Commonwealth Edison

One First National Plaza Chicago, IHinois

Address Reply to: Post Office Box 767
Chicago. lilinois 60690

October 29, 1582

Mr. A. Schwencer, Chief

Licensing Branch #2

Division of Licensing

U. S. Nuclear Regulatory Commission
Washington, DC 20555

Subject: LaSalle County Station Units 1 and 2
Concerns Regarding the Adequacy of
Oesign Margins of the Mark I and I1I
Containment Systems
NRC Docket Nos. 50-373 and 50-374

References (a): R. L. Tedesco letter to L. U. DelGeorge
dated July 2, 1982.

(b): C. W. Schroeder letter to A. Schwencer
dateao August 30, 1982.

Dear Mr. Schwencer:

Reference (a) listed 22 concerns which Mr. John Humphrey had
identified regarding Mark III containments. It requested a response
to those concerns which were identified as being potentially applica-
ble to LaSalle County Station. Reference (b) provided Commonwealth
Edison Company's response to those concerns. On October 4 and 19,
1982, Commonwealth Edison representatives discussed 'NRC questions on
Reference (b) by t-lecon with Messrs. A. Bournia and Farouk Eltawila.

The purpose: of this letter is to provide you with the
enclosed written dc:umentation of the discussions. It is our under-
standing that the NiC concerns were satisfied and that providing this
documentation would close this issue for LaSalle County Station.

Enclosed for your use are one (1) signed original and thirty-
nine (39) copies of this letter and the enclosure.

If there are any further gquestions in this matter, please
contact this office.

Very truly yours,

; 9
( Kj-jxkncul-\, 10 )28l e

C. W. Schroeder
Nuclear Licensing Agmninistrator

Im
enclosure

cc: NRC Resident Inspector - LSCS /Z*ﬂv
\ \\bP
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LASALLE RESPONSES TO NRC QUESTIONS
ON THE HUMPHREY CONCERNS

Question 3.1 - What load combinations were considered with RHR relief
valve discharge? Wwhat is the reference to the condensation map in DFFR?

Response - The RHR steam condensing mode is a secondary method of reactor
cccldown not normally used in plant operations, By virtue of the time
required toc align RHR intec the steam condensing mode (greater than

20 min.), it is not expected that the reactor would be maximum pressure
(congitions for highest loads) nor in a transient when SRV's are needed
to control pressure while RHR is in the steam condensing mode.

The postulated combination of events, ie. RHR in the steam
condensing mode, reactor at» 500 psig, pressure controller fails high,
plus LOCA was judged too improbable to include RHR relief valve loads in
tne DFFR load combinaticns. Further, the SRV loads bound RHR lcads by
about 50%, so LOCA plus SRV combinations bound LOCA plus RHR.

Question 3.3 - Provide justification for fm-1/3,

Response - The justification for the formula for frequency is given in
the following reference (copies attached):

l. Oevin, Jr., Charles, "Survey of Thermal, Radiation, and Viscous
Damping of Pulsating Air Bubbles in Water", The Journal of the
Acoustical Society of America, Volume 31, Number 12, December, 1959,
pages lé54-1667.

2. Foody, B.E., Huber, P.W., "On the Radial Oscillations of Multiple Gas
Bubbles in an Incompressible Liquid", Journal of Applied Mechanics,
Volume 48, December, 1981, pages 727-731.
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Question 3.6 - When the RHR heat exchanger is in the steam condensing
moae, what happen s when a LOCA occurs?

Response - When a LOCA occurs, the valving in the RHR system
automatically realigns itself tec the LPCI injectior mode. The action is
taken on either low RPV water level or high drywell pressure signal.
Within the first minute of the accident, all of the valves woulcd be
reaiigned.

Question 4.9 - Are there instances when the drywell spray and pool
cooling modes are used concurrently?

Response - It is functiona.l, possible to run one independent RHR loop in
pool cooling and another in containment spray if conditions warranted.

An RHR loop, however, cannot run in the two modes simultaneously. System
pressure in tne pool cooling mode will not allow water to flow up and out
the drywell spray ring header.

Question 5.2 - Is there any interlock between the drywell spray and
recombiner?

Response - There are no interlocks between the drywell spray and control
recompiner.

Question 6.4 - In certain conditions, the drywell may reach 3409F,
what happens to the air monitoring system?

Response - The analyzers are kept at 3009 . At design conditions of

45 psig ana 3409F, the steam is superheatea. At 45 psig the saturation
temperature is equal to 2929F., This temperature is below the
temperature at which the analyzers are maintained. It 1s anticipated
that no condensation will take place of tne superheated steam, only
cooling.



Question 9.2 - Last sentence is unclear.

Response - Last sentence should read: "The RHR wetwell spray mode can
mitigate the effects of prolonged leakage into the wetwell having no
effect on suppression pool cooling."
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The radial oscillations of multiple gas bubbles in an incompressible liquid buund
plane solid or free surfaces are anaivied. Derivatior: of the normal mode f=¢quencies and
mode shapes o/ two, three, anda Jour bubble configurations in an unbounded fiquid tiuss
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. trate the method of analysis. Expressions for the oseillation [requencies of oubbies near
- [ree and solic surfaces are derived.

Introduction

The dynamizs of a single spherical bubble oscillating radially ina
liquid have be: o exiensively investizated. Rasleigh [1] derived the
kasic equat o governing the motion of a gas cavity 1n an urhounded
fluid. Minz2es [2]. using a simple energy method, determined the
patural freqioncy of an osciilating gas bubble. Since that time., re-
search on vapur bubbles and cavitation has motivated studies of vapor
bubble coliapse, heat transier effects, and a wide range of other topics.
Hsich [3, 4] reviews some of this work.

No previous analysis. however. has deait generally with the hy-
drodynamic relations governing interactions among multiple oseil-
lating bubbles and their surroundings. It 1s weil known that a sohid
surface attracts an vscillating bubble while a free surface repeis it |5].
Cole [6] ard Friedman |7; have derwved expressions for the oscitiation
period of a sinzle. explosively formed bubble situatea between a Iree
and solid surface. Since surfaces can be interpreted as the planes of
symmetry in a multiple bubble svstem, these expressions also deter-
mine oscillation periods for a restricted set of multiple bubble cun-
figurations.

This paper presents a method for estimating the radial osaillation
natural frequencies oi any number and contiguration of gas Subhles
in an unbounded liguid or in a liquid bounded by plane solid or tree
surfaces. The analysis is limited to tinear, smail ampl:tude osailla-

.

tions.

Model Assumptions
We consider the radial oscillations of N gas bubbles in an un-
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Contnbuted by the Appled Mechanies Dinvision for publication in the
JOURSAL OF Aty Mo MaNi s

Discusswin on thie prapet shoanet e addressed to the P2 tenal Deparntment,
ASME. United FErnoer g Center, by Fast 47th Steeet, Sew York, N Y.
10017, and will bee s cotitesd usetil twe meantn sites ol paiblie on of the paper
Saelf an the Dot BSNAL G0 AREEIED M AN s Mamase 0 meoned by ASME
Applied Mechanics Divisin, Devcemiser, 1050, tinal revision, March, 1081

Journal of Applied Mechanics

bounded liquid. The liquid flow is assumed to be incompressible 304
irrotational. Gravitational and surface tension effects are ignoreq. ~ar
from the bubbles, the pressure P, is unitorm.

Radial displacements of the bubble surfaces are taken to be small
compared to bubble radii »

brir « 1. (n

If the velocity in the fluid varies with a period r and is characterized
by an amplitude L’y on the bubble surface. then or is of order [ =
Strouhal number, /L'y is then much greater than 1 and convertive
accelerations in the liquid can be ignored. Equation 11 also im o iiss
that the time scale for oscillation is much smaller than that for con-
vective distortions of the hubble zeomeiry. We shall asume 101 the
bul:ble yeometry is invariant tspherical or el Jsoidu
mscillations analvzsd. The gas is treated as ideal and adiabatic wia
a ratio of specific heats 5. Equation (1) can then be written

P/3yP. « | 2

where 8P i, the maximum change in bubble pressure from the equi-
librium.

",
L e

f during the

Analysis
The kinetic energy T of a liguid bounded internally by surfaces 4
can be exnressed as

T'-hf oﬁdA 3)
R

where ¢ is the velocity potential and p is the liquid density. The »or-
mal vector i is dotined as pointing nto the liguid e cutward 10 m
the gas bubiblest. In our analysis, the integral is taken over the bootie
surfaces.

The rate of charge of the ith bubble's valume is given by

“- J:. %:-'d.a, “
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re the integral is taken over the surface of tiie ith bubb'e. We
Qefine two potentials ¢y and ¢, whose sum is ¢, such that @ is uniform
over each hubble surface,

0y :
J".Mu. o for i=1,2..N (5a)
and . :
f%’u.-o for i=1,2,..N. " (sb)

Physically, ¢, is the amount by which the actual potential ¢ departs
from the average potential &, al any painton a hubble’s surface. Ex-
sept in the case of asingle bubhie in an unconfined liquid, 9o/0n will
pot be uniform over each bubble and thus 0¢, on may vary over each
bubble.

