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U.S. Nuclear Rogulatory Commission
ATTN: Document Control Desk
Mall Station P1 137
Washingten, D.C. 20555

SUBJECT: James A. FitzPatrick Nuclear Power Plant
Docket No. 50-333
Request for Additional Information -
Proposed Changes to the Technical Specifications
Spent Fuel Pool Storage Capacity (JPTS 90-035)

Reference: NRC lotter, D.E. LaBargo to J.C. Brons, dated November 20,1990,
'Roquest No. 2 for Additional Information . Spont Fuel Pool
Storago Capacity inercaso.*

Dear Sir:

Tho NRC roquestod additional Information concerning the Authority's p'oposed
changos to the FitzPatrick Technical Specifications for increased spent fuel storage
capacity in the abovo roforenco. Attachment I providos the Authority's response.
Attachmont il is the Holtoc Report Hi 91614 which supports the Authority's response
rogarding the capability of DYNARACK computer code.

If you have any further questions, please contact Mr. J. A. Gray, Jr.

Vory truly your , y

I'I ~ 3C d
Ralph E: Beodle N
Executivo Vico Prosident
Nuclear Gonoration

STATE OF NEW YORK
COUNTY OF WESTCHESTER

Subscribed and swo!,n tp botoro me
this / 4 C/ day of_ AA 1991.
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cc: Rogional Administrator
U.S. Nuclear Regulatory Commission
475 Allondalo Road
King of Prussia, PA 1940G

Offico of the Resident inspector
U.S. Nuclear Regulatory Coromission
P.O. Box 136
Lycoming, NY 13003

Mr. Brian C. McCabo
Project Directorato 11
Divlslon of Roactor Projects 1/11
U.S. Nuctoar Regulatory Commission
Mall Step 14 02
Washington, D.C. 20555
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Attachment I to JPN 91037
a

RESPONSE TO NRC REQUEST 2 FOR ADDITIONAL INFORMATION'

'

SPENT FUEL POOL STORAGE CAPACITY INCREASE 4

,

i
'

NRC Ouestion 1 P. 6-4. It is stated that ' lift off of the support logs and subsequent linor
Impacts must be modellod using appropriato impact (gap) elomonts,
and Coulomb friction between the rack and the pool liner must be
simulated by appropriate precise [ sic) linear springs.*

Discuss, with specific examplos, how one simulatos Coulomb friction by
appropriato plocewise linear springs. Demonstrate that such model
does simulate actual physical responses by means of experimental data
or analytical solutions. Provide a discussion of mathematical basis of
such model which was utilized in your computer program and provido a
simple calculation wheroby one can compare with a closed form
solution or an alternate numerical approach to establish the validity of
your solution.

- Supplement to NRC During a phone conversation, the NRC agrood that the Authority could
Question 1 show that the relative sliding velocity betwoon the rack podestal and

pool liner is * low" enough so that a cons; ant coefficient of friction may
be used,instead of responding to the third part of NRC Ouestion 1,

_

:

NYPA Rosponse: Simulation of Coulomb friction by piecewise linear springs

The methodology for modeling Coulomb friction by piecewise linear
springs in the FitzPatrick rack analysis was adopted from NYPA's
Reference 1. Holtoc Report Hi 91614 (Attachment il) providos a specific
example that shows the capability of DYNARACK to simulate frictional
phenomena.

Model demonstration

The result of the rack analysis domonstratos that DYNARACK works.
The mathematical basis of using such a model in the DYNARACK
computer program is explained in detall in the response to NRC
Ouestion 2.

Relative Sliding Velocity

To determine the rolative sliding velocity at the podestal linor intorface,
. the Authority reviewed the results of one of the DYNARACK simulations.
Specifically, the Authority examined the results from an analysis of too B
rack (11x12). The net horizontal velocity of the podestal base, relative to
the floor was calculated as a function of time.

4
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Attachment I to JPN 91037,
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%

Figuro 1 providos a plot of the not velocity V dofined as:

2V = (VX , w2)1/2

where VX, W are the Instantaneous velocity in the X and Y d;roctions,
respectively. Figuro 1 shows that V F 3.3 in./ soc, which the Authority
considors * low". For such a * low" vEocity, the vviation in coefficient of
friction will not be significant.

2
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Attachment I to JPN 91037
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4

,

NRC Ouestion 2 P. 6-15. It is stated that a central differenco schomo is used for solution
of the governing differential equations. Domonstrate how such a
scheme can adequatoly deplet various responso phonomena, such as,
subharmonic, bifurcation, and instability associated with nonlinear
dynamics. Provido a specific example for such domonstration sim'lar to
that provided in referoncos (1) and (2). Discuss how error associated
with numerical intogration is assossed and accountod for in a similar
manner as that of referenco (3). Also provide vorification of the
computer results with available experimental data.

NYPA Rosponso: Depleting response phenomena and using a specific example

Attachment || provides DYNARACK simulations using a contral
difference schome to prodlet classical nonlinear phonomona such as
subharmonics, bifurcation and instability. Specific examplos sim!!ar to
those provided in the NRC's Rofcroncos (1) and (2) are includod in
Attachment ll. Thoso nonlinear responso phenomena associated with
classical nonlinear dynamics, ato not exhibited by the racks; howevor,
the DYNARACK pro 0 ram has the capability of prodicting those
phenomena,if they occur.

Assessing and accounting for error associated
with numericalintogration

NYPA's Reference 1 provides an examplo of the stability and
convergenco properties of the contral difference analyses. This examplot

shows that the smallor the timo stop, the closer th6 solution approachos
tho " exact' solution. There is a cortain critical timo stop above which the
solution is unstable. In fact, to totain accuracy during the calculation,
the time stop should be as small as 0.31/W, where W is the highest
linear natural frequency (rad./ soc.). The result in NYPA's Roforonce 1 is

i modified by nonlinear offects and by damping, but gonorally there will bo
! an upper limit for At dictated by stability and a lowo' 'imit dictated by

round off error.
;-

NYPA's Reference 1 also shows that the time stop for convorgence will
always be smaller than the timo stop for stability. Thoroforo,if the
convergence requiroments ato mot, stability will result.

To check the timo stop required for convorgence, the Authority solocted
an analysis and ran it with difforont timo stops to ensure that final
conclusions concerning structural intogrity and rack movemont wero
corroct. Holtoc re-examined run CO2 from the licensing report (6x14
rack, fullload of normal fuel, SSE, Coef. of friction = 0.8). Tablo 1
shows the results of runs with differing timo stops. Results for top of

|
rack displacements and podostal stress factor R6 are comparod. The

I critical stability uppor limit on time stop is betwoon 0.00045 and 0.00049.

-4
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The time stop used for singio tack analysis in the licensing report was
0.00005 soc. This value is approximatoly ono-tonth the stability limit and

,

'

is also large enough to ensuro that numorical round off errors do not
affect the rosults.
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Attachment I to JPN 91037. .
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Table 1

6 X 14 SPENT FUEL RACK, NORMAL FUEL, S37.,

CONVERGENCE STUDY

Time Step (sec.) DX (in.) DY (in.) R6 (max.)

00049 RESULTSUNSTABLE RUN ABORTED.

- 00045 3455 .0654 272 |. . .

!

00040 .3488 0621 257 -
. ..

00025 3704 .0689 .290. ,.

00010 3872 0630 278. . .
.

'

00007 3445 .0678 300. .
.

t

3826 0626 29302 -. . .
.

00003 3267 0686 259. . .
.

00002 3824 0677. .287. ..

00001 3488 0621 257. . . 4.

:
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Verifying computer results with available experimental data

The Authority has reviewed the references montioned in NRC Otmstion
2, as well as others for the existonce of experimental data to permit
numerical simulation and verification of computer resu!!s, The Authority
was not able to locate sufficient information and provido a numerical

'

verification of any experiments Fulthormort, the Authority believes that
there has boon no full scale testing of fuel f acks in water subjected to 3- i

D solsmic excitation that could be usod as a benchmark.

7
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NRC Ouestion 3 P. 6-25. It is stahd that " Plastic analysis is used to obtain the limiting
impact load. Tho simit load is calculated as 4585 lbs. por cell which is
much greator than the loads obtalnod from any of the simulations."

-
Discuss how this statement may be translated into stress regime in fuel

- rods. Provide also the margin in terms of allowablo stressos which
exists in fuel rods.

NYPA Response: The limit load of 4585 lbs por cell represents the ultimato load capacity
of the rack coll. Actual rack to fuel impact loads are much smaller than
4585 lbs por coll.

