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RESPONSE TO NRC REQUEST 2 FOR ADDITIONAL INFORMATION
SPENT FUEL POOL STORAGE CAPACITY INCREASE

NRC Question 1

Supplement 1o NRC
Question 1

NYPA Rasponse:

P.6-4. It is stated that “lift off of the support legs and subsequent liner
impacts must be modelled using appropriate impact (gap) elements,
and Coulomb friction between the rack and the pool liner must be
simulated by appropriate precise [sic] linear springs.*

Discuss, with specific examples, how one simulates Coulomb friction by
appropriate piecewise linear springs. Demonstrate that such model
does simulate actual physical responses by means of experimenial data
or analytical solutions. Provide a discussion of mathematical basis of
such model which was utilized in your computer program and provide a
simple calculation whereby one can compare with a closed form
solution or an alternate numerical approach to establish the validity of
your solution.

During a phene conversation, the NRC agreed that the Authority could
show that the relative slioing velocity between the rack pedestal and
pool liner is “low” encugh so that a cons.ant coefficient of friction may
be used, instead of responding 1o the third part of NRC Question 1.

Simulation of Coulomb friction by piecewise linear springs

The methodology for modeling Coulomb friction by piecewise linear
springs in the FitzPatrick rack analysis was adopted from NYPA's
Reference 1. Holtec Report HI-81614 (Attachment 1i) provides a specific
example that shows the capability of DYNARACK 1o simulate frictional
phenorm:ana.

Model demonstration

The result of the rack analysis demonstrates that DYNARACK works.
The mathematical basis of using such a model in the DYNARACK
computer program is explained in detail in the response to NRC
Question 2.

Relative Sliding Velogity

To determine the relative sliding velocity at the pedestal-liner interface,
the Authority reviewed the results of one of the DYNARACK simulations.
Specifically, the Authority examined the results from an analysis of \ne B
rack (11x12). The nel horizontal velocity of the pedestal base, relative 10
the floor was calculated as a function of time.
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Figure 1 provides a plot of the nel velocity V dofined as:
Ve (VK 4 Y22

where VX, VY are the instantaneous volocity in the X and Y directions,
respectively. Figure 1 shows that V= 3.3 in./sec, which the Authority
considers “low". For such a “low" , the variation in coefficient of
friction will not be significant.
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NRC Question 2

NYPA Response:

Attachment | 10 JPN-81.037

P.6-15. I is stated that a central difference scheme is used for solution
of the governing differential equations. Demonstrate how such a
scheme can adequately depict vanous response phenomena, such as,
subharmonic, bifurcation, and instability associated with nonlinear
dynamics. Provide a specific example for such demonstration simvlar to
that provided in references (1) and (2). Discuss how error associated
with numerical integration is assessed and accounted for in a similar
manner as that f reference (3) Also provide verification of the
computer results with available experimental cata.

Depicting response phenomena and using a specific example

Attachment || provides DYNARACK simulations using a central
difference scheme to predict classical nonlinear phenomena such as
subharmonics, bifurcation and instability. Specific examples similar to
those provided in the NRC's References (1) and (2) are included in
Attachment [I. These nonlinear response phenomena associated with
classical nonlinear dynamics, are not exhibited by the racks, however,
the DYNARACK program has the capability of predicting these
phenomena, if they occur.

Assessing and accounting for error associated
with nua:'arTcd Imlmo?*

NYPA's Reference 1 provides an example of the stability and
convergence properties of the central difference analyses. This example
shows that the smaller the time step, the closer the solution approaches
the “exact” solution. There is a certain critical time step above which the
solution is unstable. In fact, 1o retain accuracy during the calculation,
the time step should be as small as 0.31 /W, where W is the highest
linear natural frequency ‘rad./sec.). The result in NYPA's Reference 1 is
modified by nonlinear effects and by damping, but generally there will be
an upper limit for At dictated by stability and a lowe* ‘imit dictated by
round-off error.

NYPA's Reference 1 also shows that the time step for convergence will
always be smaller than the time step for stability. Theretore, if the
convergence requirements are met, stability will result,

To check the time step required for convergence, the Authority selected
an analysis and ran it with different time steps to ensure that final
conclusions concerning structural integrity and rack movement were
correct. Holtec re-examined run CO2 from the licensing report (6x !4
rack, full load of normal fuel, SSE, Coel. of friction = 0.8). Table 1
shows the results of runs with differing time steps. Results for top of
rack displacements and pedestal stress factor R6 are compared The
critical stability upper limit on time step is between 0.00045 and 0.00049.
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The time step used for single rack analysis in the licensing report was
0.00005 sec. This value is approximataly one-tenth the stability limit and
is also large enough 10 ansure that numerical round-off errors do not
affect the results.
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Table 1