Using the relation
- B o

—dA — dA
fo2ann f e tan ©
we obtain _

o 34
—dA + 4 = dA|. 7
T'lP[Lén - f‘ 2 on ] 7

The kinetic energy can therefore be defined as the suni of two terms:
T, which depends on ¢, only, and T which depends on ¢..
Euler's equation for higiiy unsteady motion,

—TP = pT(28/01), ®)

requires that 24/t be uniform on the bubhle surface since the pres-
sure P in the liquid is uaiform on that surface. Any initial nonuni-
formity in ¢ will thus persist through a number of oscillations. As a
result, 32 and therefore Tow il reraain rouzhiy constant over the time
scales (several hubble oscillation periods) of interest in this anal-

We note here that, as a consequence of equation {7), the kinetic
energ: of any bubble system with given volume rates of expansion [
a minimum when ¢ is uniform over each bubble surface.

Since ¢, is unifosm on each bubble

Te=-ipqTe,+ T2 &)

where q is a column vector of the g, and ¢, is a column vector speci-
fying the uniform potential ¢, on each surface. Each g, is related to
¢ by Laplace’s equation and hence varies linearly with each term of
¢:- The relation can therefore be expressed as
q=C¢ (10)
where C is a square matrix depending onlv on geometry. € is andogous
to the capacitance matrix in an electrostatic problem with charged
conductors.
The kinetic energy may now be written

T=}a"Mq+ T2 a1
where ' ; -
Mz —pCl. (12)
The potential energy of the ith bubble V,* is
Va+iV,
Al Koo .= Pa)dV 13
v, fv =P TEN

where P, is the pressure in the ith bubble. V., is its equilibrium vol-
ume and 81, is the chanyze in volume from Vo, Assuming reversivie
sdiahatic expanswon ol each zas bubble the total potent al energy V'*
of the multiple bubble system can be tound from equation (13! and

expressed as
Ve o= Wy TV

where 8V is a vector of 8V, and is ® diagonal matrix whose elements
are

GLd)
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P.y
K Y ‘5
“" Vo (15)
Lagrange's equations, with 47, substituted fur g, require:
d|[| oT ) oT ave
- - - - {i | = ,2,,.~. (16
alauval " aavy " " awevy o 7! -
1f M does not vary with time, we cblam
MV + EiV =0 Gan

The consiant term Tz in the kinetic enerzy disappears io the differ.
entiation. The eigenvalues of ¢uation (17),

|-u?st 4 K| =0, (18)

are the natural frequencies w of ithe N bubble system and the eigen-
vectors define the mode shapes. 17 the ercenvectors are known a prion,
@ can be deduced from the Raywigh-Ritz equation (8)

gl ,:.w TRV
ovTaav

where 8Y is an eigenvector. This formulation is particularly useful
when the mode shapes can be deduced directly from conziderations
of symmetry.

The Mas: Matrix. The mass matrix. equation {12), relates ¢ and
& For a single spherical bubble of radius ro

(19)

‘I’T.
and equations (10) and (12) yield
P
Mol
- y o 21

Substituting equations (21) and (15) into equation (19) vields the
well-known Rayleigh bubble nazural frequency (2)

1 3P.
o P

For a single ellipsoidal bublils with semiaxes g, b, ¢, Smythe [¥]
gives

o~ k. 1 J" [(a? + 8)(b? 4 B)(c? + 6)]'7d0. (23)
8xr Jo
Therefore
M= ;’; J: " [(a® + #itb? + B)(c? + 6)] 6 (24)

If the ellipsoid is pro‘ate, equation (24) withe = b can be integrated
to give

P -1 fe\2 14 "
M= —— |——————log |(c/3) = \; - c>a (25¢)
dxa [Vviw/a)r =1

M (250)

= -L [_—..—l : - hl-l‘—__‘-‘
4z0 c)? 2 e\’
) SRV
Fig. 1 compares bubble frequesw ies of sinzle spherical and ellipwoidal
bubbles of equal voiume cawui ried Using equation (131 wilh equation
(21) or (25). respectiveiv. T he depencence ol bubble irequency on
bubble geometry is tound 1o bax very weak.

It 1« more ditficult to deiermmne the eiements of Mana vtically for
contirurations involving twes or more bubldies. Smaine [#] uses 8
method of images apptoacn {Lo] to solve the analogous eluctrostate
problem: the potential enenss of two charged concucting spagies of
radtus ry separated cenier to cvnter by 7. ) he solution can te ¢x-
prec.ed in terms of M as

° A )
vy .
My = M ‘,,.“(A:-B:

c<a,

(26a)

Yransaclions of the ACLE
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M=M= £ (:"1) (;-—B (26b)

dxra\rg) \A% = B¢

where

A=sinhf 5 csch[(2n = 1)3]

B =sinh i" esch [(2n)3]

Solving the eigenvalue problem of equation (18) we find that the
natural frequencies are

3 -
<. PP (26¢)

P

" —'%lqua» (26d)

The two eigenvectors can be given as the columns of a square matrix
A

1 1
wf 3 -

The first mode describes two bubbles oscillating in phase; in the
second mode the bubhles are 150° wut of phase. Both the phasing and
the relative amplitudes of the bubble oscillation in these two normal
modes could, of course, have been anticipated from the problem’s
symmetry. -

Exact analytic solutions of M for more complex configurations are
not available. However, a very accurate approvimate expression for
M may be derived for spherical bubbles by assumung a unitorm soucce
distribution dy’ on each bubble’s surface. In any multipie bubbie
configuration this assumption imphes a nonunitorm potential field
@ on each bubble. [t tollows from equation (7) that

T.<-;p_j:o':—:'m @n
The definition of the divergence, implies
dq’ = T7ydV. (28)
Equations (27) and (28) and Green’s theorem then yield
Ti<-}pfedq. (29)
Integrating )
. Ty <18V Tmiv . 30)

where the approximate mass matriz is
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L WOOE 7 BUBRLS OUT OF PraT

a 1 " L A 1 A -
%% 30 s ) 0

BUBBLE SCPARATION 1gfr)

Fig. 2 Exact anu approximale frequencies for two bubbles

Q€

Fig. 3 Twvee-bublle configuraidon

M= L. @1
dxry,
Here r;; is the center-to-center separation between the ith and jth
bubble if i # J, and the equilibrium bubble radius if ¢ =
Use of the approximate mass matnix leads to an overestimate of Ty,
and thus underestimates w (equation (191). The accuracy of the ap-
proximation is expected to increass with increasing bubble separation,
The examplies in the {ollowing section demonstrate that equation «i1)
provides a remarkably accurate estimate of w even for bubbles in close
proximity.

Multiple Bubble Configurations

Consider again two spherical bubbles of equal radii. Using equation
(31) for M and taking A = 1/w?, equation (18) reduces to the eigen-
problem

. S -
v dxr 4xr;
; ’ Tileo (32)
s My _ .2
dxryy Vo darg
This yields natural frequencies
(330)
and
(325)

with the mode shapes defined by the columns of A;
) 11 (
Ay = ( ) {33¢)
1 =
Fiz. 2 compares these approximate solutions (equations i 11a) and

(X18)) with the exact solutions tecuation (26)) The approumate
solutions underestimate @ tor hoth mode shapes, as expected. How-

NECEMBER 1981, VOL. 48 / 729
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Fig. 4 Four-bubble configuration

ever, for bubble center-to-center separations as low as three bubble
radii, the error is less than 1.2 percent.

Consider three aligned bubbles with center-to-center separations
ri2 (Fig. 3). The approximate M matrix is

i - N
roe iz 2r
i+l & % 3 34
ix riz fo T2
v AN T |
242 ri2 To
The eigenvalues are found to be
(35a)
(358)
(35¢)
and the mode shapes are given by the columns of Ay
: 1 1 1
Ay = | 11861 0 -16861]. (35d)
1 -1 1

In the first mode. all the bubbles oscillute in phase. In the second, only
the two outside bubbles have finite amplitudes of oscillation. The
third mode has the center bubble 180° vut of phase with the uther two
As expected from the svmmetrs ol the configuration, the end bubbles
have the same amplitude in each mle. Companson w ith the results
of 8 numerical calculation 1:a which the mass matrix was accurately
computed by a method of images aindysis) shows that ine estimated
natural frequencies ate in error by less than 1.7 percent for rya/ro 2

3.
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Fig. 5 Bubble between tree anc solid surtaces

The four bubble case shown in Fig. 4. provides a final test of the
approximations inherent in equabion 1411 The same procedure as in
the previous examples yields a matrix of eigenvectors

-8 TR
P 1 =} =}
A= (36a)
= 1 =1 1 =1
= 1 =) =1 1

Again. the symmetry of the problem requires that each bubble have
the same amplitude aiid that the normal modes Invoive prase duf-
ferences of 0° or 180°. | he eizenvecions actually found are consistent
with both of these requirements.