The maximum instantaneous load is 339 lbs at the 1/4 olevaticn, or
approximately at the second spacer location of the fuoi assembly.

| The seismic enalysis of a single rack as discussed in Section 6.2 of the

_

Uconsing Repo;t models the fuel assemblies in individual s% rage
location as five (5) lumped masses, located at different lovels of the rack.

t Table 6.5 of the Uconsing Report provides a summary of the maximum
instantaneous fuel-to-rack impact loads for various rack loading casos
analyzed. From Table 6.5, the maximum instantaneous impact load is

F 339 lbs/ coll, For the limiting case (Rack C, SSE, = 0.8, full load), the
maximum instantaneous impact loads by elevation location and
direction are as follows:

Maximum Instantaneous impact Loads (Ibs)
_

1Direction

Location X Y

E Top 174 253

f 3/4 Elev. 114 160
i

1/2 Elev. 110 160n

1/4 Elev. 95 339-

Bottom 53 137

(1) X = short rack direction, Y = long rack direction

-8-
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4

Analysos porformod by Gonoral Electric (GE) in support of onsuring fuol
system compliar.co with the requiremonts of the Standarri Review Plan
Section 4.2, Appondix A *Fuol System Design", show maximum
expected loads on the spacors that are approximatoly equivalent to the
339 lb peak fuoi to-rack impact load.

GE's fuel system design analysos are proprietary. However, GE tests
have shown that the spacer has a design margin greator than 100% over
maximum expocted solsmic roaction loads. In addition, GE analysos
show design margins of 50% for the fuel rod over the maximum
expected solsmic reaction loads.

The Authority concludos that the stressos in the fuel rods will not exceed
design margins as a result of fuel-to-rack impacting during a soismic
event.

_

1->
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.

NRC Ouestion 4 P. 6-31. In page 6-31, a discussion iogarding difference in responses
betwoon a simplo and multi rack analysis was presentod. The
discussion refers to movements of the support foot. Pleas 6 provido
comparisons in terms of maximum displacements and stressos of fuol
rods, as well as at key corresponding nodos betwoon the two analysos.

NYPA Responso: The rack to-fuel impact loads predicted by the three dimensional (3-D)
single rack model are considered to be more accurato than those
predicted by the two dimonsional (2 D) multi-rack modol. This is
because the 3-D model datorminos the maximum instantaneous impact
Iced at 5 olovations which cannot be done with the 2-D model.

The 2-D multi-rack analysis predicts the kinomatic displacements of
soveral racks in combination under the same dynamic loading. The
primary purposo of the 2 D multi-rack analysis is to confirm that no
rack-to-rack or rack 40-wall impacts occur under the postulated loading
conditions.

Tables 6.5 and 6.6 of the Uconsing Report summar,to the various
singlo-rack computer runs. The run that most nearl) represents the
multi-rack 2-D caso is Run B10 for Rack B1. The fo. lowing is a summary
of the loading conditions and results for Rack B1 from the single-rack
(Tables 6.5 and 6.6) and multi-rack (Tablo 6.10) ovaluations:

-10-
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'
:

3-D 2-D
Single Rack Multi-Rack

Loading Conditions:

Input

Rack No: B1 B1

p (coef, of fric.)* 0.8 0.5
Load Full Full

Type of Fuel Regular Regular
Earthquako SSE SSE

Output

Displacomont at
Rack Top (in.) .0939 .08129

Rack to-Fuol
Impact Load (ib.): 124 94.7

Rack to-Rack
Impact Load (Ib.): 0 0

Rack-to-Wall
Impact Load (ib.): 0 0

* Pleaso refer to Section 6.0 of the Licensing report for this variation in
coefficient of friction.

The above comparison indicates that the 3-D singlo rack and 2 D multi-
rack models provido consistent and comparable rosul'.s regarding
displacements and impact loads.

Please note that rack to-fuel impact loads in both casos, i.e.,124 lbs for
single rack and 94.7 lbs for multi-rack, are each loss than 339 lbs. The
Authorit'/s response to Question 3 showed that 339 lbs is acceptable for
fuel rod strossos.

11-
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NRC Ouostion 5 P. 9-1, Provide key stresses (or strength) and applicable margins that
correspond to each load combination. Provide an estimate of the
potential :ncrease in stress (docrease in margin) if the current load is
calculated using non-linear limit strongth analysis. Also provide ;

approximate inctcase in loads from current to proposed maximum loads |
'

for the pool structure.
,

Supplomont to NRC During a phone conversation, the NRC requestod information about the
Question 5 spent fuel pool dimonsions,

i

|

NYPA Responso: Applicable Load Combination
'

!

An ovaluation of the spent fuel pool structuro was performod using the !
'

wolght of the consolidated racks with their containod fuel assomblies
and control rods. The load combination that produced the maximum
strossos is:

U= 1.4D + 1.4F + 1.7L + 1.9Eo

where: U= Load Combination
D= Dead Load
F= Hydrostatic Pressure
L= Fully Loaded Racks, Note that rac'xs were

considorod live load for conservatism.
Eo = OBE Earthquako

Key Stresses and Margins for Shear Capacity

The evaluation for shear capacity was performod using elastic (linear)
analysis. The total factored load is assumed to be spread out on the
pool floor as a uniform applied load. The critical section for shear is
taken at a distance 'd' in accordance with Section 9.2 of ACI 349-85,
modified por section 3.8.3 of the USNRC Standard Roview Plan,
Revision 1, July 1981. This distance 'd' is 57.5' from the extreme
compression fiber to the contriod of longitudinal reinforcing stool.
Figure 2, shows that most of the currently proposed additional racks will
be within the distance 'd' from tho wall. This will allow the entire load to
be directed to the wall and thorofore, will have only a minor offoct upon
shear stresses.-

Key Stresses and Margins for Bonding Moment Capacity

The critical location for the slab bonding moment under the existing high
density racks is at the west wall. However, the now racks are to bo
installed along the east (opposite) wall Due to this location, the now,

L
racks will have no significant offoct upon negative bonding moments

I

(-
-12-
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.

along the west, north and south walls and only marginal effocts, in fact,
along the east wallitself,

For the existing racks and the now racks, the slab romains elastic. The
stop by stop part of the analysis usod to simulato nonlinear response
was only nooded to determine ultimato capacity.

Potential decrease in margin (increase in stross)

Based upon evaluations of the prosont high density fuel storage racks,
as well as the additional now racks, the margins calculated for the load
combination are compared as follows:

Margin as Porcontage of Capacity

Ourrent Proposed

Shear 19 13

Bending Moment 37- 34

The comparison abovo shows that th a addition of the now racks along
the east edge of the pool does not significantly reduce margins. The
now racks are close to the edge and thorofore will have little effoct upon
bonding moments. Similarly, most of the load of the now racks will have
no offect upon shear at the critical section for shear.

Spent Fuel Pool Dimensions

The dimensions of the pool slab aro 31' 0" wido x 40' 0"long x 5' 0"
thick. The slab is supported by four additional steel columns located
10 *- 9' from tho west wall. Those columns are 24' in diamotor with
Belleville springs at the base. Each column was designed to provido a
constant upward force of approximately 440 kips on the stab. These
columns were added when the original racks woro replaced with high
der,sity racks. Figure 2 providos a schematic of the spent fuel storage
pool.

Prooosed maximum loads for the pool structure

in response to this part of the question, attached is Table 9.1 revision 1.
This table shows that the percentage increase in loading on the pool
structure from " current" to " actual * is only 9%, whereas the structuro
remains clastic for an increase of up to 52%.

14
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Tablo 9.1 Revision #1

Comparision of Current, Actual and Assumod Loads
'or Analysis on Pool Structuro

Curront Proposed Assumod*

No. of storage cells 2244 2797 2854

Wolght por cell 655 730" 1324'**

Water height 37.75' 37,75' 37.75'

Total Load (lbs.) 4,390,764 4,794,454 6,699,640

This column is added in response to Question 5.*

730 lbs/coli is for additional 553 locations only; existing 2244 locations romain at 655**

lbs/ coll.

Weight corresponding to consolidated fuel was assumed in tho slab analysis.*"

-15-
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NRC Ouestion 6 P. 91. Provide ANSYS code verification documents regarding non-
linear limit strength analysis that is used for the rorack licensing
application. The verification should be based on physical, prototypical
test data or a closed form solution, as applicable.

NYPA Response: Nonlinear portions of the ANSYS computer code were not used,
instead, the ANSYS revision 4.1 computer code was usod for this
analysis. This methodology is a stop-by step uMstic (linear) analysis.
The verification of ANSYS revision 4.1 computer code is non-proprietary
and is available in the public domain. The Authority believes that the
NRC has a copy of this verification in house.