6 X 14 SPENT FUEL RACK, NORMAL FUEL, 8137

CONVERGENCE STUDY
Time Step (sec ) OX (in) Y (in) R6 (max,)

00049 RESULTS UNSTABLE - RUN ABORTED

00045 34565 0654 212
00040 3488 0621 257
00026 3704 0689 290
00010 2872 0630 278
00007 3445 0678 300
00005 3826 0626 293
00003 3267 0686 269
00002 3824 0677 287
00001 3488 0621 267
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Verifying computer rasults with avallable experimantal data

The Authority has revicwed the references mentioned in NRC Question
2, as well as others for the existence of experimental data to permit
numerical simulation and verification of computer results. The Authority
was not able 10 locate sufficient information and provide a numerical
verification of any experiments. Furthermare, the Authority believes that
these has been no full scale testing of fuel racks in water subjected to 3-
D seismic excitation that could be used as a benchmark.




NYPA Response
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P. 6-25

&

it ie stat2d that “Plastic analysis is used 1o obtain the hmiting
impact load. The amit load is calculated as 4585 Ibs. per ceil which is
much greater than (he loads obtained from any of the simulations ’
Discuss how this statement may be translated into stress regime in fuel

rods. Provide also the margin in terms of allowable stresses which
exists in fuel rods

The limit load of 4585 Ibs per cell represents the ultimate load capacity
of the rack cell. Actual rack-tc-fue! impact loads are much smaller than
4585 \bs per cell

The maximum instantanwous load is 339 Ibs at the 1/4 slevalicn, or

approximately at the secong spacer 1ocauon of the fuel assembly

The seismic analvsis of a single rack as discussed in Section 6.2 of the
Licensing Repcit models the fuel assemblies in individua

ocation as five (&

qu'vi"&'iq(}
lumped masses, located at different levels of the rack

Table 6.5 of the Licensing Report provides a summary of the maximum

instantaneous fuel-to-rack impact loads for various rack loading cases
analyzed. From Table 6.5, the maximum instantaneous impact 10ad 18
For the limiting case (Rack C, SSE
maximum instantaneous impact loads by alevali
direction are as follows

339 lbs /ceall Jil load), the

N 1ocaton and

Max<imum instantanecus impact L«

™ . 5
uirec )
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Analyses performed by General Electric (GE) In suppart o ensuring fue
system compliarce with the requirements of the Stanctard Review Plan
Section 4.2, Appendix A *Fuel System Design®, show maximum
expected loads on the spacers that are approximately equivalent 10 the
339 b peak fuel-lo-rack impact loac

GE's fuel system design analyses are proprietary. However, GE tosts
have shown that the spacer has a design margin greater than 100% over
maximum expected seismic reaction loaas. In adaition GE analyses
show design margins of 50% for the fuel rod over the maximum
gxpectad seismic reaction loads

The Authority concludes that the stresses in the fuel rods will not exceed

design margins as a result of fuel-to-rack impacting during a seismic
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P.6-31. In page 6-31, & discussion egarding difierence In responses
between a simple and multi-rack analysis was presenied The
discussion refers 1o movements of the support foot. Please provide
comparisons in terms of maximum displacements and stresses of tuel
rods, as well as at key corresponding nocies between the two analyses
NYPA Response The rack-1o-tuel impact loads predicted by the three dimensional (3-D)
single rack model are considered 10 be more accurate than those
predicted by the two dimensional (2-D) multi-rack modal. This is
because the 3-D model determines the maximum instantaneous impact

- r

lcad at 5 elevations which cannot be done with the 2-0D mode!

The 2-D multi-rack analysis predicts the kiner atic displacements of
savaral racks in combination under theé same adynamic loading The
primary purposo of the ¢ D muiti-rack analysis is to confirm that no
rack-to-rack or rack-to-wall impacts occur under the postulated locading

cCoONQions

Tables 6.5 and 6.6 of the Licensing Report summar (e the various
single-rack computer runs. The run that most nearly represents the

" v

multi-rack 2-D case is Run B10 for Rack B1. The failowing 18 a summary

of the loading conditions and results for Rack B1 from the single-rack

Tables 6.5 and 6.6) and multi-rack (Tabile 6.10) evaluations
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3D 2-D
Single Rack Multi-Rack

Loading Conditions
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NRC Question § P.8-1. Provide key stresses (or strength) and applicable margins that
correspond 10 each load combination. Provide an estimate of the
potential .ncrease in stress (decrease in margin) if the current load is
calculated using non-linear limit strength analysis. Also provide
approximate increase in loads from current to proposed maximum loads
for the pool structure.

Supplement to NRC  During a phone conversation, the NRC requested information about the
Question 5 spent fual pooi dimensions.