The eigenvalues are found Lo be

Py

’ (1 +2707 -'l.)
r

Transactions of the ASNE

Wy o=

P (365)




3Py

rl (l - 1293 -'-.-)
n
The identity of w» and w, results from the geometric identity of
mode shapes 2 and 4 (ihs second and fourth columns of A,). These
results are within 2.7 percent of an accurate numencal calculation tor
rig/ro = 31(11).

Free and Solid Surfaces

The normal mo-es for 2V bubbles in an infinite pool will implicitly
determine the 1ormal modes for N bubbles adiacent to a plane solid
or free surface that replaces any plane of svmmetry in the LN bubble
configuration. A first example 18 presented in equations (23a) and
(335) which can be interpreted as the frequencies of osaillation of a
single bubhle adjacent 1o a solid or free suriace, respectively. Two
bubbles aligned parallel to a iree surface, twice as 1ar apart as their
distance from the surface, will have two normal m des correspending
to Modes 2 and 3 of the four Bubble cunfizuration, equations (3¢ )
and (36d). If the surface is replaced by a solid surface. the two normal
modes are given by Maodes 1 and 4. These re-uits demonstrate ex-
pected trends: proximity to a free suriace raises normal mode
frequencies and brings them closer tozether; a solid surface lowers
frequencies and spreads them apart.

The analysis of bubbles osciilating near free and solid surfaces is
greatly simplified by a method ot images approach. When more than
one free or solid surface is present. the number of imaze bubbles re-
quired is usually infinite, but the amplitudes and phasing of the image
bubbles can be deduced in advance by inspection. Images are always
of the same amplitude as the “object” bubble, in phase for a sold
surface image and 1 20® out of phase tor a free surface. When the mode
shape can be determined directly. an analysis of the natural
frequencies based on equation 1Y) is considerably simpler than an
attempt to identify the appropriate ewzenvalues in equation (13) when
the dimensions of M and K are infinte.

For a system with N independent bubbles and an arbitrary
boundary of free and solid plane suriaces there are N normal modes
of oscillation. The problem can alwavs be reduced to anaivzing an ¥
X N mass matrix whose M., element relates the potentiai on the tth
bubble to the volume flux from the jth bubble and ail its images. If
the j + ANth bubble is a retlection of the ;th,
et

M=
. bgo """..v q,

Ol"'!' (36d)

ro

37
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The ratio g, 4ar./q, will equal £ 1 depending on the tvpes of “reflect-
ing” surfaces involved. The elements of the stiffress marnx K will be
given by equation (15) as before.

Fig. 5 shows an example of a sinzle bubble situated midv v betueen -
@ free and solid rurtace separated by a distance A For this cuse,

2 ~ fo
M= —|] ¢ : -] — as
4xry sl : kh -
and equation (19) then yields
|
w= l ) - (39)

Cole [€] and Friedman [7] use a similar technique to descnbe the
motion of an exploxively formed bubble in a pool of fir te cepin.

Concluding Remarks

The small amplitude osciilations of a single spherical bubbls in an
unbounded liquid are analogous to those of @ one-spring, cne-mass
svstem with K = . .y/Vgand M = p/4xipe Nonspherical budole
shape has only a weak effect on predicted frequency. MMult ple
spherical bubbles i an unbounded liquid have normal moge
frequencies and mode shapes tia! can be found by formulatinz A and
M matrices as outlined in this paper end analyzing the matric M ™ AL
Use of appreximate mass matrix elements greatly «imputies the
construction of Al with little loss of accuracy in the irequency rre-
dictions. The efiects of plane pool boundaries on tne elements et M
can be determined by a method of images.
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A théoretical Ciocussion is sresented on the ivadamental processes by which pulsating pas baliLles in

liquics dissipate theis cnerey, The survey is limited to tie ¢

are assunid to be suthicienthy saall that

ase where the amplitude of the volume polsations
the pulsations may be deseribed by liacar equations \ pottion of

the encrgy of the buldide system s fost by the radiation of sphericsl saund waves, a part s inst by keat
conduction duc to the polytropic compresions an:d expansions of the enclosed gas, aned a portion is st
by viseous dissipation attniatel o visenus forces actins
the procedures for measuring the resonant damping constant as dosceiberd 1 the methods of successive
oscillations, width of the resanance response, standing-wave ratios, and resonance absorption. Faperimental
results verily that the damping at resonance is due to thernal and tudiation, and possilly viscous damping.

at the gastiquid interface, A survey i made of

GLOSSARY OF SYMBOLS

R

A attenvation ; Ry
er  Rol”/pisi R,
B /2 Rayleigh's dissipation function R
b  dissipation cocfTcient r
C  goncralized diiving function s
¢  velocity of sound ¥
D thermal diffusivity 5
d  thickness of bubble screen T
F; incident sound energy T
E,  rcflected sound cncrgy !
F  chaiacteristic frequency of the gas bubble U
Jee  Minnaert's resonant frequency ""
Jo  resorant frequency Yy
G universal gas constant W
¢ a factor which takes into account the effect of X
surface tension y
k  height above thic bubble producers
1 idem fuctor ' - z
K thermal conductivity ’ a
k  restoring stifness
I lagrangiun function ) 13
m; mass of the gas in the bubble v
My  generalized mass )
1’ mass of the gos contained in the volume &
me  average number of bubbles per unit volume ‘
Py stalic pressare y
P:  instantaneous pressure in the undisturbed liquid 7
P comples amplitude of sinusoidal pressure p ¢
Py instantuncous prossure on the bubble surface
Pi  pressuee insidde the bubble A
P sinusoidal prevsure on the iquid surface A
P sinusoidal pressure on the bubble surface “
P wcoustic pressure on the bubble suriace p
P incident sound pressure ) g
P reflected souned pressure . v
@ mumber of cyeles requirad for the amplitude of
motion to reduce to ¢™* of its original value v
Q@ amount of heat energy tran<feread @
.—:T‘;M'-c-l—(:n a thesis subimitted to the Faeulty of the Columbian ?,
Collegee of The George Washimeton University in partial satistage *°
tion of the requircanents tor the Jegrer ot Master o1 Science. w
1654
GRSk A A S A T ka2 S0 %

TN, NI R ATy

radial distance

mean bubble radius

instantaneous bubble radius

nonresouant bubble radius

change in radius from the mean bubble radiu.
net stress dvadic .

specific heat at constant pressure

specific heat at con-tant volume

equilibrium absolute temperature

absolute terperature

time

internal enerzy

equilibrium bubbie velume

instantazeous Lubble volume T
work done on the bubble

rate of pure strain dyadic

amplitudc of the change in temperaturs from 1 -
equilibrivm temperature

tube radius

a factor which describes the departese wi |
bubble stifiness from the adiabatic stiffness
[(Re/Rp=17

ratio of specific hezts

1/Q dumping eonztane

resonant damping constant

angle between the incident sound ray aml *»
norma! to the bubble screen

- polytropic ¢xponent *

change in temperature from the equilibris
temperature

nateral logarithmic decrement

wavelength

‘cocthicient of viscosity

density

surface tension

change in volume from the equilibiam bt -
volume

infinitesimai dement of volume in the gas bulidde
(w/2D)}
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. DAMPING OF PULSATING

. w8

L INTRODUCTINN

it eatlicst reference 1o bubbles as sound souLCes
~was made by Brage! who attributed 1o cintrained

“ bbles the murmurting of & brook and he “plunk™
',,.qlﬂs falling into water, Minnacet® has since
ot that the sound gencrated by gas bubl'es ia
o is associated with simple volume pul-ations of
o bubble without change of shape. The bubble
aves a8 8 simple damped oscillating system with
¢ dgree of freedom. Therciore, the differential
s+ of motion for the bubble system his the same
a & the sccond-order lincar diffcrential cquation
comass fastened 1o o spring. As the bublle periodi-
v espands and contracts, the surrounding hquid is
o zert mass which is set into vibration, while the
s is due to the gus in the bubble. This zero-
"t radiator has a sharply defined resonance at the

Juw= B3y Po/p.)Y /25 Rs, (1)

ac Ry is the mean radivs of the bubble, P, is the
wopressire at which the bubble has the mean radius
«isthe ratio of the specific heats of the gas enclosed
e bubble, and p. is the density of (he liquid. This
srant frequency derived by Minnacrt a:semes an
datic equation of state for the gas ia the bubble.
“e volurie pulsation frequency of nonspherica! gas
<tes in liquids has been considered by Strasberg?
v wed oblute spheroids to zpproximate the nor.
wrical shapes. This determination indicates that the.
“ancy is only slightly dependent wpon the ratio of
*=ajor to the minor avis of the spheroid. In facr,
t41atio of two, the volume pulsation {requency of
o+ late spheroid differs by only 2% from that of a
e with the sume volume. Observations have shown

.