NRC Ouestion 7 Fege 6-3. In the second of the three step analysis, *.he solution is said to
be attained using the " Component element time integration scheme." l
However, in page 6-15, it is stated that numerical soM!ca !s obtained i
using a contral difference scheme. This potential confusior'should be !

clarified by specifically discussing the basic formulations of each of the |
two integration schemes. If the component olement timo integration i

schemo is different from the contral different scheme, then, one noods to
state which one is actually used for the solution of the governing
differential equation of motion. Then as in question 2, one sh:>uld
provide verification of the code including error estimates.

NYPA Response: The component element time integration scheme is different from the
central difference scheme. Tho Authority used the central difference
scheme for the solution of the govoming differential equation of motion.
The integration algorithm used in NYPA's Reference 1 and in the Holtoc
DYNARACK computer code is the classical contral difference method.

The verification of the Holtec DYNARACK computer code, including
error estimates, is proprietary and has been reviewed by the NRC for
other licensing appications.

NYPA's References:

1. "The Component Element Method in Dynamics with Application to Earthquake and Vehicle
Engineering," S. Levy and J.D.D Wilkinson, McGraw Hill 1976.

-16-
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HOLTEC REPORT Hi-91614 :
- DYNARACK SIMULATIONS TO DEMONSTRATE THE ABluTY

TO PREDICT CLASSICAL NONUNEAR PHENOMENA

(JPTS-89_-033 '

,

New York Power Authority

JAMES A. FITZPATRICK NUCLEAR POWER PLANT
Docket No. 50-333
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DYNARACK SihtCL\TIONS TO DENIONSTRATE
THE ABILITY TO PREDICT CIASSICAL NONLINEAR PiiENONIENA

by

A.I. Soler

IIoltec Report 11191614
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SUMMARY OF REVISIONS

Holtec Report HI 91614 *

Revision 0 contains the following pages:

Title Page 1

Review & Certification Log 1

Summary of Revisions Page 1

Executive Summary 1

Section 1 1

Section 2 20
Appendix A 2
Appendix B 9
Appendix C 4
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EXECUTIVE SUMMARY

..

This-report contains results of additional verification studies on

Holtec computer code DYNARACK performed to demonstrate DYNARACK's
capability to simulate certain unusual and arcano characteristics

exhibited by some nonlinear systems. This report is a sequel to

the original DYNARACK Q. A. validation report, and it was undertaken
to-establish DYNARACK's ability to simulate the so-called " jump"

and subharmonic response phenomena associated with certain

nonlinear systems. Towards this end, sample dynamic problems were-
selected from the literature and were analyzed on DYNARACK. These-

problems demonstrate DYNARACK's ability to capture both standard

and special characterizations of nonlinear systems.
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1.O INTRODUCTION

This report provides verification that the Holtec dynamic
*

simulation code DYNARACK is able to predict certain classical

nonlinear phenomena that have been found to exist in certain

dynamic systems. In particular, we address here the simulation of

Coulomb friction by piecewise linear springs, the development of

subharmonic resonance, the establishment of limit cycles, and the
1

prediction of nonlinear " jumps" in the solution depending on the

direction of loading.

Four problems are addressed in this_ report which show that the

computer code is capable of predicting the classical phenomena.

* Holtec Proprietary Reports: User's Manual (HI-89343, Revision
0); Theory, (HI-871G2, Revision 1 and HI-90439, Revision 0),
and Verification (HI-87161, Revision 2.)
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2.0 NONLINEAR DYNAMIC ANALYSIS PROBLEMS

2.1 Subharmonic Resonance

consider the generic single degree-of-freedom system shown in

Figure 2.1. A mass m is subjected to a driving excitation F(t) or

a base excitation y(t) . The mass is attached to the surrounding

environment by a friction interface, by a gap element F, ( t) with
spring rate K , and by an clastic spring-damper system that can4

exhibit at most nonlinear cubic behavior (in Figure 2.1, 6 is the
3

- extension of the elastic spring) . Figure 2.2 shows the behavior

of the different elements qualitatively. All of these " spring"

elements are coded in DYNARACK; the user need only input the

information regarding the degrees-of-freedom that cause the spring

extension, and the information concerning spring rate magnitude,

etc.

In the initial problem, we assume F(t) = 0, and the coefficient of

|P m| = gF m where F m is an inputfriction p = 0 (note that i t i

value or the load from an adjacent compression only stop element

that represents the contact). We also assume in this problem that

x, is large so that the gap elemen.t never acts. The nonlinear

spring is assumed as (K3= 0)

6 +K di3F,= -[K1 1 2

and the input excitation is V(t) = log sin (2nf t) .

We assume m = .1036 lb.sec.2/in., C = 0., K = 90 lb./in., K = 10
3 3 2

lb. / in.2 f = 9.4 HZ, and g = 386.4 in./sec. For a low amplitude,

linear excitation, the linear natural frequency is

2-1
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1 K
3

( ) = 4.69 HZf =
a

2n m

If we integrate y(t), and require that there be no rigid body base
motion, then

.

10g
.

= -65.4228 in./sec. y(0) =0y(0) =

2nf

To ensure that the spring is initially unstretched, we assume the

same initial conditions on the mass m.

Figure 2.3 shows the acceleration of the mass versus time. The

subharmonic resonance is clearly visible in that there is a strong

response at 4.7 HZ (half the frequency of the imposed driving

excitation). Appendix A contains numerical results for the same

problem done in Reference 6.6.

2.2 Slidino Friction and Dead Bands

Consider Figure 2.1 for the case x -m, Fs = 0, C =0,o 3

F(t) = 8 sinrt.f That is, we consider a mass resting on a frictional

surface which generates a frictional resisting force R and is

driven by an external sinusoidal force. Tou and Schutheiss' have
given solutions for this situation. The interesting features of

the motion are that if R/S < .536, the motion is roughly

sinusoidal, but has discontinuities in acceleration. If R/S >
.536, then the motion is sporadic, there being so-called dead bands

*

" Static and Sliding Friction in Feedback Systems, J. Tou and
P.M. Schultheiss, Jour. Appl. Physics, Vol. 24, 9, September
1953, pp 1210-1217.
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within which no motion occurs. When R/8 > 1, no motion is possible

except for an initial transient. Appendix B contains a copy of the

reference. Here, we use DYNARACK to model the phenomena. The

governing equation is

2d x
m = 8 sin wt R

dt:

We simulate the event for m = 8 = 1, and R/S = A = .3, .7, and

1.01. The friction spring constant (Figure 2.2) is set at Kg = 1
7x 10 lb./in. to simulate an " infinite" slope. Figures 2.4 2.6-

show the results for the three values of A. It is clearly evident

that DYNARACK is capable of reproducing the expected phenomena.

In Figure 2.6, the small non-zero velocity components subsequent

to the initial transient are due to the presence of the finite Kr.

2.3 Jumn Phenomena

Consider the differential equation

m 2 + b ic + cx + dx3 = E sin v t

(c/It) h tWe let xi= (d/c)" x; t =
1

Then the diffsrential equation becomes

2d x dx
1 1 3 E sin vi t+ 6 + x3 + x1 =

3,

dt ' dt
3 g

E, ut, 6 are dimensionless andwhere x , t,
3i 3

6 = b/c (c/m)" E = E/C (d/c)" vi = v(m/c)"t

2-3
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An approximate first order asymptotic , solution is obtained
analytically by Bogliubov and Mitropolsky.

For an assumed oscillatory solution

x3 = a cos ( v3 t + 6) a = a(t); 6 = 6(t)

-the approximate solution for the v-a resonance curve is

w,2 = (1 + a )22

8

2 2 n
v3 = {w, (a) 1 -6 %y

a*

.2, E = 1, the resonance curve can beFor the parameters 6 =
3

constructed using using the above approximate analytical solution.

A typical result is shown in Appendix C, and tabular results,

sufficient to plot the resonance curve, are also given in that

appendix.

Note that the ' solution to the linear non-dimensional equation
8(neglect the x3 term) predicts the peak amplitude | x3 |, = 5. 0 at

a frequency of 99 rad /sec. It has been shown that a system with

a hardening spring has a resonance curve whose central spine is-

tilted to the right as shown in Figure C-1 in Appendix C.- The

resonance curve is obtained for a given amplitude of excitation.

In practice, the resonance curve shows areas of instability. If

the-excitation frequency rises, the response follows the resonance
' curve to a certain' point, and then drops abruptly to a smaller

amplitude.- Similarly, if the excitation frequency is decreased

through the resona.1cc region, the response will pass along the

* Asymptotic Methods in the Theory of Non Linear Oscillations",;

| by N.N. Bogolinbov and Y.A. Mitropolsky (Translation by
llindustan Publishing Corp., 1961), pp 244-245.