NYPA Response: Applicable Load Combination
An evaiuation of the spent fuel pool structure was performed using the

weight of the consolidated racks with their contained fuel assemblies
and control rods. The load combination that produced the maximum

stresses is:
U= 14D + 1.4F + 1.7L + 1.9E0
where: U= Load Combination
D= Dead Load
F = Hydrostatic Pressure
L = Fully Loaded Racks, Note that racks were
considered live load for conservatism.
Eo = OBE Earthquake

Key Stresses and Margins for Shear Capacity

The evaluation for shear capacity was performied using elastic (linear)
analysis. The total factored load is assumed 1o be spread out on the
poo! fioor as a uniform applied load. The critical section for shear is
taken at a distance "d" in accordance with Section 9.2 of ACI 346-85,
modified per section 3.8.3 of the USNRC Standard Review Plan,
Revision 1, July 1381. This distance 'd" is 57.5" from the exireme
compression fiber to the centriod of longitudinal reinforcing steel.
Figure 2, shows that most of the currently proposed additional racks will
be within the distance “d" from the wall. This will allow the entire load to
be directed to the wall and therefore, will have only a minor effect upon
shear stresses.

Key Stresses and Margins for Bending Moment Capacity

The critical location for the slab bending moment under the existing high
density racks is at the west wall. However, the new racks are 10 be
installed along the east (opposite) wall. Due to this location, the new
racks will have no significant effect upon negative bending moments

12
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along the west, north and south walls and only marginal effects, in fact,
along the east wall itself.

For the existing racks and the new racks, the slab remains elastic. The

step-by-step part of the analysis used to simulate nonlinear response
was only needed to determine ultimate capacity.

Potential decrease in margin (increase in stress)

Based upon evaluations of the present high density fuel storage racks,
as well as the additional new racks, the margins calculated for the load
combination are compared as follows:

Margin as Percentage of Capacity
“urrent Proposed
Shear 19 13
Bending Mornent 7 e

The cemparison above shows that t! 2 addition of the new racks along
the east edge of the pool does not significantly reduce margins. The
new racks are close 10 the edge and therefore will have little effect upon
bending moments. Similarly, most of the load of the new racks will have
no effect upon shear at the critical section for shear.

Spent Fuel Pooi Dimensions

The dimensions of the pool siab are 31 - 0" wide x 40 - 0" longx § - 0*
thick. The slab is supported by four additional steel columns located
107~ 8" from the west wall. These columns are 24" in diameter with
Belleville springs at the base. Each column was designed to provide a
constant upward force of approximately 440 kips on the slab. These
columns were added when the original racks were replaced with high
dei sity racks. Figure 2 provides a schematic of the spent fuel storage

pool.

Prooosed maximum loads for the pool structure

In response to this part of the question, attached is Table 9.1 revision 1.
This table shows that the percentage increase in loading on the pool
structure from “current” 10 “actual” is only 9%, whereas the structure
remains elastic for an increase of up to 52%

14-
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Table 8.1 Revision #1

A

ymparision of Current, Actuai and Assumed Loads

or Analysis on Pool Structure

irremt Proposed Assumed
d & - . 4 — v g
No. of storage cells 2244 279 2854
N rt ¢ 8 a . she
Weight per cel 65 X 1324
vwater height 17 7 ‘7 7 "y P
~ ~ ~ ~
Tot ! Ihe 4 3 » " 4 i AL A
ial Load 8 &, .35 e 4 M 454 & 894 640
N v :
s COIY Wagdea | asponse | Juaslion :
i 4 to r B4 ) :
1D e 15 ¥ agaiona 1 10cCanon Nnly: existing £« 44 lnca Nns rema it GRS
L ol
‘e .
’ vveight wresponding 1 ns jated fuel was a ned in il siat
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NRC Question 6 P.9-1. Provide ANSYS code verification documents regarding non-
lirgar limit strangth analysis that is used for the rerack licensing
application. The verification should be based on physical, prototypical
test data or a closed form solution, as applicable.

NYPA Response: Nonlinear portions of the ANSYS computer code were not used.
Instead, the ANSYS revision 4.1 computer code was used for this
analysis. This methodology is a step-by-step u'~ stic (linear) analysis.
The verification of ANSYS revision 4.1 computer code is non-proprietary
and is availabie in the public domain. The Authority believes that the
NRC has a copy of this verification in house.

NRC Question 7 rage 6-3. In the second of the three step analysis, ‘he solution is said to
be attained using the “Component element time intvgration scheme.”
However, in page 6-15, it is stated that numerical soi.'2.1 's obtained
using a central difference scheme. This potential confusior: should be
clarified by specifically discussing the basic formulations of each of the
two integration schemes. If the component element time integration
scheme is different from the central different scheme, then, one needs to
state which one is actually used for the solution of the governing
differential equation of motion. Then as in question 2, one siould
provide verification of the code including error estimates.