5 ¢ brge bubbles are generally nonspherical while
“small bubbles tend to be spherical,
2 addition to simple volume pulsations, there 2l
M be oscillations in the shape of the bubble. The
eut se Fl frequency for the higher modes of shape

*=3tion has been calculated ¥ Lamb'; Strasbergs

“Wed this analysis to demonstrate that shape

T *<3tions do 1ot seem to result in significant sound
Tuare except perhaps very close to the bubble,

¢ sound pressure resulting from  escitation of

¢ pulsations by several mochanisms has tecently

; M discussed i the literture? The nrechanismis,

A cause bubbles 1o pulsate and radiate sound, are

“tle formistion, coalescence, or division Lz motion

ot - * Tree stream of liquid containing entrained gas

4 s past an obstacte, or the low of liguid ventaining

~—

Lt ‘
N ."‘L", The Worl! of Sound (G, Bell and Sous L., Lundon,
by ¢ Minnzert, Phit. Mae. 26, 235 (103
1 tasherg, J. Acoust, Soc. Am. 25, 546 (1953).
. w pdb, Ny drdywamics (Dover Puldicatuns, Inc, New
" . "g:s)o Sue. 294,

rasherg, J. Acoust. Sec, Am. 28, 20 (1950).
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entrained bubbles through a pipe past a constriction ;
and i incident sound wave.

Experimonts conducterd Ly Sorensen® showed that
liguics containing a gas possess higher sound damping
characteristics than do those which are gas free, fust
a few widdd; dispersed bubbiles, which are o small as
to be invisille, can have an appeaiable acoustic offver.
When a large number of these small bubbles are
present, the liquid will be nearly upaque acoustical'y,
Small impuritics in liguids, such as suspended particles,
have negligible influcnce in comparison with the
damping increase due to bubbles, Therefure, bubbles
have a considerable importance in the transiission of
underwater sound. In order 10 understand the attenya-
tion of sound by gas bubbles in liquids, the fundamental
processes Ly which pulsating bubbles dissipate their
encrgy must be knows. This discussion will investizaie
the portion of the encrpy radiated in the fern of
spherical sound waves, the part which is transformed
into Yeat energy during the polytropic compressions
and expansions of the enclosed zas, and the part of the
eneryy lost in viscous dissipation. It may be that these
three processes completely account for the total
da::iping of gas but Lles in Lquids.

. II. THEORY
(2) Equation of Motion

Periodic enforced changes in the pressure on a
bubble result in volume pulsations of the bubble. I
the_smplitude_of the volume pulsation is small, the
“motion of the bubble system is described by a second-
order lincar differential equation. For this system
possessing one degree of freedom, the condition of the
bubble system is defined by the change in volume ¢
from the equilibrium volume V.. The instantancous
volume 1y of the bubble is the algebraic sum of the
mean volume Vy und v. In a4 similar manner, the
instantancous radius £, of the bubbie is the alechraic
sum of the mean radius Re and the radial incren.ent
r. The bubble is assumed to be in an incompressible
liquid. At the surface of the liGuid, a sinusoidal pressure
2 is applied:

p= P expljut), (2

where P is a constant. Licuids are slizhtly compressille,
but, as long as the bubble size is smuail compared o
the wavelength of the prossure wave, the Hguid s
considered incompressible.” The instantancous pressere
P i the uandisturhed diguid is the sum of the sinusoidal
pressure S exp(jet) and the static pressure £;

Py= P exp(jut)+ P.. 3)

However, at the bubble surface, the instantancous
prosure /%2 s the distantancous pressure 2 in the
undisturbed Tquid minus the inertial reaction of the

¢ C. Sorensen, Ann, Physik 26, 121 {1936).
¥ See reference 4, Sec. 2w,
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liquid in motion alout the bubble, For the moment,
until the inertial roaction of the liquid s detanina,
the instantancous prossure 1% af the bubble surjace s,
defined as the sum of the sinusoidal pressure p" and the
static prossure Fy:

Py g+ Po= 1" expljol)+ P, O]

where 2 is the compiex amrlitude of the driving
pressure p. “The Lubble, which is in this uniform but
altervativg pressure hield, cannot be in equi'ibrium
with this oscilluting pressure unless the bubbic iiscll
is pulsating. Uniform piessure in the gas bulble
finplics that the incrtia of the gas is negligible. The
liquid surrounding the bubble provides the inertia for
the bubble system. The equation of motion for the
bubble system is derived in terms of gencralized co-
ordinates by using Lagrange'’s equation. When there
arc no dissipation or forcing pressyres  present,
Lagrange’s cquation is

(8/d1)(21./20) - L /au=0, (s)

where the Lagrangian function L is defined as the
kinctic cnergy minus the potential encrzy of the
system. When dissipadion is present, the dissipation
pressure is assumed to be proportional to the Lutble
volume velocity ¢. Dissipation of this type may be
derived in terms of 2 function B, known as Rayleign's
dissipation functign, and defined as®

B=[b(v V2, (6

vhere b is the dissipation coeflicient. The equation of
motion for the bubble eystem when there is dissipation
and a generalized driving function C, where neither
arise from a potential, is

(d/d1)(01./2¢) L/ du+aB /s=C. 0

The potential cnergy of the bubble system is obtained
by assuming the gas in the bubble undergoes an
adiabatic process during the velume puisations of the

bul:Lie: i :
. PV yve= Pl v (8)

Py =~ (v P/ V)V, 9
Py —Po=—(P/Viv. . - (10)

Therefore, the potential energy is

~J

P.E.— f (P Pddv= PV (i)
Sagh

As the bubble perindically expands and contracts, the”
surrounding liguid is set into vibration, The maximum
kinetic energy of the lguid particles occurs at the
moment the bubble hus awin recovered its vquilibrium
volume Vo The tlow of the liquid is irrotativaal;

-—

8 31, Golilstein, Classicad Meckaries (\ddison-Wesley Publishing

.

(‘ Company, Inc., Cambralge, 1953}, p. 2L
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therefore, a veloeity potential exists. The welo .,
potential of a Kguid pariicle at a distance &, dug 1y,
simple source, in a liguid at rest at infinity, is?

= (3/4z R) (15
and the velocity of this liquid parnticle is
Re= V0w (6/4 1), i

The kinetic vacrgy of all the liquid volume elémgy,:
of density p: is

KE =(:/2) j: @yUsmeR. (.

The integration is extended to infinity because .
bubble is assumed to be surrounded by a very L,
liquid volume. Upon integration, the feregoing expre.
sion yiclds the kinctic encrgy as

" K.E.= (p/87Ra) ()" (s
Accordingly, the Langrangian L is
L= (ps/8=R)(()* = (4Pe/2V4), e

and the equation of motion for the bubble sy<teer
when a sinusoidal pressure P exp(jut) is applied at i+
surface of the liquid a.d dissipation is present, is

(po/AxP)i+ 804 (34 P/ 4a R == P exp(fu?). 1}

The forcing function P expi/jut) is preceded by
minus sign as a decrease in pressure results in .
increase in the bubble volume. The term (ps/4: X

the generalized mass wry of the bubble system, 1:-

.stiffnces of ti.e bubble system is defined as the s

in pressure on the Lulble surface associzted with ©
change in bulble volume; therefore, the term (v |
is the adiabatic stifincss Ay,

b= — @PS[aV) = (4P V). (153

Consequently, the lincar second-order different..
equation of motion for the bubble system is -
written a5 .
ﬂg\‘!‘f&l'l‘i'k.w- -pP cxp(j:;l). (R
When the bubble is slightly nonspherical, cach fern
in Eq. (19) it nearly independent of shape when 57
mean radius R, is taken as the radius of a sphore
the same volume? Transient wolume pulations o=
given by the solution of Eq. (19) when the righit ~o
of the equation is set equal to zero. Furthermore. *
the dissipation i< negligible, Fe. (19) hocomes

mait b o=0 N
and the resqnant freguency of the bubl'e system i
Su= (1/20) (ko/me) = (125 Ra) (3 Polp)? (S
which is Minnaert’s expression as given in Lq. (1.

% See relercnce 4, Sec. 56.

.