I
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lower curve, to the inflection point, and then abruptly increase

to the higher branch. It is found in actual shaker tests that the

onset of the instability is sensitive to the sweep rate of the

shaker. We attempt here to demonstrate the ability of DYNARACK to
predict a jump phenomena. We simulate the resonance curve by doing
a time history analysis with Et= 1, 6a .2, and vi slowly increased
from a value less than 1.0 rad /sec. The sweep rate is set low

enough to be able to ascertain the maximum response amplitude.
Figures 2.7 and 2.8 show the result of the DYNARACK sinulation.
Figure 2.8 also contains the two branches of the resonance curve

plotted from Table C-1 in Appendix C. Both figures show that the

simulation code is able to model the jump instability; however, the

results show that the onset of instability is % sensitive to the

time step size. Figure 2.7 represents a run ft: ' 00 seconds with

step size .004 sec. While Figure 2.8 shows the curve obtained with

a step size of .0001 sec. We see that the amplitude at the onset

of instability is relatively insensitive to the step size but the

frequency at which the instability occurs is sensitive to the step

size. It is apparent that to exactly follow the resonance curve

(itself an approximate solution) , an extremely fine step size is

called for. We did not attempt any modeling of the resonance with

a decreasing forcing frequency.

2.4 LIMIT CYCLES

We consider the problem studied in Shaw and Holmes.' to investigate
the ability of DYNARACK to predict the existence of stable limit

cycles. In tho Shaw and Holmes paper, the model

*

S.W. Shaw and P.J. Holmes, "A Periodically Forced Piecewise
Linear Oscillator", Journ. of Sound and Vibration, Vol. 90,
1983, pp 129-155.
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, doscribed in Figure 2.1 is investigated under the assumptions that.

. friction is absent, the spring Fs is linear, and the excitation is

by a harmonic force. The non-dimensionalized equation can be

written as

R + 2a x + - H(x) = 8 cos v t
x x<X o

where H(x) =

5 x + (1 - U )x x 2: xo o

2= (Kg + K /Kiand w y

Figure 2.9, reproduced from Shaw and Holmes shows different cases
0 is considered so theof the above equation. The case x =

o

problem is essentially that of a piecewise linear spring having a

different spring constant in tension and in compression.

The results from DYNARACK, for the same problems of Figure 2.9, are

shown in Figures 2.10 - 2.14. The computer simulation started from

a specified initial condition and covered a sufficient number of

cycles so that a limit cycle could be established. Figures 2.10

and 2.11 show the match with two problems shown in Figure 2.9. The

simulation predicts the one or two stable limit cycles. Figures

2.12 - 2.14 show results of the similar analysis for the third case

considered. Figures 2.12 and 2.13 show the effect of different

starting conditions. It is clear that only the stable period one

orbit is being tracked by the numerical solution. Figure 2.14 is

a plot of only the last few hundred time steps and confirms the

tendency toward the stable period one orbit. The period three

orbit appears unstable which seems to contradict the conclusion in

Shaw and Holmes. However, if one reads the text in Figure 2.9,

Shaw and Holmes appear to conclude that an unstable period three

also exists at the same parameter values. We can only conclude

that it is extremely fortuitous if the numerical solution can

simulate a stable orbit when an unstable orbit with the same period

exists concurrently.

l
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ng=, s iat seaw: emd e cetw me . - 2 ao. . - o 1:5. ..- o_ s - i. d J - 4. 9 .e.
eq,3atsoa (51) sing eysatiot 'f,0) and the tirne denvative d equa' ion (5) to obtain

4.s *m sawe pe,w! r=e ortm == = - 7 41. . - o t 2s. A - 4. . = 0. d v - a. t== e n=3 ===le'm B*n . 0 = yJ-1 -r + rf.) + 1rr. + sirt twf. .13) - c.r($wT. + .1 = 1 49)sprejeoed phase pie.e is, y L
" -

3ince y, appears in a imear a-emer in both equatens (52) and (531,it may be efim.nated
to obtain a smg}e equation involving oniy si as an unknown (in the terms e = cus M )

By using digital simuhtions, other subharmonic orbits are also found to exist. Figurts ands = W im s
s

9f a) and (b) show th coesistence of sr.gfe impact stable period one and stabi permd
three orbits for ..=0, er = 0 026. a = v'2 and = = 3-5. We conjectwe that the pc.iw 0 = (f./.1(r.1* - T d } + s.{rywT. - A 3r + (4/.1)'31' +.1 tw)] ,

three orbit appeared m a saddle. node bdurcation [21J and that an unstab8 ,

,
e period unree ;

orbit also exists at these parameter va!oes. Analysis of this bifurcation is much more
di'fice t since no reasonaNe assumption regarding the times of flight can be made and .here d = 1 + r-rr Straightfoneard association of terms aHows this equatien to bes

entten ashigher iterates of the mapping (multiple impacts) appear to be i:rvolved.
0 = Y + siY +c.Z, (55)

,

=hich has a solutics
, *

I t. -(1/w)[arctan ( Y/Z) + arcces (-X/ W)l, (56)
s. ..:

q shere W .-#2 + Z . His errression gives the time ti c., forcing phase) at impact on
3

q .

tire penod a orbit De velocity just after impact f, is ther easdy enmpeted by using- + -

; L-- . either equation t32) or equation (53).
j It is importarrt to note that a so!ution obtained as described above only satrsfies,. '

r(f ) = r, as.J z(t ) = -ri tt L If the value of fi-s(ri) is p mtive, thes the soluten
, f

i i

corresponds to a non-physical, or "penetratmg* ortnt {I3}. He orbits for f negative" ' ' "

usust also be checked smce nowhere has one been assured that the desered z. crossing
is the first on the ortst. In fact, the above conditions can be satis 6cd after several s.Fic re 8

tsNe perwid diree ami asNe peret=f cwee at J = d. . - 0 016. S - 1. .= 0 and
. - 3 5. is . . Ipermd t. smh a pr reoed phase c ..e te rt c*essittgs, for sorne parameter values. Care mtsst be taken to determme which of these

*

a
arbets are physicany pos4bie.

Knowirrg the permdic point, one can now compute its stabdity As before, one brea'as4 3. me turact uurr, maasts
the calcialation of Dr into two parts, from point 0 to I and from pomt I to point 2. Ilete

in the impact limit an important simp'ification occurs, since the time of flight during | 'Jtt .y d ,'l O' Wr , yrF 'I O]the impact is taken to be zero. This allows more analysis to be done o : periodic orbits.
i a

We atso rescale: r *Br, and talte unit forcing amplitude. N r., 7.) . .0 -r . Jf ri, yt) , ,G -rI (57.58)*
J .

The return map for the impact oscillator is sery similar to the o=e for the generrl 2,yzNs.Fi)} *as derived above in tM nalysis of the lim.te sti!! ness case.
system. From points 0 to 1 in Fvst: 4 one uses the irnpact limit,i.e t.% caWah one that M k Meranant}

3-
ta=t, and y = ~ ry (47) | U "I''7'IF2) e *** (57),

; and traceFrom prinis 1 to 2 one uses the same mapping as descnbed in the general case. Thus
the mapping P std1 cannot be written down cuplicitly. As before, however, one cas T = [e*V

.

comrute Dr analytically. Moreover, in thb limiting case one can compute periodic potetS
/dydtN + rNa) sin (D(r,-rJ) + Diy a -ry2) cos fGir,-rd)l (6th

corresponding to sing?e impact, period n orbits directly. Such orhits correspond to these Eviduatin,on a penod a orhet gives'

motions which strike the waH (the very stiff spring 4 ) and then remain in z <x, fa D = r*E, and f =(E/di,((I + rm + rds-2rp Jk]. MI,62)

,
. ,

2
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APPEllDIX A

SEC. 2.14 Frca Textbook *

" Component Element Method", McGraw 11111 (1976)
by S. Lovy and J. Wilkinson

;

-(Subharmonic Resonanco)_ ;
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* N
Static and Slidlag Friction in Feedback Systems (,

. . Tou * m P. u. inc.i tur n s
''-

Ueprunest of Duukal Eniertriq h|e Umtrersty, New flaren, Gasanas ~ ~ ~

(Rewimi January 16, 1953)

' One ci die rnost comme.n noniineneties encountered in servuren'anjstns design a ine fektion phenomenors bin eintromechanical spu rnt Con ventional hesar theory Inds hi prodict its ekt otu, n une performance %1This paper esten:in familist Whniques to the treatnient of fricti.m nonlineanty in scrw.s enris. hequeery
1response metht4 are empiovel thenuanut and the the irennl re+Wes are verniet hv means of an anslar N !