NYPA Response: The component element time integration scheme is different from the
central difference scheme. The Authority used the central difference
scheme for the solution of the governing differential equation of motion.
The integration algorithm used in NYPA's Reference 1 and in the Holtec
DYNARACK computer code is the classical central difference method.

The verification of the Holtec DYNARACK computer code, including
error estimates, is proprietary and has been reviewed by the NRC for
other licensing applications.

NYPA's References:

1. “The Component Element Method in Dynamics with Application to Earthquake arnd Vehicle
Engineering,” S. Levy and J.D.D Wilkinson, McGraw Hill 1976.

-16-
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EXECUTIVE SUMMARY

This report contains results of additional verification studies on
Holtec computer code DYNARACK performed to demonstrate DYNARACK's
capability to simulate certain unusual and arcane characteristics
exhibited by some nonlinear systems. This report is a sequel to
the original DYNARACK Q.A. validation report, ind it was undertaken
to establish DYNARACK's ability to simulate the so-called "“jump"
and subharmonic response phenomena associated with certain
nonlinear systems. Towards this end, sample dynamic problems were
selected from the literature and were analyzed on DYNARACK. These
problems demonstrate DYNARACK's ability to capture both standard
and special characterizations of nonlinear systems.



1.0 INTRODUCTION

This report provides verification that the Holtec dynamic
simulation code DYNARACK is able to predict certain classical
nonlinear phenomena that have been found to exist in certain
dynamic systems. In particular, we address here the simulation of
Coulomb friction by piecewise linear springs, the development of
subharmonic resonance, the establishment of limit cycles, and the
prediction of nonlinear "jumps" in the solution depending on the
direction of loading.

Four problems are addressed in this report which show that the
computer code is capable of predicting the classical phenomena.

Holtec Proprietary Reports: User's Manual (HI-89343, Revision
0); Theory, (HI-871¢2, Revision 1 and HI-90439, Revision 0),
and Verification (Hi-87161, Revision 2.)



2.0 NONLINEAR DYNAMIC ANALYSIS PROBLEMS
2.1 Subharmonic Resonance

Consider the generic single degree-of-freedom system shown in
Figure 2.1. A mass m is subjected to a driving excitation F(t) or
a base excitation y(t). The mass is attached to the surrounding
environment by a friction interface, by a gap .lement F (%) with
spring rate K,, and by an elastic spring-damper system that can
exhibit at most nonlinear cubic behavior (in Figure 2.1, §, is the
extension of the elastic spring). Figure 2.2 shows the behavior
nf the different elements qualitatively. All of these "spring"
elements are coded in DYNARACK; the user need only input the
information regarding the degrees-of-freedom that cause the spring
extension, and the information concerning spring rate magnitude,
etc,

In the initial problem, we assume F(t) = 0, and the ccefficient of
friction 4 = 0 (note that |Pypwi = WPy where Fip, is an input
value or the load from an adjacent compression only stop element
that represerits the contact). We also assume in this problem that
X, is large so that the gap eleme t never acts. The nonlinear
spring is assumed as (K, = 0)

F, = =[K, & + K 6;)
and the input excitation is y(t) = 10g sin (2nft).
We assume m = .1036 lb.sec.?/in., C; = 0., K, = 90 1b./in., K, = 10

1b./in.?, £ = 9.4 HZ, and g = 386.4 in./sec. For a low amplitude
linear excitation, the linear natural frequency is



. A K,
£, = (
2n m

b
) = 4.69 HZ

If we integra*te ¥(t), and require that there be no rigid bndy base
motion, then

. 109
y(0) = = -65,4228 in./sec. y(0) = 0
anf

To ensure that the spring is initially unstretched, we assume the
same initial conditions on the mass m.

Figure 2.3 shows the acceleration of the mass versus time. The
subharmonic resonance is clearly visible in that there is a strong
vesponse at 4.7 HZ (half the frequency of the imposed driving
excitation). Appendix A contains numerical results for the same
problem done in Reference 6.6.

2.2 Sliding Friction and Dead Bands

Consider Figure 2.1 for the case x, -~ ®, Fg = 0, C, = 0,

F(t) = B sinrt. That is, we consider a mass resting on a frictional
surface which generates a frictional resisting force *R and is
driven by an external sinuscidal force. Tou and Schutheiss have
given solutions for this situation. The interesting features of
the motion are that if R/B < .536, the motion is roughly
sinusoidal, but has discontinuities in acceleration. If R/B >
.536, then the motion is sporadic, there being so-called dead bands

"Static and Sliding Fricticn in Feedback Systems, J. Tou and
P.M. Schultheiss, Jour. Appl. Physics, Vol. 24, 9, September
1953, pp 1210-1217.