Vihen the 5y

AVIRE PIesue i
om tie bult o

apsoidal ol
e the amplicde

wiginal value i 1t
Jssipation is »n
auney of the o
1 the bublle ~v o2
4¢ Q of the Lulil

Jere fo is the res
wmaining Coersy
weillation is Fu-t 2
mpitude of o0l
i & bubble, t%e 1
4e bubble syster
ahich the enerzy
farced osciilztions

&fined 25

shere f2 2nd ) .
sbove and bilas

und power o
(EANANCE Vi
deired as e
! times the nal

' The total gam
} aning from: 150
1. Thermal 4
den between 1t
fovid.
z Sound
3. Viscous €28

1 et

b gar-fiquid inlest

In the dutive
auency, the =2
fhe pressure 2
ane another v
miabatic cife,
ather limiting
the gas spa.e.
ain in plas
* tase, there i
¢ the bubllc ot
—— e

81 Kiasier &
Uley & nws b

-,
T 18— T T A P T e Y T S S e e T el o P



-
L

DAMPING OF PULSATING

When the right side of Eq. (19) is zcro, i, the

wing prossure has boen removed, the sonnd pulse
“am the bubble consists of a damped exponential
avoidal ¢ cillation. The numbier of cycles requined
w the amplitude of motion 1) reduce 1o e=* of its
giginal value is the Q of the bubuie system. When the
seipation is small, the difference botween the fre-

cy of the oscillation and the resonant frequency
dthe bubble syst-n without dissipation is negligible ;
3¢ 0 of the bublle system is expressed as

Q= 2sfoma/b, (22)

sere o is the resonant frequency, The fraction of the
amaining encrgy lost in zuch eycle of the bubble
weillation is just 2=,/Q. In order to maintain a constant
mplitude of oscillation with time for forced oscillations
da bubble, the rute at which energy is supplied to
3e bubble systcin must be just cqual to the rate at
shich the encrgy of this system is <issipated. For
breed oscillations of a bubble, the @ may be alternately
Yfined as

Q=//(fr~11), (23)

shere /3 and f, are the two frequencies respectively

dove and below resonance at which the average

ouad power of the bubble has dropped to one-hali its

msonance value. The total damping constant § is now

dfined as the reciprocal Q of the bubble system or
+ ©4 ties the natural logarithmic decrement o ;

¢=1/0=\/x. (24)

e total damping may be explained by losses crigi-
tating from three processes:

1. Thermal dumping &y, due to the thermal conduc-
ion betv. cen the gas in the bubble and the surrounding
fquid,

2. Sound radiation damping ¢,..

3. Viscous danping é.is due 1o viscous forces at the
bs-liquid interiace.

The total damping constant § is the sum of these three
Processes:
®, 1
1/Q=8=bu+480it8, (25)
s

(b) Thermal Damping

In the derivation of Eq. (1) for the resonant fre-
Reency, the adiabatic equation of state was a<sumed.
¥ pressure and volume changes are in phase with
%ic anothier so that 417/ 0, equals =«d V' /1y, For the
. ¥iabatic case, there is mo transfer of heat. In the
o Sther limiting case of a purcly isothermal process in
{ €28 spuce, the pressure and volume chunges are
Bain in phase; d#3'Ps cquals —=d1/ Ve For this
Qse, there is just as much heat tlowing outward from
( ® bubble"during compression as flows inward during

i

L — -
_.L Kinsler and AL Veey, Fundamentils of Acoustics (Juhn
3 Wy & Suns, lec., e York, 19500, o 24,
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-expansion. The work done by the driving pPressure in

compressing the gas space is st equal to the work
done by the expanding gas in moving the surrounding
liquid. However, for the case of a real Lubble, the gas
in contact with t.c liquid doscly fudows the isothicrmal
equation of stute since the liquid has a larse specinie
heat and thermal conudectivity. In the ceater of a real
bubble away from a substance having a high specitic
heat, the gas ncarly follows an adiabatic equation of
state. Thercfors, the therma! process is pottropic for
a rcal bubl's, and a Jrease dilicrence exists between
the increase in pressure per unit original pressure and
the decrease in volume per unit original volume. This
phase difference causes a hysteresis effect. The work
done on the gas volume by the driving pressure during
compression is more than the work done by the gas
space in moving the surrounding iquid during expan-
sion. This diffcrence 'n the work done tepresents a net
fow of heat into the liquid. This net flow of heat into
the liquid is characterized by the thermal damping
constant.

The subject of thermal damping has been investizated
indepenciently by Piriem," Wiliis,”* and Saneyosi and
all have obtuined somewhat similar resalts. The
result: of both Willis und Sancyosi are availuble, but
unfortunately their derivations are not easily acces=ible.
Consequently, the derivation as outlined by I'triem
will be more or less followed,

In deriving the expression for the thermal damping
constant, the zas hubble is assunied to be in an ine
compressible Tvuid, and is excited 16 volume pulsations
by a sinusoidal pressure P exp(jut) applied at the
surface of the bubble. The liquid has a large specific
heat and thermai contuctivity, and Lehaves as a heat
feseryoir. Consvently, in the liquid adjacent to the
gas-liquid interface, it will be assumed that there ure
no changes in temperature. In addition, tie temper-
ature in the cener of the bubble is finite. The gseilly-
tions in the pressure, volume, and temperature of the
gas in the bubble will be assumed small. Counsequently,
the equations relating these three the rmodynamic
coordinates arc linear. In addition, the density ad
the specific heats of the gas are regarded as constant.
In the gas, the pressurc is not a function of position
dut only of time. Thereiore, the gas is in a uniform
but alternating pressure field; the incitia of the gis is
negligible. The heat transfer process is condiction.
Convection is unimportant as the time factor for
establishment of this process is considerably lurger
than the time consumed during a hall-cydle compression
of the bubble,

In order 1o culeulate the thermal contributions to
the total damping of the bulble system, ithe change in

—

"L Pleiem, A\bust. Z. 8, 202 (1940),

W L. Spitzer, “Aeotstical propeetion o gas hubd tes in a juidd,"
Colum'na Univeruy Otlive of Suientilic Researeh sl 1 sl
mient, Ropt, 1705, Sov, Naw 6.1 e 20918, July 15, 1943,

B Z. Sancyosi, Llecteoteh, J. 5, 49 (1),
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bubble volume must first be determined. When the
driving pressure at the bubble surface compresses the
bublle, work is done on the gas space. This work done
on the gas space increases the internad encegy of the
gas, and alo results in a transfer of heat enerey through
e gins. The added heat i transferred by eonduction
from the gas bubble into the surrounding liquid. The
compression process must obey the conservation of
encrgy principle as stated in the first law of thermo-
dynamics:

- AU =48+ A1, (2¢)
where AL is the increase in iniernal enerpy of the gas
space, A¢ is the heat added 10 the gas space, and Al
is the work donc on the gas space. When each term in
Eq. (26) i divided by an infnitesimal time 3 and M
is allowed to approach zero as a limit, the rate of
increase in internal encrgy is givea as

dU/dt= dg)dt4-div' /dL. (27

At a point in the gas space, the rate at which work is
done_per unit volume by the driving pressur: on an
infinitesimal clement of volume o' of the gas is

dW/dt=— (P} ) ('] at). (28)

For this small element of volume at a point, the rate of

-increase in internal energy per unit voluine is

QU /dt= pysi(do,/dD), (29)

where 5., is the specific heat of the gas at constant
volume, and &, is the change in gas temperature from
the equilil::ium absolute temperature To. The rate of
transfer of heat energy per unit volume for an infini-
tesimal volume at a point as a result of conduction is
proportional to the divergence of the temperature
gradient; the proportionality constant is the thermal
conduciivity Ay of the gas: X
dg/dt=K,T9,. - (30)
Since the temperature is a fonction of time and radial
distance, Lq. (30) becomes
8g/dt=(K\/R)[3*(R3,)/aR" ], 31
where the spherica! coordinate system originates at
the center of the bubble. When the above expressions
are substituted into Eq. (27), the differential equation
becomes }
(s /R)CO(RE) /01 - .
s= (Ky/R)[0°(Ra,)/OR] = (P )@ /an).  (32)
A substitr tion can be made for the second term on the
vight sidle of the forcgoing cquation by considering the

P = w'G(To0), (33)

Equation (33) may be differcntivted with respet 4.,
tinte 1o yickl

PY@f00) = (m'G/R)[a(R0,)/ar)
=d@r/en

(P 1)@ [E0) = (pG/ RY[O(F0) /o) =ar ) (v (i:

(I’,'/u‘)(dy'/.‘p.') = (PI’I'I/R)!:O(R‘)‘)‘/J[]
= (pus/R)[0(119,)/2:]
=juP’ exp(jat), (i

where 5 is the specific heat ai constent pressore
Therefore, the lincae diffcrential equation descnibnne
the temperature feld within the g bubble is

a(Ra,)/ot=D\[#(R8,)/aR"] )
+j(wR/psp) P exp(jer), (37

where the thermal diffusivity Dy is Ki/pisi. A solutioe,
of this differential cquation must satizfy the bouidaer
conditions. At the center of the bubble, the chunse oy
temperature 6; must be finite, and the gradient - '
change in temperature must be zero. The chanee
temperature must be zero at the gas-liquid interta.
while the gradient of the change in temperature mu.
be finite. The solution of Eq. (37) may be ebtuinad by
seveial metheds, One methiod is to assume that il
change in temperature 8; is