,

computer. S4hng frktinn .ind shtic Insteen are repre-entet hi .irv ninna functio at w han inrm the trok al '

factors in determinir.c is tu m Cainhty. The ml,ma in,tbin s thit < creain vnen emalis.cre desurnci frcrn .-
,

linear theory may f ad in whics e elf ts tig e osmpensation i.i ihe ptr cm e of SWimt arul statse (ne tion. Da thea

nihtr hand, a subebliary l+D mn mml the stabildy r rnG"n 6 % sn'! reafirine an mentia|lr eluivalenttg gun fur < tion

. _ _ . _ . _

!. th : AUDllCTION ,,niv h.c fundatncatal ereponent of the on') 2
WillLE basic analpa and vniheai4 nrm edures for N"'" d"* nnpMude md pome of the fune.m .

linear feedback varmJhave bed ome wed c=. "'mm n en t ms wi h the amplitude of Fie ir ! . 4
tablished durb hf lan dn ade there is n, mrre pomi. Snu$ inh @c appnnimate characteristics of 'he *.t

ingly broad s,e, ' oat'i n noohnear psoblems hu ent in U'ar lm are retawnted by .n3 "an,pMo.n
very r|tr, tile catu, no Weneral solutions are ponible, and unbint' funt. tion" // ix) = (fxit'H" hice Fig. It ti
the *Nner r ust rely either on machine computation TCP''2ena the amphtude of a tunukndal input aim o

,

ur o., Odous linear or quati.Hnear appnnimations. A f(x) k the rado of the fundamental output te :he - .

vMet) [ >uch approximaount has been &veloped to 3*Pul"d" ""! D 's 4a nh w u .1 of the eu
I fu arterous types of syrtems and wurreoful derhu I""E""" " ' M" ' " '"' ;" D" 1 * " A N"' '

,'

prc.edwes L t e been discovered for a great many pra.- I"'3"""O ' n nnt. it depends oniy on.
" '" # ' "

ticas prMlerm. .t is the purpose of this paper to catend *I"'4""E'"d^
'ne cf these techniques so as to make it applicable in O'? " d b 4""'en, a chy' ""an dm can ir

/I -

the .snalysis of feedback systems involving sliding aml """" k" If " i " ' M U """ ' "~ "- "d"f4"!""DP"'
( ltui iction. Particular attention will be paid to rcr- 4 "" " '" % 1 S 'k "' U"hty N covernni by *F

hin loop gain functions which appe.ir to be quite satin. '""" "i '"" equa t ion
fictery on the basis of Unear analysis but ,rn found te

, g , g g ,. ,/ be unstable in practice as a result of friction pnerer ena.
Methods of predicting, and hence presunnuv prev.nt.

__ .._, .__ing, such behavior will be outlined. '" *
, , , , , , , , , , , , , ,n . .. . .

!!. REVIEW OF D ASIC PROCEDURE . " . " -

The technique to be employed was first devis.cd by I m t De= nhmit hnrian of a nonlinear dem e
Kochenburger for the analvsis of comractor servo.2

mechanisms and subsequently adapted for une with "'

other nonlinear devices.t8 The basic procedure has been 'f p ., , jf" g .,
,

described extensively la the literaturcr8 and will
in the !incar cne ll.i tb I and the stability prno.eml

therefore be outlineu only bridly. It is unique in that it redores to Ibe conventional one, solved easily'by me'.m
perndts me of the irequency domain ira an approaih to of a .Nyqun , plot. The only modifien * n enir;d fc:
problerns involving cert.iin types of nmdinear clea.enlA.

(E* nonhhear caAe under the 31sumpt|Ont stated h i 3
.

If a sinnacidal voltage is a;> plied in a ronlinear device, change in tFe critical point which now becomes
. the output is generally not sinuviidal. llowever, under -1///a(v) instead of w1. Thus the critical point1>rather general cond!tions the fundamental comlonent

of the outpd will Le greater than any harmonic, a changes with the signal amplitude, and it becomes %
necessary to plot an amplitude locus -l/// (r) in addi. N

difference which will be further emphasind by effective tion to the frequency ' cus //(s). If the amplitude locus$
'

lomtass filters such as servomotcts. A(iequata accuracy lies completely outside the frequency locus, the system
can Arefore be chtained in many cases by considering is stable under all conditions of operations.8 Figure 1{$

., Now m. h I.hilco L.orporati,n. phdalelphi , Pe inn h an,x snows inteuccting !aci. liete the spum 's uni..abr I a qt ,t i

8 R. J. Kucienburger, Ek Ene fi9. t.C t pFm % aim small datnil.ances, but stable for large disturbances +
Tr:ns. Am. Inst. Ek terrs. 69. 50 (P8m - - - -

'( * E. C.Johnun, deertation, .stavachuivits Inst;te ni L t h. ' frono "tiv the in.crir b * r.1 !IM uat -//dri, are pl ,o-iA toknry,1951; 'Irans. Am. Innt. Ihc Engr $ 71n. Im 1991 ~lhet L n be encr m t U" @ 'e ' twrutalanal conirnirm e n,
8 E. S. Sherrard. Trars, Am. Inst. Elec. Engrt 71u. u 2 t twJL parorul er in muu r*
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.

that osediations will tend to stabilize near the intersec. ' p'We
tion point f which thus specifies the steady state condi. g ...,

tions, at least to a first approtimation/ '

.,
_

in surmnary, analysis of the stability prublem udl ,' .,-

require the following steps. ' . ,.

_ a) Deterrnination of the wave intm at the output s(,

of the nonlinear deWee resulting from a sinunoidalinput. i
(b) Calmlation of the descnbing function ll.(x) from | \

the ave shape obtainc<! In (a). 1
(4) I' lot and interpretation of the amplitude and !' "e t_

' "*frequency loci for the system under consideration. For j" i

the cases of particular interest here this step requins '
,

rearrange nent of the conventional blor't diagram in "
/% ... ,

order to scrute edective 5:pastior of :411 Irvouer tunr- %
(l s ,"

tions into two tia.n: The cla a of all lincu hot he.
,

quency sensitive comp >nents and that of all nonlinear \.
-

-

j ,-
'

but frequency insensitive element.t U ,',

'Ihe following de/mitions wdl be used throus;hout this *

.. >

paper, Static friction is the torque required to initiate T.I 'io.

| ' rotation. Sliding itsrtion is the vdodtbindependent
' component of the torque nnemry to maintain such t ,, , t g n ,g n , ,,,,, ,,,a n ,, g,, ,,, ,, , ,
! motion once started. %stous friction is that comionent

of the torque which is linearly protortional to the angu.
T M r<ir n- indinN A M' ma mrmthMlar velocity of the to ating member. gp y ,e TN 6 h w p. m d e N %*
eq. t.O 's show n in dotted ilnes, The ifir.ront|nuit ev e.f,,,,g , , , , ,

a.me. t , ~~) the r. nave correm.n.] to reron of the d wave bar .u <-4., .,,,g

gg - N eo hw' F the fais tional torque T r'iances siirn at those intitant*
On the 4 turve, juint l'i4 the point of imlertion mr:s

;

monding to m ttimum arteleration. Since the straik ;

Fia. 2. Feedhu k loop with ne nfinc.sr eternent, attue h uf primary iW:lv t the reference time is cho cn
.Ilv 'ho o*. i!htlun ha. trai hed its Steady * tate value.

1U. SLIDING FRICTION IN SERVOSY.4 tents #ft1 p. ort through tem at

A. Wave Form Resulting from a Sinusoloal loput s ,, , _ n , ,,.,g 1,j,3.,.
Torque to a System with Sliding Friction '

ggg
If only sliding friction is considern! the entire friction 7, . , 7, ,, g ,,

phenomenon can be represented by the charatteristi-
curve of Fig 4.