An approximate first order asymptotic  solution 1is cobtained
analyticaliy by Bogliubov and Mitropolsky.

For an assumed oscillatory scolution

X, =acos (v t +48) a=a(t); # = 8(%)

the approximate solution for the v-a resonance curve is

2 : 2
W, = (1 + a’)
8

E,}

v, = (W, (a) # — - ol S
a

For the parametsrs § = .2, E = 1, the resonance curve can be
constructed using using the above approximate analytical solution.
A typical result is shuwn in Appendix C, and tabular results,
sufficient to plot the resonance curve, are alsc given in that

appendix.

Note that the solution to the linear non-dimensional equation
(neglect the x,° term) predicts the peak amplitude |X|g, = 5.0 at
a frequency of .99 rad/sec. It has been shown that a system with
a hardening spring has a resonance curve whose central spine is
tilted to the right as shown in Figure C-1 in Appendix C. The
resonance curve is obtained for a given amplitude of excitation,
In practice, the resnnance curve shows areas of instability. If
the excitation freguency rises, the response fcllows the resonance
curve to a certain point, and then drops abruptly to a smaller
amplitude. Similarly, if the excitation frequency is decreased
through the resona.ace region, the response will pass along the

Asymptotic Methods in the Theory of Non Linear Oscillations",
by N.N. Bogolinbov and Y.A. Mitropolsky (Translation by
Hindustan Publishing Corp., 1961), pp 244-245.
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FIGURE 2.2 SPRING CHARACTERISTICS
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FIG. 2.9 (REPRODUC'D TEXT)
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43 THE DMPACT LIMIT, ANALYSIS
h!&mﬂbﬂumqﬂﬂmmmh‘d*m
the impact s taken 10 be zero T\i“mnﬂyﬁhk“mpﬁn‘c“
We also rescaie: £ = 8z, and take unit forcing amplitude
Mrmnwhuwmimymhﬁmhhm'
m.ﬁmmﬂbl-melmmﬁewﬂ.iz,

i =ts, and y,=-ry, (e

3 g

PIECEWISE (INEAR OSCILLA TPONS J . L ]

d:ﬁ.hh-‘&-ﬁ:k-‘*ﬂﬁ-h.b
§ wwwous umpect ‘lhe-ﬁ-ln‘:c'—-cd-:b--&n

i —~ta=Qonie, Y= ve™ ~yufr, with y,>0 59, 539

wme-ﬁ-&--c-m&pﬁdcpi-ui,ﬂ First one writes
equation (7), wsing equations (5), (T , and (S1). to obtain

0= —aol_ + gy "0l + Myw) iyt — Al 5D

“nmugua-munaun—-mr.-i-&aa
A=Es/? Eme - s=gin(2eniliw), snd c=cos(2enilie) Nest one writes
equatroa (51) vimg syuato 'Jﬂd“-‘u:*dq-%(ﬂhd-

.'h‘""‘ﬂf.lhﬁ!.6mﬂ.—;“)-c.d&d".th: 5y

bhmhnﬁ.w-“m&ﬂ?aﬂsnnqhm
od-‘_--*ev.-i—-ﬁqedy:. .u-h--ﬁ-hm-c.-mu‘)

snd s, =mam (0
O=lao/ AMeA”™ ~ T $ |0 s frymed . - ABr 1@/ ANSE + Avert]
tod el - Ay < /AN - ASwiL (54)
Mi-ln—rf..w.nu'ﬁ.ndmhhwbh
wriften as
=X +3,¥ o¢, 7. 1537
which has a sofunon
i.-ﬂl.‘-a-l?’llwm‘-l’l")& (56}

”'-JY'GZ'.l\hem.'-o.e-!i.e,hc‘n'h-ﬂu'qnnn
h,ﬁd.-&!&“h&h’ni.b&cﬂwb’-ﬁg
esther equation (57) or equation (S3).
lb“.m&a““.“ﬁa«-ﬁ*
i) = 2o ad tit, )= —riiry). If the valne of Fr=2l0,) ® posstive, then the solution

-&-QM'-“
lﬁ&pﬁﬁ,ﬂ.ummm.m As before, one breaks
.‘“d"'ﬂhmh"..blﬂb—~l.~'2 Here
[m:.:] [0 -0} - L......;H‘. - ..
Where [t y2)/#e,, v,)] was derived sbove in ;- ‘nalysis of the fmite stiffness case
D =(-ryyde ™", (59

nd trace

T =fe ™ V10 JN, + o) sim 483t3 ~ €} + Dy, - ry ) con aDie, —0] 1609

Evatuating om 2 periad m orbet grves
D=r'E" and T =(E/Q5001 +r%E, + 05 - 2rietdel 1,62
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APPENDIX A
| SEC. 2.14 Frcu Textbook
, “"Component Element Method", McGraw Hill (1976)
by 8., Levy and J. Wilkinson