6=y exp(j-) (3%

where ¥ is a function of R enly.f Therefore, Eq. €37
becomes

jw(R)’)"‘ I)J_'&’(Ry),-’él?}% jwklv,lmlm. (3

The solution of q. (39) is

Ry=a,[R/Re—sinh(g1R)/sith (@R, i

where a, is Rop'/’pllm and ‘,’/g is (J"w ’D|)‘. Thertor
the temperature iicld within the whole gas spue o
now known. The change in bubble volume v can nos !
determinced for a chanye in the driving prosure at o
bubble surfere and a change in the temporatun »
The total change in volume of the g
of the changes in volume of ail concentae heil-
radius is R and thickness dR. A shell of thickness <&

—

f It is evident that Feo. (38) is not 2 exact solution o
physical prolilom, althuupi it satisties o'l the contions o °
mathematical equations. 1ie physical focoming mates 100
the prean temperature wisnic the bubbic niust i foase e
the conter of l‘\\ bulisbe. Hoaover, avvarhing to by (50 at 2
bubbie suriace, the tompersture gradwm s (e JRY o Jo
with a fime averaze value of 2o, wiicrces s Lire ayerady v
shoul! b negative tor 2 mct vt aard thaw o foat, This e
Cotmes abutil i BeAeCUng - L seeond prder terims pr eni
obtain 2 ditierential vepration with hivvar coethownts, anb o
in assumingg that ¢, anmed v are simtesesedad, e ord for an pate e
i the mean vadue of 8 imdicates also the evistener of Tughier v
harmwnics. However, the ~u'~~u‘uu|l ticatownt of the ""‘:"'
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ws a volune
. i vo= dw KR, (11)

‘3 accordinee with the irleal ;.;.Iﬂ law, twe difierent
ates of the gas are expressei] as
(42)

deie 7' i the absolute tetiperatuie of the compressed
o When Eq. (12) is differentiated, the result is
!

Qve (vo/ 1) dT ~ (vo/ Po)dry
dv=i5x cxp(jwl)[l\'-'y/Ta—l\"l"/ "R, (44)
de expression for Ry s obtained ‘frum Eq. (40).

" Merefore, the total change in the bublle voluine is
i

i re
! edyeivt f
. 0

(43)

Byl R sinh(,R)1 PR
-——-[—-nf , ——]--—-].11: (45)
,’gln?g Ry Sl'.ih(y’ql\'o) I’. '

y.”’"’ul

L —

psei Ty

PiSp T 3

y Xl e {10 R cot) /R -—l}]. 16
K 7 conizad-1]], )

Cquation (46) is further sitplified by noﬁng that T,
cPlpi(spy~5.,). Theredore, v is

: Vel ¢ist
{ 1P,
!
!

3(y—1) .
X 14 ———( (R, colh's".l?o)]"l) 47)
yi'RS

Ve "s 1l _ e e
3(y-1) ) _
X1+ ———( [e.n, cothi¥,R)J~1 )| (19
ViR )
‘.‘en the change in volume per unit orizinal volume
~V)/Veis Plotted agsinst the change in pressure

PTenit oigin brassure (9= )/ 1 on a pressitres
i kme graph for the real companents of Eq. (4%),
i Tared enclosed by the compression and expansion
5 “Nes fepresents the net loas of eieryy by heat condue-
i % The change in bubile volume is now known.
Lot remains now the task of relating the change in
“bubble volume and the assumed harmonic excitition
Sure at the surface of the habble to the vibrational
.'f't"rlics of the gas bubhie, e, the stifuess and
i Ming atteibutes, »
Otder to determine the stiffness and damping, the

e B iRt 3

ATING

" of density. Another condition exists for ¢,R,

O e T b, .
" G »
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differential equation of motion for the bubble system
is considered. Since the inertia of the pas in the bubhte
is neplizille, Ee. (19) can b resritien for the differon

tial equation of motion for the total gas space in ine
bubible

buitbv=~[p cxp(j&.’)«{-m;&]u = expljut), (49)

where I expljut) is he sinusoicdal excitation prossuse
at the surface of the Lubble, Wien the expression f;
the change in bubble volume v, as giver, sy Eq. (47),
is dificrentiated and substituted into Eq. (49), the
following expression is obtained:

1 Vs .
Ftjeby 2Py
X[l-{-?&j?(&"n& coth(¥, ) ]— l)] (30)
VRS :

Since the perameter ¥1 his the symbo! J under the
Square root, which is undesirable, ard there is the
need 1o separate Eq. (30) into real and irsginary
components, a substitution for ¢, is introduced:

Ve (14600 = 2j6 = ju/ D,
Vo= (14 )= (145) (/2D,)"

Accordingly, the parameter SRy is Ry(e/2D)) or
Rolrpisorf/ K ). When the frequency and the radius of
the bubble are kept constani, the quantity o,2, varjes
as the square root of the density of the £1s, or alter-
natively as the Square root of the average pressure
inside the bubble since the specitic heat at constant °
Pressure and the thermuai conductivity are irdependent
vhen the
excitation frequency is constant and the radius of the
bubble satistis Eq. (1) for a resonant bubble, For
this cusc, the parameter &:8, varics as the averuge
Pressure nside the bubble, By intreducinz the
substitution fo; v1 and noting the identities for
sinh (¢, Ao+ jouks) and coshi (@Rt Ry), Eq. ()
comics

k~juby l'.{ 3(y-1) sin!n(?ﬁ.!\',)—~;'in(l'..s‘R,)

k"‘f‘ ‘wbu.)’ 7/’9 2¢;]\'¢ COS‘I(ZQ;[\") - an(zﬁlRo)
.(Sinh{?éu'\'.,)+sin('2¢.&) 1 )]l
cosh(2aR,) —- cos(20:R) ¢RI

(51)

Even though Eq. (51) is separated into real and
im.ugin;ury wrms, the form is «till not suitable for
determining the thermal damping constant ay resonance,
In Eq. (22, the damping constant is given in terms of
the dissipation vocttivient b, resonant cireulr frequency
wo, Al the generalized s e However, the general-
ized mass i simply the stitfness & divided by the
square of the resonant circular frequency., Therelore,

-
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the dimensionles damping constant, which at resonance
i5 the reciprocal 0, is wb/k. MU resonance, the rasimum
value of the thermal damping constant is about one-
tenth; therefore, (wbo/k) s very small and can be
neglected with o pect to unity:
1B~ jlaba/k .
—(-—{-)-[-»--J—(-—-'—)l._\.'(l,'l)[ 1=jlwba/k) . (52)
(14 (wbu/k)']

Accordingly, T, (31) becomes

g7 IR

Ve 3(y—1) 7sinh (24, P) = sin(2¢,R:)
il )]
i~

coshi(24,Re) = cos(28,Re)  ¢1he
X sinh (24, Ry) — sin(2¢,Re)

3(7— 1) ' ;sh 263 Re)— COS(?v,‘uRa))

+.. ds ——
£ 20 le \cosh(2¢,R,) —cos(2¢,R3)
X

sioh(24.Ro)1-sin(2¢,R)) 1 )
' Yo

Thercfore, the dimensionless thermal damping constant

is
sinh(2¢, R) 4 sin(28.85) 1

e o e S

cosh(28,Ry) —cos(2¢:Rs) ¢:.Ra

why .
—— - . - - - (51)
kB 20 R0  sinh(26,R:)~ sin(2¢:Ra)

3(y—1) cosh(26:7)—cos(25:R:)

For large values of 28R, i.c., equal to or greater than
§, the thermal dumping constant is given to within one
peicent by

oo 1-(/6R) 361
B D0RSG6-1)] 208

Yarge values of 26:Ro correspond to large bubbles or
the adiabatic case. The dissipation arising from heat
conduction vanishes. The thermal damping constant
for very small values of 28Ry, i, equal to or less
than 2, is given to within one percent by

C b= CARI/0). (50)

Very small values of 26,Rg correspord to small bubbles
or the isothermal case, and 2gain dissipation arising
from hcat condution vanishes, However, there is a
transition ropion botween small and Liege values of
26K where the theemal dissipation is & maximum,
In this transition region, the relation between the
pressure and the total s volume can be expressed os
Py'V cquais a constant, where the expoint 9 varics
from unity to y; the state is polytropic. Figure 1, a
plot of the thermal damping constant wby/k vs 29K,,

(55)

\

e e 3 3 T I S ST SR T W . FUD W g P = P S - S e e

63)
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clearly ullu-!r.ul'm 1!31-& transition tegion betwey
thermal and adiabatic states,

The stifiness of gas Lubbles s also impurtae -
the rerorant frequency for the bubble systemig o2 -, .
proporticial to the s puare root of the restoring o -
By tu!n{-:'l’:n;; the real terms on both sides of ¥y 53
the stiffness is expressed as

L 24) wha\?
2l -
kY, k : )
X[l 3(‘7—1)(35n?|(?¢;!!n)—sinQ(.lR,,)
cosi(2¢4 ) — (‘os(zfnk..)) ]

