-14b)ro = b - Axo

Solve: hi?o = ro for io (B-14c)

(ll-14d)pa e ro

If I r /V ]n, < r for 1 s m s n, quit (solution is already converged). (B-14c)o

q,=0 (ll-14f)

Step 2. Compute new search, solution, and residual vectors

For k = 1, 2, . .,n

li = -(iu,qu)/( 46 i, Apu) (B-15a)t

Pt 'fu + ll,Pu (B-15b)

Solve: hh3 = Ap5 forqt (B-15c)

a = (iu, Aru)/ ( qt , Apg) (B-15d)t

x =xu + u pt (B-15e)t g

rt = it i-ut 46 (B-15f)

Step 3 lias solution converged?

rt = ru -u6 Apt (B-16a)

If {rt/V]n, < r for 1 s m s n, quit; otherwise go to step 2. (ll-16b)
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