(Subharmonic Resonance)
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that oscillations will tend 1o stabiliae near the interses
tion point 2 which thus specifies the ste
Ligng, at least 1o & first approximat

In summary, analysis of the stability problen
require the follow:ng steps

8) Determination of the weoe form at the

of the nonlinear device result ng trom a sinusowdal inp

b) Calculation of the describing tion Haix) s
the wave shape ohiained in (a

o) Plot and interpretation of the amplitude af
frequency loci for the system under considerat }
the cases of part Iar interest here () Len e o
rearrangeinent he nvet \ !
order o secure efleclive Dall '
tions inlo twn A I he A ! |
quency sensitive component ! i A
but frequency insensitive ole

The following defir .
paper. Static {r f ol 1 Lia
rotation., Siiing ¥ } naletn ’
component ol the (v {
motion once starts \ [ ¢!
af the torque v s linearlv profport ‘ "
lar veloc:ity I the i net !

- Nerir e w'e
{aman ong
{
b .. Feedl M N R Wit LB}

HL SLIDING FRICTION [N SERVOSYS1IE™

A. Wave Form Resulting from & Sinusoiasl lapu
Torque to a System with Sliding “riction

I only sliding friction is considered the entire

phenomenon can be represented the A\racterst
curve of Fig. 4

Consider a rotating member with moment of inertia
J and angular acceleration 4. Because of sliding (rict
the effective accelernting or decelerati, ¢ torque r,
related to the ap;lied torque r, throug e cqun
where T, is defined by Fig. 4. From Newton gt
motLion,

..,,,'.,:«,‘_ TR Y. v |

'r"” ’%]\ ] 4 Al e A r i it

of Lthe rotating member Five

}{P'..f' B i) Nas the » |

I the applied e ry




Fia. 5 Steady state wave forme withinit ded gones

It follows that
amgin-'\, s

AT T, ("

point remains unknown, Once it has heen o duated in
terms of A, the wuve form is completely detremined
There are two possibilities: [f w<d, there is no dead
zone in the r, wave (Fig. 5). If a> 4, there are dead
sones a8 indicated in Fig. 6. These two cases wlll be
~=nsidered separately !

Mathemaiical wiation of Lhe
Steady-State 1V ave Forms

Case (1) ~~No dead sone. a<(,
Refer 10 Fig. 5. In the absence of viscous frictin, th
following steady -state conditions exist.
Shaded area No. | = shaded area No. 2
= shaded area No. 3
= shaded area No. 4, o1 *
But between ¢ and b,
row T sinuisT.

w Ty (sinl dmna) = 7'y (sinal 4} ) ; (1
aid between b nd ¢
rew T osinu=T,
o Ty (sined = sina) = T, (sinwi=\). (an

s
area No. |1= f T o (sined + sina)d (w)

= Ty~ cosdi+ 8 s+ cosa+a sine), (12)

* Nowe that & desd sane or region of sero eflective torque and
w!uitm a8 be on Fig 6 occurs whenever the applisd torque
\ in magn’.ude than 7, at the instant when the ve

‘' a 1o '\' integree! " tarr 'h Alsiticy
“’ o !U. in LY ey

AND P, M, SCHULTHEISS

and
e

area No )-f T, (sitd = wina )y ()
L]

o ToLcom= (#=a) sina +cond g sing). (15

I Egs. (12) and (13) are st equal and simplified, the
result 18

rosd = ¢ wing )
wr

dmeon (e ) AN

For the pctrom cawe, gwa, 1o 114) biger s
W o= U
Aasigh 2w}
\ ol Tore & vieids

Awd, =0 245

Ao 18 the critical value of the quantity T/ T, There
no dead wne Jor NEX, and there are dead sone (ot
A>A,.