2418

For large values of 2¢. Ry, ic., for large bubbl . |
the stifincss approaching the adiabatie stiffng... -

dimensionless stiffuiess ¥P0/kV g is given to withun . -
percent by .
¥Ps 3(y-1)y 3y-1)
B e 1+ )] ‘e
kYo 26,Rs 20

Plricm, dus to an oversizht, us:d only the first powde
of wha/k in obtaining Eq. (38), and, therciore, 2
an crroncous result, The stifiness, as given by
forcgoing equation, is used to determing the thws-
damping constant at resonance. Consequently, =
thermal damping constant at resonance obtains i
Piriem is incorrect. For small values of 2R, v, @ -
small bubbles and the stitiness approaching th.
thermal stifincss, the dimensionless stifiness i s
to within one percent Ly

¥Ps (2¢,Re) 21(y=-1)?
-—-—/.\:[1--— (l- )] 3.
) kuoVe 1890 Y

When the dimensionless stiffness £V oy Py is plotte!
a function of 2¢,R,, as in Fig. 2, the dimen-iw
stiffness approaches ¥y~ for small values of 208 -
02 4 1
- 4 /\
i
5 003
%
-
i
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Fi6. 2. Dimencinaless stiffness vs dimensionlss
parameter 29, K.

amoaches unity for large values of 24.Re. The re-
aring stiffness of the gas and the thermal damiping
wstant ate now known. The only remaining task is
sitioduce the correct expression for the stiffuess into
s equation for the frequency, and then determine the
srmal damping constant 8., at resonance.

The correct expression for the stiffness will now be
stroduced into the equation for the resonant frequency.
fianacrt derived the cquation for the resonant irequency
f pulsating gas bubbles in liquids by considering an
Jdabatic equation of state. However, the state is
dytropic; the stifiness constant & for large bubbles,

wich is of practical importance in discussing under-
uter sound transmission, can be obtzined from
% (39):
tiere .
3(y-1) 3(7-1)\
a={14$——{ 14— 11
2¢|RQ 2¢;Ro /

:? factor a describes the departure of the bubble
:{ﬁncss from the adiabatic stifiness. Consequently,
4 (1) becomes

f= B3y Pe/p ) 2e R [, (61)

3 the discussion so far, the instantancous pressure
Side the Lubble has buen considered the same as the
Mantancous pressure on the surface of the bubble.
bwever, when the bubble is small, the surfuce tensfon
Msure increases the preesure inside the bubble;
Asequently, the instantancous presure inside the
dble is greater than the instantancous. pressure on
3 bubble surface. Smith Briggs, Jolwson, and

aM Spitzcr,” and Robinson and Buchanan'® are

-

-——

WF. Suith, Plil. Mag 19, 1147 (1939).
m‘;)ﬁ;gi. Johmson, amd Mason, J. Acoust, Soe, Am, 19, €6A

Gl.‘ Raobissan and K. Buchanan, Proc. Phys. Soc. (London)
-

W03 (1u50),

AIR BUBBLES IN WATER 1651
among some of the investizators who have dizcus-ed
the effeet of surface tension on the bubble stifines,
The probler 1s to relate the possure on the surfuce of
the bubbic, which is associzted with the change i
bubble volume, to the pressure inside the bubble, The
stiffncss &' is defined us

k'-—-(&l’g'/d".). (‘Sb) )
The pressure Py inside the Lubble is
Pi= P+ (2:/1), (62)

where Py is the pressure on the Lubble surface, o is the
surface tension, and Ry is the instantancous bublle
radius. The polytropic equation of state for the gas
inside the bubble is

P[Pt 26/ RV VI
Accordingly,
Py Po—2a/Ry=[Pot (26/R)J(Vo/Vi)=25/Ry (6Y)
and, as n is 7/a, then
= (gPo/VO[1 -+ (20/PeRa) = (22/33P.Ra)] (653)
ke P t&/ Vel cl/ Ve, (65!’)

where

(€%)

g= 14 (20/PeRo)— (25/37PaRq).

Therefore, the correct expression for the resonant
frequency fo is :

fo" (3‘7l’t&/ﬂ:ﬂ)vkﬂa’-‘f.\l(lf’c)'- (66)

When the bubbles are very large, the stifiness is the
adiabatic stifness and alko surfxce tension cifects are
negligible; consequently, the ratio g'a is unity and the
resonant frequency is given exactly by Minnzert's
equation.

Since damping is ol prine imporiance at resonande,
the thennal dumping constaat wiil row be determinad
as a function of the re<onant frequency. M resonance,
the parameter ¢, R is

oile= R(u/2D) = 3y Pig/4mpiDif) ;

= (Fg/fa)), (67)
where F is (3P /A=p.D)). Tor a given pres-ure, the
chatacteris-ic frequency F is a constant fur the gas.
When . (67) is squared and the expression for @
substituted, & quadratic eguation for ok, reulis in
trms of the pesonant trequency fi, charactenstic
frequency F, and g By substituting this vaiue of oR,
into Fq. (53), the thermal damping constant do, at
resonance is found to be

( 16 Fg 3)' (3y—1))
——— — - e |
) ‘) "" 2 3 "l )

k . 16 Fg

. Wy—1" /s
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Fie. 3 Theemal doopi=o constant for resonant aie bubbles in
water, Th upper curve B8 the erreacous result obtained by Firiem,
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As Plricm used an incosicct expre ston for a, he devived
the following eriviicous recult for the resonant theral
darijing constant:

1

““;,?r‘?;)‘ |
3(v-1) Jo

du

2
X1 v

sy )

(69)

When the following values are used

Pe==1X10" d/cm?, ¢
e=15d/cm,

Ky=5.6)10"* cul/cm-sec-deg ¢,
%=1.40,

$n=0.24 cul/g, ' .
p2=1.00 g/emd?, and '
p1=1.29X107% g/cm?,

the resonant thermal damping constant dy, calculated
using Xq. (68 and the one caleulitea us m" Plricm’s
equation can be compared. Figure 3 clearly shows that
the result obtained by Plriem is 50 to 637, too high.
The resonant thenmal damping constant determinad in
this survey agrees exactly with Willis" curve as given
in the report by Spitzer. For awr bubbles in water
Barger than 15 » radivs aad with resonant irequencies
Joss than 240 ke/see, the thermal damping constant do
is given to within one percent by Fo. (0%5). When the
resomamt frequency is less than about 7 ke/sec, e,
bubbles Lirger than 300 & in radius, the resonant
thermal constant is given lo within one percent by
the simple relationship:

j a9y = 1)/ () (70)
. S =441 X107 Y sedd, (1)
disclosing that the thermal damping . constant s

Vercmmmnaiaraon
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proportinnal to the squire oot of the reonant fy,
quency at low fiequencics,

(c) Radiatior Damping

In a conpresible liquid, & bubble excited i
volumic pulations expeads a portion of its coerpy t.,‘
radiating spherical sound waves, The bubble i 4. ,
sideiced as u simple sound source; the bubble rudia. &
is considered small compared to the wavelenath \ 4
e radiated sound. Smith't has calcalated the rudiae,
damping for gas bubbles in liquids. In order to der.
the expression for the radistion damping constant, i}
velocity potential for a simple sinusoidal source i
cornp-essible liquid is stated:

o= (juv/4=R) expljul(t--R/e.)], i)
where ¢; is the velocity of sound in the liquid, R i 1.
radial distarce, and - is the coraplex amplitude of i

change in Lubble volume v. The change in Lubis
volume v is simply

V= exp(jc.-!), (i3

where the complex amplitude vy is defined by Eq 47
The acoustic pressure is p:(37, '9). Consequuntiy, .
the bublle surface, the acousiic pressure is

po= = (putu/4xR)1 = jlwlle/c2) = (*RE/¢£2)
Fi I3 ] exp(jut:,

where only the first four terms are kept in the expan-io
of e'cp(JuI\q/r) The acoustic pressure on the bal'
surface is just the difference between the drvs
pressure on the surface of the liquid and the dm-
in pressure on the Lubble surface associated with
change in bubble volume. The change in pressure o
the bubble surface is #'v. Therefore,

pottu=p.+ oy expl(jut)=—Pexpljut) (iF

or
”n 'R
. n--—-—)a
47 R, *2!
wRs RS -
+.’.f._ ——-.—:-:)6'1*'08—1"("‘- it
'h’RQ (4] C:’3!

- 3.
Since the term w,Ry/cs is approximately 17751

terms of higher order than «eRe/c; will be peylocte s
and Fq. (76) becomes

(po/ V)i (ps’/Aze)io - My= =1 oxp( .

As long as the bubble radius is small cumpxml to t!

w..\-dw;:th of the radiated sound, it is seen thaet "’
genctalizod mass term for the case of a compressi
Bauid is the same as the corresponding teem in Fg b
where the liquul was considered incompress: Nt J
radiation  dissipation  cocllicient ba is p’ A

(i

e et e i

P S T e

-

T — p———

therefate, th.
L.Q - (bl wl ’o'-l'

shere wiy is ¢
de1atin g ai
the radiation
sendent of ir.