, , , , , , , ,
Consider a rotatm, g member with moment of ,nertia ,,

i

/ and angular acceleration 4. Ilecause of sliding irirtion
. the e6ective accelemting or decelerati.ig torque r, is

,

related to the ap, died torque r. through the equatinn
,

r. = r. T,. (3) '+ - -

where T. is defined by Fig. 4, From Newton's law of
' motion, '

r.= T.+1d for angular velocity d>0 (4) -

----, .,
i

r.= - T,+1# for # < 0 (3)

From Eqs. (3), (4), and (5), the angular acceleration
of the rotating member L. given by ''

#(t)= r (l)/l. (6)

}{ence #(s) has the same wave form a* r.(0.*
If the applied torque r. is sinui.oldal,

r.(l)- T. sins (7) 6 m. 4 wnne oku,,n garmen,u,,

b. _
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, m a,. g
. t o and 3'" ,

e*, y
% ,, 4 tea No.!= T.(ilnwl- irvi).Lt) '.'g; r,

, ,,, w
, , o'y g / \ $, fh 3- w r,

_

'

a T.(cts -(r-al sina i tnadtd sir.u). ill, b d,,
T__-r rQj

s.; 4' d/'< 7 o
p

p$I.if Kep. (ID and (1.1) are et equal and simplified. the
...+ Mt

-

N result in
*

cent n r un<n o 2 %

Sk' '
7 ,,r

d ea rot *'(v A 'j), f iO 4, .f. i ' ,, e ['N r, F
/ S, , 'i I .it ihect' rem i av., Jmi. I q. f I si he,mnes [,,/ v

si. ,." .r g - y ~

nr
rio. 3. Stendretate u sic fornit without nicail oms A2. r,A J, , t ,

,

it follown that A niutoni for s yichts
a = sin-'A, (M

,chere A " ^ ' ' * " M'- 'U
,

<-
.

A " Ia/I*- (O A. is the critical value of the quantity T,/T.. There a ', h
Only the angle d corresponding to the first di, continuity nri dead ome,Jor A$b. an<! there are dead zones for < ;',

point remains unknown. Once it han been evaluated in \ > b- '
'

terms of A, the wave form in completely determined. Qsr ('i We dnul runs. n > A ye
Th:rt are two pouibilitiest !! nid, there is no dead in like manner, one obtains from Fig, en py,'
rone in the c. wave (Fig. 3). If n>d, there are dead
tones as indicated in Fig. 6. These two rues will be shaded area .. 4. l = shaded area No. 2 o -

mnsidered neparately.8 "Shed area No. 3 .!
= %haded arr| No. 4, etc. ..

' *

A.#adrematical RaprgJentation p/ Or llist, bettvern a and h.
'

-

Steady. State IVare Fmus * * -
""r.= r t inst +u ' i o,,Case (1).-No dead zone, asc. ' *o

Refer to Fig. 5. In the absence of vixot.s friction, th. httuce'i 6 anit o
following steady state conditjans exist. '*"U; 'IP

. nut hetween . and J. ';

Shaded area No.1= shaded area No. 2 1+
= shaded area No. 3 '. " T l'i"w/ * ("O '. ' 5 '
= shaded ares No. 4, cit.' U C "' "' .i~

'
.

!!ut between a and 6, E
area No. l a T.(sinwi+ A vi %.'l ''

r = T. sinwi+ T. '], [-.

= T.(iiinwt+sina)- T.(sin it+ A); (10) T.(- cod + m + row i-ox), fI'n i ID
and between b r.nd c, [-;l *,..-.

area No. 2= ].T.(sinwl- A) hwl) gg 'e.= T. sinws- T,

= T.(sinwl-sina)= T.(sinwl- A). f11) m M ,iw.
Th:n " T.ECW ~ (' n) A+ cwi+ax). (M @$.

area No. != [s
:&n

T.(sinut+ sina)d(ws) Equating ~ (19) and (20) and simplifying [f;'Jj'L.
?w.w?

.y.
Ad- co*4 = (1 - A')I- (r -sin-'A)A. (21)__ = T.(~ casot4 sh+cowf a sine), (12) :Cid

6 Note that a deatl anne or region of zero ettetthe torttue ansi or tb cAltenm cm ada Gn1
p{,y,.Wocity sue.h as at on F8 . 6 occurs whenever the opt. lied torque
* 7 ' .d.

4
t trnallet in ma x ,;n..ix _ ( g ,,, py g ,, ( j _ pp ( jpeg

.
.sy reaches acro gnf.ude than T, at the iristant when the ve- 7, ct

sc' . J).
i h "!or

* Vekcity is proportlemal to the integrrJ ni torque in the ownre .

ed ha frictlim. A = A.= 0.53t> a* before. (15) , g, . '. ,
,

. i

w'
/ 't -
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~.I *r A r i c A N I) .s L i t> l N G . u t e f l o N IN r 1: n ti n s t: g sys esis 1;U
yy,

a

jfi/ $LB. Celes'.stion of the Describing Function ye

Sirke f.(i) la a periodle function of time, it can be ^) /
A ' <% H

M. . V' M '/ A ierpresud in terms of a Fourier series: u
<; O

~ ,,

ei

I.?
r.(t) = -be ! s (c.sirtnwi+h. conj). ,$&' '[G9 / '

- r. ' . rey
,

. . . .- :j$gr;,
(22)

/2 -' .,

... .c .

/o . . Qi
it has been pointed out that, to a first approdmstion, ,

'*

- r.(1) can be represented by the fundamental comnent . ) ,

why
*

of its hWier mies. From symmetry consib < ns, .d -
Md.J

6.=0. ' Itis implies oscillation about the rest pnition e f
.

p* i . g\ r/ ,pif,
"* .r- & .-thlch is a condition of primary interest in stability n-

a nslyses.' 'Then
-.4.

r.(t) = d sitwi+ 6: coust, (23) ! !.A . '
i " ' < -

where >.fn ft Me ly tate ... . toi m. * o h o rt time. - **-

ai = - f.(l) sin (6t h/(wl) (24) g, gg ;,

end 4

r.(I) = T. 1 - t I 1 - \ ,
,.

I """
h=- r,(I) codwt),1(wn. (25) \ ,s ji ,,.

, v ..<rn
[ 2.\(()/ )I ,\ I( i-t

* ' i ni <' * I n n " -- -- - * t; , ' 'o
Euluatiors of the F<rurier C wfcients

-

"-
1. l 2A8

Case (/).-No dead i.one. A $ A. or af d. In ac.7M. ... ..iih the definition of Sec. !!, the ile- *~
i

2 ,, set:bing function for the sliding.frit tion element is

d:= = I.(9ind+ A) hirl(wl)il(wl) jj , g , g .,

~

I~3['~ 2'\[U ''l'~ \'23' ''

2 a'--
^ d'd"''-~ U2' ', )*+- T.(sins- A) sin 6thl(wil \ g _ yx,

e, ,'

e T. ( 1 - 2 A') . d61 4 ., , , 7,,, , , , % 4,g ,n,, ,g ,, g ,,r ,, Nt

Similarly
6:= 2T.A[(2/r)' .Vf. (27) t r. " d

.t - T (sms- u 4in6f t/tet*i

Equation (23) may also be written in the form rh

r.(l) = Ci sin (wif e), (28) l " ' " ' ,
*~ / * i 'i"*# M 3 ^'. f *"'' ' '*""

where ei...
4 .,

Ci= (ai'+ b ')l = T. 1-4 1- A' (2')) ,. I TJr)[e- 6 -di-. i,imi(cusi + n.i ,

and -co#in a ine)]. i.%
bi 2A[(2/r)'- A']l SI'nilarly

b a 'Tdr)(.: inn i sir #, (40 ;4 = ta n-'- = tan-' 00) i.

si 1 - 2 A'
ilence in complete ar alogy with (n*e (1) the friction. .W.):1

lience, with an applied torque r.(1)= 2.sinwl, the <!aribing function is given 1,y the expression W.
O., M;.,f yt

W,d9//e(A) = /(A) t o(A). (35).

,;g7,: .where
j .

f(A) = -([r - (a - B) - sina (covi + c ess)- cod (sinn + sind) 7 + [(sir'a + sin 3)' f) ' ,@,
e a. ,

2
and <

(sitw + sind)' ;,
4(A)= tan-' -- -

. t .6
r- (a - #)- sina (cosa + coV)- cow (sina + sind) ;.2

' Estensions to nonsero sneans are possible but cornpucate the arialpis appreciably 9e reference 1
s

.

x''.e'||.

.. ., . _ . . . . . , . .. .. . ... .. ..
N
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g

\ Cav f.').-With dead mon,
P''

s

q N ''O \ A ;. .A , or v * in ' ' T., i . > d. U-
'

., -

'N j \f ' -\i on Fig.10,

.

.

,@
'3

,\ '

3 y+- shaded area No INN $...
m s .-

!
I ' , y g., y

- ,

N. . [,fsinwl-* %ino g h/lwit, m '',

N ,m 'N[ [' b'
'

if,5I ~
~ h !y = T.[covo - le - o u t ino e s ovn+ o, ~ino,].t

!)'c.. 5 .,

nn. ;, rt,e c t.., .. .haded area No. !