Cage (M WL depd sones, a4y,

In like manner, one abtains from Fig, o

shaded area No. 1= shaded area No. 2
= dhiaded area Na, 3

= shaided area No, 4, et
Hut, hetwren o and b,

tom Uyl siid w40

hetween & anid o,
v, ml) e

il between « andl 4,

rem Talstined =\, 1N
Henee,

R
area No lnf Tolsinads A d
-

w Iyl = cosd + s comatar), 19

-

aren Na, 2-}

w I'fcosa~ (2 —al\+oosatar)  (20)

-
T (sined = A ()

Equating (19) and (20) ane simplifying

M= cosfm (1 =2\ (g =gin=AI\. (21
For the extrome case asd = s '\,
Asir A= (1N e (1= A" (ganin=AIA
ot
y A=A, =580 4s belore (18)
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B, Calculstion of the Describiag Function

(B 1.00) A A Penocic Iy tion of tim i
XA U erms ol & Founer w e
by °
!
Folé) ™ + ~ Ve SN 2 - L L, Ty
QY -

It has Leen pointed out that, to a Lrst appros

r
r.01) can be rervesented by the fundamental
of ‘i Founer series. From symmetry ns
b.-“ I‘l‘ mplies oscuiatwon LI t Lhe '™
whicl A A ! | n { DAY teret 3
analyses ' T
i wad
where
' ’
¥ '
andd
-

’
| » J
i N ' ’ Wrie ’
i f " A
oh
. »
b [ Putsinatioh) siniatidin
: y
¥y v,
\ Y
- » .
Equat : Y Also be writle !
/- SUN (e
where
| i
‘ . .( )
) |
¥ |
AN
\ . \
3 v
>
]
{ tr .
Me ¢ - 5 ! t ¥ s s
J
yhere
' !,
'
A
L
Exlensons L aNs are 5
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C. Cloous ' ’ ’
‘f\l' i T N { { " i 11} { ! LT
. N g : ! R TR L
juantity 5/ For any given svstem | . n ' '
stant and Ha 8 0 Tunct I's thechuse T'yn .7\
For a fixed value of Uas Hy 8 0 comples Nty which
may be represeniod by a vector in U omplex plane
[he curve ol 1/ Ha), the  locus, (nrms the “oritic
acus’’ for svsiem stability nsderations, with 1he
critical pound 1,0 an o specual ruse ' ent
svstems. he O locus s Iy { ! i

IV. SLIDING AND STATIC FRICTION IN
SERVO SYSTEMS |

A. Wave Form Resulting from a Sinuseidal Input
Torque to a System with Sliding and
Static Friction

!l‘ul!' S amil st Fict " oar 0 f
Inction phenomenos i M prrese il ol s )
ACTErISL I U d g, 8 1 vill i i ' i
most im”um"t U Adlume insta WNeaus tra {1y { st
the static to the sliding friction valye alt gh tl
! N Shidding and AT 18T .
procedure does imply a doegree of
Wave forms of », rresoonding Lo " ) :
] V.oih jure nertin ond and er steq £
orqgue r.li)m ' IV BkeLchedl \ }
Lorqu . s Mhd art A * L pr on the shaded areas are squal Eguatine (14
cedure identical with al o in NS¢ 111 Fig )
wndd simplilyving
and 10), As before, thers il SIRLU TR 11
with and without dead zones. The latier n ikt ingy \J | AT /T
able from the corresprnding case discussed in ¢ i AT T
because the system Is continually in \ | [k
quaty 10) detines 3 i terms o knovs pare nye
ihe former roquires dets)) ) disy | i J ) {
It i» wur aat the system will not move a
l»v] /. for then 7“". 7"
M athemalical Represevitalion
LY . i ! J . " "
Steady-Siate Wave Form B. Calculation of the Describing Function
{ ) Na s F ) id . \
Case (1 N0 Coad . v OF &y \pproxi ate expreasions for effective torqgue are
From Sec. I11, Eqs. (10) and (11}, o tained Ly reasoning sim.ar to that in Sec. il
obtains the equations for r,
¥, L
{l= 7’ 5 A :
Vi | i L ) LA | \
v (1) = Ty (ninusd = A for << y~qa CRR
{ use cad A \ " !
where A 7' /T, a®sin™'A and )\ e th \ { p
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C. Static Friction<Loci and S Locus V. PLOT AND INTRRPRETATION OF THE AMPL
AND FREQUENCY LOCL EYAMPLE
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1216 J. Tou
friction describing function reiates applied terque to
effective torgue, neither ol whick appesrs as an explicit
quantity in Fig. 13, This diagram therefore dies not lend
itself readily to the analysis »f fnction. However, it is
eAsy to consiruct the equivalent block diagram of
Fig. 14 by the basic equations desc-ibing
motor performance. Torque now appears explicitly,
and it is & simple matter tc write the loop gain equation
in terms of the friction-describing function and the
system parameters defined in Fig. 12. The equation
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Fia, 12, le peationing system. e /R KA pemotor time
constant ; (1) mequalizer tranaer (unctive, .\ re motor turque
per unit armature curvent | X, » motor counter emi per unit speed
Jemotor end load inertia; Kymgain of amplifer and selsyn
w KK, Rearmature loop resistance
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luas the form