-
,...o

| elh'na * *'Inf 6 *?kt '[ l*

The C locus will he detinni as a p.dar plot of the
, I.* ' " ~''+#U'"'"'~'"'"W"'"''*"'quantity (--1/// h For any given system T, is con- " .'

stant and //. is a function of T. tbecause T.= T,/A).
For a fixed value of T., // is a cornplet quantity which , , , , , , , , , , , , , , 1

'

may be represemed by a vet. tor in the comrdex plane.
The curve of (-l///.), the C locus, intms the " critical '.g j

., alocus" for system stability considerations, with the '

" critical mint" (-l,0) an a special case for linear -i $ -

nystems. The C locus k ploited in Fig. * .

IV. S!JDING AND STAT!C l'RICTION IN
SERVO SYSTEMS ~ ~ ~ ~ ~ ~

.
~^ - - - ~ ~ ,

A. Wave Form Resulting from a Sinusoidal input
Torque to a System with Silding and,

Static Friction .

!

if both sliding and stati. friction are em,ntered she ,

friction phenomenon can he reprevnted by the ch r- j(
acteristic curve of Fig. 8 la will be nii,fartory for '

most purimes to assume instantaneous trandtion Irmn |
the static to tl}e slidieg friction value although this
procedure does imply a degree of nicalization. pg, 3, si;g;,, ,na y , g;,,;,,, ,,,,,g,,;,g,.

Wave forms of r,(t) corresponding to an applini
torque e.(t)= T.sinwt are casily sketchel by a pro- y,.ith pure inertia load and under steady atnte o*

,

cedure identical with that uwl m. Sec. ill (F, a. 9 tion the shaded areas arc equ.d. Equatinq (.18) .nid o'
,

m
and 10), As before, there aic two modes of ou.illation. and simplifying'
with and without dead r.ones. The fatter is in %:ingukh. AJ- envi a [I -(A T./ TJ'l'
able from the correstymdin;; case discuswd in Sec. !!! -[r - sin 9AT,/T,)A ). t.n,
becaue the system is continually in motinn. Thus only

.

the former r< quires detM!.wl ehwoon. Equation (10) defines,3 in terms of knoc n par me':rt
It la slear (nat the system will not move at all ;i

.tfathematkal Repreuntalica of sla
A > T,/T., for then T > T..

. '

.

StradyJtate ll' ate Fe<ms .

11. Calculatloa of the Describing Function
Can (1).-No ,*ead une, A S A., or uisa.

Approximte expreulons for cliective torque ate ob- ?From Sec. Ill. Eqs (10) and (11), nne immehately tained by reasoning sim.iar to that in Sec. all,
*

obtains the equations for r,(t),
,,(tpa. Cn t He cowt, t&.

r.(t) = T.(siral+ A) for -a Gl<d LM)
dere a, and on are gis en by 1:qs. (.'11 amt (F

. c.(t) = T.(sinut- A) for ifGl<n-o t.17 ) 'C'can (vely.
pati

s n
!). -No de.nl mor. A 5 A,, no,,t

ehere A= T./T., ai-sin-'A and dmori(,A m. Since the equation, for r,(t) are idrot cal whh hi

z36
>
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'
/, 4 =* a.

k " 'h, , \ .. . ib {-
s ,

*
,

-

,..;. q y/ 's.; .:
-

4

,

a v N t C ,. ) 's
\ #1 // he'd N-

l( / N1.'su g Q4 -f
_

i
. 3 %\

\ ,,,,.*/ \
* N e W s s.,.

(7 ' '; Aq

0, '.. .

\; l
, ~. g,

i [ 4
3 .. o

; rio. 9. sawy..m. ..n form. .iihmii ieu .=* rin. ii. si.n< re.t i,,,,o.vi. x i,m

in caw (!) of bec !!!, the dexribing func'hn //i,( A) l'an (." -Ot h dead sonn. A> n . n,> d.
=/(A)4 A(A) is given by Eq. Q2), aral liA) v. | HM . , , , ,

have the following limia..g valut 5: q , |. J.,
- j4.h...,.-MNnM<stut

,

T,/ T, a ( T.Jr i[r - (n, .o + rov ,Oinni- 2 .in, p'

/(A.)=[2 46+ (T /T )'ll
t4I) i

,

|-r4(2 *inni+* ins)i 4L. , ,

m like manner
i

(4/r)(T,/T,) 6 = (T./r)[=indI2 sin.iWind)3(A,)- tan-' !

(r /2)84- (T,/ T,)'- 2[(r/ 2)'+ ( T,/ T,)8 ]4 A sin,,i(2 sinni-- sime.)]' %--

'

llence the itescribing functit.n for the static fricdon
(42) element b

%~,
'

lle( A)ia /(A) z 3($ )..

'd
where

I
f(A) = -([r- (a,-4)- cowi(2 minai- sinni) - ecW(2 sinai+ >ind Q'

r ,

+i[ it :(2 * inn + sind) A ino.O inne--|nn,)f)i ;Mi
,

sin 3(2 r%+ = inst Aemi (2 Ukii - win:i4
4(A)=.In-i - t.oi

r- (ai-d)-co a (2 tinni- sinni)-cod (2 *inni+-in.1)
.-

i C. Static Friction-Loci and S Locus V. P!.Of AtlD INTERPHRTATit',N OF Tile AMPt.lTUDE
I AND FIIIQtJEtiCY 1.CCI. EX AMPt.E:'

De static friction loci are polar plots of the quantity
, t

(-1//l) for various ration of static frittion to sliding unre du fri,tionale rribing funolon has been c:an. |

friction. The S locus is the locus of the t,tmini of the Liteil, Oo' dnin*l stainray .,ntormation ran be nin:nW
#3t by the rneduid wh,ld in Sec. II. Mie procedurentatic friction loci. The static friction hxi and the S i

locus are plotted in Fig. II. wd. l im nplained with the s,l of a specd, e canple
,

u

whicii has b.en w cl.o'en that a wm'n-a tyta nf corrr
ti v net.unk will prtxtuce instability whereas another' ' **A '''Y'

,

type of equa izer, apparently equivalent on a linear !l

'f
basis, will ! cad to a stable performance,* s

/ ''
f ('onsider the positioning loop shown in l'ig.12. Ins

C /D /_ /'N the abxnce of friction the kop gain function .!(s)' has
/ . lmh ,

t

h h_ _ _

o f s. .< the form !

\ Nu- o .

\ . l (s ) = - = -//,(s). (4n. . . . , . ( > (1 + Ts) i

A h!ud dbgra n for inis !oop is shown in Fig. l.L The |

Fm.11 stewy4 tate ..se fnem. with <tes. vera ' IIn +'c' wt ta the nepin e of 'he t+p pin
.

b

- - - - _ - - -- . -
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'

! frictlon describmg function rt'ates app: led terque to set of units, NI
! effective. torgee, neither of which appe .rs as an explicit I

quantity in Fig.13. Thin dlagram therefore does not tend N f " E.'"EI' Rd* l " *I' A.8 " #'i

,.M
itself readily to the analysis 3! friction. !!uwever, it is E'" M I * * !- '"-

w.*
easy to construct the equivalent block diagram of E,quation (C) nu becomes jg.
Fig.14 by reauanging the basic equations describing g b@motor pesformance. Torque now appears explicitly, . i (s) . //.fs), (m Oc ' .

,

and it is a simple matter te, write the loop gain equation s (1-r d.In 6In tenns of the friction describing function and the 3D.
system parameters de6ned in Fig.12. The equation in the absence of an equalizer ll.(s) the loop wmild be

rion to instability. Let ll.(s) be a two stage lag network &p ;.y
or integral equatint / K.'_/** 1+03: ' SN'wa .t?.* g //.(sh- |5 L a-

r- T . . , 1 te
--4 ..1- I~~37.'Fr'IP E",Th W.dq I,

.,

N

-1 b'- --
.'

7 Wiu.o it frittmn the yst:m mil. cahm 1'%e me, n
,-~

. . ,

1 F and a f irl) ur ' :amtri t t.. . ....t re*;nns.. T .
Nyquist diagram of Fig.15 conntms that de&.m,

- -- - Note, however, that the slidine frktion (C) locta mter.
wcts the Nyquist plot at two points. The nytttem s

Fio.12. Simple g aiuoning system. T=/R/K.Ke = motor time evidently stable for etceedingly small d!aturtancM: it
constantill.(s)=equeuter tran fet functivn; .Yr-motor turque
per unit artnature currenit K.= motor counter emi per unit speed; becomes unstable as soon as a si nificant input ti4N1 5

,

4 ~

/=metor and load inertini K =eam of ampidier and selsyn is applied and then sustains oscillations at an amplitus dS.
,

- KiK.: A=ermature trop resistance. '^

& & ~';h f '** .[% ~+

lias the form f z,p
= K, *K,s

K,ll.(s). W'
<! (s) = lle(A)-Ja'. R | ~R

(48) ?

[ ~ .

1

Note that viscous damping due to counter emi is i-
represented by the additional feedback path rather than
the conventional velocity dependent load on the output

yn n, y,ig. ,,, igg .n,,n,, g
member. Ttis step i neceasarv b-cause the fricthn. 4t

describing function was derived for the eve of a pun and frequeocy determined by the interwtion point Y
inerth load. The procedure is obviously based on the closer to the or!.:in. An expertry tal ch-ek h's tr++ iiii.
assumption that a sinusoid applied to the nonlinear computer resulted in oscilhtlon at 1.6 rad /see'as am. 9

pared to a theoretical value of about 2 rad /ve, t

if a mino loop is use I in pbre of the ser es equalin ei

.ger.s.g g gs (F:g.16) the result is quite diderent. Ily a process ctp
tirely equivalent to that ured in rearraneg the u.m 1

,

dingram of Fig.13 the loop gain function may he writ ten -

in the equivalent form N~

| K r ' N. H/ s(s) N,
.101 = //.(A)- - + - tR

ha.1.1. ConvWhnal hkd 'hgram, !3 * N P*

[%
Using the equalizer transfer fumtion''

device yields an output signal of which only the funda.
mental is signl6 cant In transmission aroun i cach loop, M,),(! + b) mf f ,(,) ,,,
so that only sinusoids of the name frequency need he 10(1 + 0.3s)'(1+ 0.cnis) |c:nsidered. This assumption becomes progeessively . A mnre'etannte equaurer nut.i ntenhir t.e used in puriire '/~poorer as damping, and hence the interior loop gain. TW primitiu 'erm m chmen t+ ame it illustrates clearir th
increases. Ilowever, it will he seen that the me' hod still d'tricuinci enenimtered inause of fra tion effects.

** lldO hat been (hesen so at t s yirht a system *tth t ank,
>

lesds to acceptable first app.mimstiorn it: cases n' gent, s. ui .,, uu.p.. .. t h,,, u i,',,c e.g io ,s we, er ,:.. t
Considerable practiCAI intere$t. * t nic t u re. Without the last denommaw term trequir~l i+

Consider the system of Fig.12 with the followine athi. '" 6 " '!' U ' * ' ' * * " "" " ' ' ' ' """ * " 6( *3 I" "' ' ' '9 "Y
( nf fricton 54 it is, the step fum tm'i mr.nnv.9 4.e virtuaDr in.af ary numerical parameters, all g.iven la a contitterit ibitingmthalde

,

...



_ _ . _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _____ _

1

.

STA?!C AND S t. l D I N G F RIC TIO N IN FCE!)n.\C K s v 3 T t: .*,13 1:1;

dd the same eumerical values an in the pn-vinus ow the nuk.,widine, fr:aion nt:0 is e,ut -pany :w
or.: obtains the Nyquist diagram shown along with vi that the metho.1 may be et to yield a twon3hle j
the pnes equatint cat.e in rig.15. De plot dc.es not first approtimation. :

'

A latenect the C locus m that the system retrains itsbie
la the pre. tare of friction. Measured results from sn vt. coMememt
analog computer bear out this conclusion. .Ihe desen.bing funct.i n inhn,que has been estendedi

The equallter used in the above example introducW t mur pmb ems of stane ar.d sliling friction in feed.
attenuatkm with the thirti power of frequency over a

back systems. Under ,ertain wumptions he :,t3L;1:tye ;

10:1 frequency range, so that the rnultant frictionless prublem can be handle 1 adequately, and the frequencysystem is mnditionally stable, it may therefore not
apre.r surprising that oscillations should develop when

.!a tverSacar element is introduced into the loop dimilar ?
-,,,, i",S.N, it_. . __ %|M'"'

_.
'W; results can, however, be obtained with a singh stage
;lag network and a resultant loop of ab'olute stability,

Consider the xxies equaliter | - . . ._.. . . __ g

._ | :
.

#(rb-(1+0.25s)/ i tIMd. (54; I
~'t

I
; L i

I The gain factor K is chosen as 100, all nther parameters - --

remain unchangel from the previous,cumple. Figure 17 n, ui ale e rn n m s - -, .~, W.o w..
,

of any sutt tined cenlhtrns <an N pn iktr..I to t irt?

c es apprutimuion. In parorubr it has been show tha.
the u..e of integral equalit.aton in series with the %o
may easily ' cad to instability when friction phenomena-

are impst ..t. Ewotially e<pivalent minor loop equah' ' ' ' '

,,,, ', . ' \ iters may yield an ent;rriv satisfactory system.
s

~ ,- p

\ '. y '\ k I

)

\ W]W
w' .,

/ ' ]. . . .ga.%, [,x
. ,..-

,,,, N \ |, k,,.;
,

4)i...h!

Y,.
'

s..

, Q . \ hi ,'

s

.. _ ' / ' " O 'k 1'- /. * hs < \ \ > *p,
~

c tu..
.-mi............. t

. v. M at>?^- -. m.i.s e. .. .. m
~ , ' i :.~N. .i ,9

wa,-

Fso.13. Routh sketch of aniplitude and frequency lad. Interw. ay' j-

tJan at P la actually at a for greater distance frota the ongtn. ti,.1, .rt,M.dn . U"i -- ;f .

- 2 .: p {g NN:-
,g,* "' )

shows the Nyquist plot as well as the curve for a corru -(j . ' ; 'v'
. .,

; v' ~ - ---- ---i]r a W's . ' , ' // ANsponding minor loop structure. He latter is clearly ' -

stable, ne Nyquist plot for the series equaliter case
^ L.[M.Oshows no intersection with the C locus and measure. < .....: .

; ' ' ;', , , , ,, , , , , , 4 , y , ,taents in the presenctr of sliding frict!cn alone indicate
. stability. However, the Nyqutst diagram does cro:s the - - . - nmei n e m

' 'S locus twke, ir.dicating that c.scillations r.tay occur go, 3 7 y,,p;3,,3, ,n,, ,,Wnc y 3, ; g, , . ,,#,,, y,,,,

when tatic as well as slidmg friuion is m. idered.
,

Sinc the S locus traces the termini of the describing VIL AcntrowtJ.ooMnNr
functions for v.tnous static.to. slid,ing. friction ratms,

,

it is evident that stability depends critically on that the authors wish to acknowledi;e the aid of variau.

rutlo: only for values between these corresponding to members of the Electrical Enginecting Department nf' ,

the two intersection points can ovillst'ons exist. It is Vale University, estnially that of Profcuor 1'. It

also evident that the frequency of oxilktions should Tuteur of the aersmm hnisms laboratory. T1.e m.
rise from a theoretical minirnum of C.7 radiec to a tenu of tht$ paper are t .o.n in cuente frorn 1 dhwrt.t-

Y maximum of 2.05 rad /sec.ne corresgnding rare from tion by Julius Tou rrmotel to the it.culty of the LF

{ coruputer mea,urement is 0 3 radhee to 2.0 rad /sec. Schmt ni Engineerm b pi.tui fulh! ment of the r:,

ne experimental cntrelation at intermesliate values nf quir< ments for the dar e of Donor of Erv,ineeri'u:-

!
| __. ._ ____ __ __ _ _ _ _ _ _ _ _ _
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APPENDIX C

JUMP P11ENOMENA

(MATIILAD SOI.UTION)
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CALCULATION OF HARDENING SPRING RESPONSE CURVE
Ref. Asymptotic Methods in the Theory of Non Linear Oscillations
by N.N Bogoliubov and Y.A. Mitropolsky. (U.of.Pa. Math / Physics)
Hindustan Publishing. 1961.

Theory....For assumed amplitudes, find frequencies

a := 1.5 5 := .2 E += 1
1 2

2

O :: 1+ .375 a
~ E l

t | 2

| -$X :=

Laj

2 2 -

N := 0 - X N := 0 + yX
1 ' e 2 S e

4 -N : 1.662 N : 2.009
1 2

5
J

61
_ _ _ __
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Table C 1

NONLINEAR R11SONANCli CURVII

a rt U2

1 1.694 .954

1.1 1.732 1.101

1.05 1.711 1.033

.5 1.785 lhiAGINARY

.6 1.715 lh1AGINARY

.4 1.901 lh1AGINARY

.3 2.097 lh1AGINARY

.7 1.678 lhfAGINARY

.8 1.665 .551

.75 1.669 .305

.704015078 1.677 .002

1.2 1.703 1.25

1.029 1.704 1.0

1.5 2.009 1.662

2 2.59 2.407

2.3 3.048 2.918

2.5 3.395 3.292

2.8 3.977 3.902

5.0 10.375 10.375

63
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FIGURE C-1 RESONANCE CURVE SilOWING JUMP PliENOMENA
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