K+«Ks K.
A (:)-R.m-—l-——+ -H.(:)j. (48)
JPLR R

Note that viscous damping due to counter emi is
represented by ‘he additional feedback path rather than
the conventional velocity-dependent load on the output
member. This step ‘s necessarv bacause the frictian.
describing function was derived for the case of a pur.
inertls Joad, The procedure is shviously based on the
assumption that a sinusoid applied to the nonlinear

‘J.{E.L' ]
|
L |

Fia. 11, Conventianal hlook diagram

ere

device ylelds an output signal of which only the funda.
mental is significant in transmission around each loop,
80 that only sinusoids of the same frequency need he
considered. This assumption becomes prosressively
poorer as damping, and hence the interior loop gain,
increases. However, it will he seen that the method still
leads to acceptable first ajpooximations v ramee of
considerable practical interest

Consider the system of Fig. 12 witn the followine arhi
srary numerical parameters, all given in o

onsiatent
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set of unitg

Kewiym], Rwl, JalOlnl, K,=un,
Eiym50 T=01 49 1
Equation (47) nuw becomes
n-‘/
ML e
1(8) v f] (1) &) o
sl 1) e
In the absence of an equalizer /1,5) the loop would by |
Nk

closs to instability. Let /7,(2) b 1 two stage Iag netwaork
or integrl equalizer
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Witio 1t frictian the systom ol etlined 4 shaps g+
o A6T any w luirky 0 "mape) 11 s REDONS.
Nyquist diagram of Fig. 15 contirms that dedi
Note, however, that the sliding (riction C) locus inter
sects the Nyquist piot at two wints, The svstem
evidently stabile for excoedingly ymall diaturbancsy
becomes unstable as soon as 4 significant input e .
is applied and then sustains oscillations at an amplitue
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and frequency determined hy the intersection xint
closer to the origin, Aa experime 13l chark by anatig
computer resulted in oscillation at 1.6 rad,/ see as o
pared to a theoretical value of about 2 rad/ sec.

If & mino, loap is used in place of the series squalizos
(I8, 16), the result is quite different, Ny a process en
tirely equivalent to that unsed in cearranving the Lioo
diagram of Fig. 13 the loon gain function may he weitten
in the equivalent form
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Using the equulizer transfer function™

(3000 (140.19)

AR L oD —
i 1001+ 0.50)"(1+0.0035)

' A more elsbornte equaliger ~ould peabably be used in pescticr
This primitive lorm was chosen hecaies i m\n!rllﬂ clear!v 'hy
difheulties pncountersd because of fnction effects.

(50

® M () has been chosen 3o as to vield 3 system with t-ansd
from aejut fo sutpar se close ag oevctical to ihe efes 8 .
sipicture. Without the last depomivaind e (requitsd) | w
renligatulity) the two would he abrost dentical in the 2w

d fnction A8 i1 i, the sten function «

thistingushalide

APsaness e virtually o



STATIt AND SLIDING FRIT
and the same numerical values as
urt obtains the Nyquist diagram shown a
the series equalizer case in Fig 15 The t does
intersect the C locus %0 that the system rermainy stable
in the precence of friction. Measured results from a
snalog computer besr out this conclusion

‘The equalizer used in the above example ntroduced
sttenuation with the third power of frequency over a
10:1 frequency range, %o that the resultant fnctionless
system is conditicnally stable. It may therefore not
apresr surprising that oscillations should develop when

& nonloear element is introduced into the loop. dunilar
results can, however, be obtained with & single stage

lag network and & resultant loop of absolute sial
Connider the series equaliver

H( wm (1402510, 14D i
The gain factor Ky 18 chosen as 100, all ather parameters
remain unchanged from the previous example. Figure |7
1}
.
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R R |
oe wer
wh
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wcows WG wmn pavalier aguoV e
Fio. 15, Kough sketch of amplitude and frequency locl. [nterse

tion st P is sctually st & far greater distance [rom the ongin

shows the Nyquist plot as well as the curve [or a corn

sponding minor loop structure. The latfer is clearly
stable. The Nyquist plot for the series equalizer case
shows no intersection with the C locus and measure

wents in the presence of sliding frictivn alone indicate
stability, However, the Ny quist diagram does crozs Lhe
S locus twice, indicating that o NS raav ocour
when static as well as sliding friction 1 «
Sinc. the S locus traces the termini of the
functions for various
it is evident that stability
ratio: only for values between those
the two intersection points can oscillai’ons exist, Tt s
also evident that the frequeno { oscilial

rise from a theoret
maximum of 2.25rad/ se
computer measurement is 08 rad/rec to 2.0 1 ¢
The experimental correlat it intermiediate .

Hatt

Aaered
describing
static-to-sliding-fnction ¢at

depends critically on that
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RESONANCE CURVE SHOWING JUMP PHENOMENA