The viscoz
aulsating spp
Sguid wil
ater, Spltaee
For a pui~atis
difficult 19 vis
under which
sipation ¢f ¢

-
. e

| sonhere 27

e Wi, i

'
granalation g

the case ¢

pitted fram
at a diferen
tapidly in 3
moimentui

Navier-St Os
per unis vl
voiume, 2% 2
gnit volume
Kstribuzio
1 nony oL
“ange of

viscosity. W
each unit o

PR
el ¥ T

ahere ¢2 &

nean l?!'c*.-..
the liquid

divergunoe

Wi on th
femaining v
he motieae
an be oyt
mentiat,
ling insi?
pherical

b
Dug o the
fittud 1
“tment of
.‘"f':. ’l‘!'..-"

A Mt

it [ 3 l':'-"




‘tl&c.;.

TR e brmy s L v oA s o« L )

¥

»a #‘WMM m.t PRI 't mbesre k. & m‘-..rwo.y-- S te .A-Nnn-«v'"-“

DAMPING OF PULSATIN

! ncrbelc, the resonance radiation damping constant is,

U- @ .Ju'-m) (waRo/c2 )e= (’tl\'ufu/‘:)(& N, (78)

’.m mis 15 the generalized muss, For large bubbles,

! de ratio g/ is unity, and, since "= Rafu/cs is a constant,
e tadiation damping constant at resonance is inde-
~adent of frequency. '

(d) Viscous Damping

The viscous damping constant at resonance for a
alsating spherical Lubble in a viscous, incompresible
quid will now be d‘:cu~=cd Mallock! in 1910, and,
Jter, Spitzer' and Porit-ky"* investigated this problem.
for 2 pul-ating bubble, the effect of viscosity is perhaps
- ffficult to \Asu.nh/c Lamb* =t; es, “The only condition

$ader which a liquid con be in motion without dis-
i pation of erergy by viscosity is that thure must be
"wwhere any extensions or contractions of lincar
dements; in other words, the motion must censist of a
wunstation and a rotation of the mass asaw holg, as in
de case of rigid body."”
i In the presence of viscosity, momentum is trans-
sitted from one region of the liquid to anothier moving
"ot a different velocity., An element of liquid moving
“updiy in a particular direction tends to trausmit its
.mementum to other elements of the liquid. The
¢ Navier-Stalies tyuation of motion describes the force
|xr unit volume acting on an infinitesimal element of

wlumne, 2t a point in a viscous liquid. The force per
tait volume is duc to the instuntancous pressure
Gtribution of the surrounding liguid as in the case of
i nonviscous liquid, and is also due to the rate of
tange of momentum caused by the presence of
“scosity. When there are no external forces acting on
ach unit mass of the liquid, the equation of motion is

{o/or4 (R - SR Y
== Vpyd- (,,/s)w[v (R/d) 1)+ 1% (.11:,'.11), 79)

shere dR/dt is the radial welocity vector, 2y is the
l‘an pressure, and 4 is the coeflicient of viscosity, As
% liquid is considcred to be incompres<ible, the
Sergence of the velocity vanishes so that the sccond
om on the right side of the equation is zero. The
maining viscous term pS(0R, @) s also zero since
e motion of the lquid is irrotational and the velocity
N be expressed as the gradient of a scalur velocity
stential.
“ting inwde the liguid for the case of a pulbsating
Perical bulble in o nwmpnwxl,.«, viscous liguid.
e ty the presence of viscosity, momentwm is tradis-
Mted through the liquid, but each infinitesimal
ment of liguid volume receives Just as much as it
~s. Thercfore, there is no net viscous force acting on
—

A Mallek, Proc. Rov. Soc. (London) AST, 391 (101m),
" l'unhk\ Proc. Fiest National Cougress of Appl,
"‘ﬂ P SE3 Gune WAL

*Sev relerence 4, See. 329,
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any clvmcnt of volume internal to the liquid. The
Navicr-Stokes cquation ix not appliceblc for divcussing
the eficct of viseusity for the case of a pubsating
spherical bubble.

However. even though the net viccous forces in the
liquid vanish, there wre viscous forces acting at the
surface of the bublic where they exert an cxeess
preszure. Mallock gives us a physical picture of the
effect of viscosity on a pulsating bubbl: by considering
a small cdememt of a spherical shicll of liquid at the
bubble surface. This dement has dutinite radial and
lateral dimensions at the instant the bubble rodius is
at its mean position. When the bubble espands, the
small liquid elemient is distorted; the radial thickness
decreases while the lateral dimension increases, Like-
wise, when the bubble contracts, the ligaid element is
again distorted; this time the radia! thickness increases
and the lateral dimension decreascs. Eince the lquid is
incor nressible, the distoriion is net caused by a change
in the volume of the liquid ¢lument but by viscous
stresses. Consequently, more encrgy is required to
compuress the bubble than is regained in the sub-equent
expansion. Lue to the radial motion and spherical
symmetry, the principal dircctions of stress and rate
of strain must be radial. Accordingly, the net stress
dyvadic Sz is®

Se= = (u/3)V-(dR/e)I+2:Xs,  (S0)

where 7 is the idem factor and X is the rate of pure
strain Cyadic. Since the rate of pure strain is the
gradient of the radial velocity and the liquid is in-
compressible, the radial stress at the su:face of the
bubble is

Su= 2V (R /1) = — (ui/x BS). 1)

When the effect of viscosity is included, the equation
of motion for the Lubbic system is .

o/ A R+ (/e RiD)ir K=

(£2)

where (u/=RJ}) is the viscous dissipation cocfficient
bew. Therefore, the viscous damping constant ut
resonance is

buia= (buis/wamts) = (82 pfue/3y Pog)
= (8xpfu/3vPo) (/. (£3)

The viscous dampinyg constant at resonance is directly
propartional to the resonant irequency fo.

- P exp{jud),

(e) Total Damnping Constant at Resonance

The total damping constant &, at resonance is
‘0“‘0&'}'81.‘1'{"6'“-

where the thermal, radiation, and viscous dumping
constants are given by (68), (78), amd (83,
----- - .
® L. Paze, Intredaction to Thearetical Physiee (1 Van Nosteand
pany, oo, Princeton, New Jorsey, 32), o 204,

(84)

I':dlw.
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Fi6. 4. Vheorciical thermal, radiation, viscous, and total damping
constants for resonant awr bublies in water.

respectively. Figure 4 s a plot of the therimal, radiation,
viscous, and total damping constants as a function of
the reonant frequency for air bubbles in water. In
this figure, damping constants are given for bubbics
ganging in radius from 3 u 10 3 mm.

JIL EXPERIMVNTAL METHODS

There are essentially four methods by which the
gesonant damping consiant can be determined experi-
mentally. Most of these methods are indirect ones
involving the calculation of the damping from certain
-~ measvred acoustical propefuics of the bubbles.

(a) Successive Oscillations

The method of successive oscillations is a direct
process for determining the damping constant. The
signal from a hydroplione, which is placed close o a
pubsating bubble, is ampliticd and applied to the input
terminsls of a cathode-ray oscilloscope; the bubble
pulsc appicars on the screen as 3 daraped sine wave. If
the anplitude of successive oscillations is plotted as a
functiva of the cycle number of oscillation, the logarith-
mic decrement, and, thereiore, the reviprocal Q can be
determined from the <lope. By knowinz the time scale
acro:s the screen, the resonant frequency of the bubble
system can be found. .

(b) Width of the Resonance Response® ==

. Previously, the O for forced oscillations of a bubble

the square of cither the radial velocity or the radial
displacement, the re-onant damping constant ¢an be
founed Ly ploiting the square of cither of these parame-
ters as a function of the freuency, The amplitude of
oscillation of large bubbles can be found using a

. e .+

n . Meyer and K Tamm, Abust. 7.1, 145 (1939).
® I Laoer, Naust. Beili No. 1,12 (1951).
® Yanioha, Kawasinu, and Hicano, Moustica 5, 173 (1935).
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was defined, Since the sound power 15 proportional to .
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photoclectric mcthod, and, for small bubibles, the rad
velogity can be measured wsitgs a kind of velocity i,
microphone. .

1. Phatoclectiic Method

A single gas bubble pulsating te a sonic excitation ..
iluminated ontic.ily and the scattered gt measz,
by a photaclectric « " The chanze i Cross segtion «1
the Lubble imayge modalates the quantity of b -
teceived at the photoce!l. In the photocel! dirg -
there is geacrated an alterneting current which
amplificd snd reearded on a suitable recordor, 12
varying, the sonic excitation frequency and noting 1+,
changes in the bulble cross scection, the band wat:
and the resonant frequency can be determinal,

2. Ribbon Microplone Method

A single bubble is caught on a small wax ~phar
fastencd to a platinum thread which is placed bovas.
the poles of un clectromagnet. The bubbie pulwat..
are produced by a constant frequency magnetosin
projector. As the bubble pulsates, the platinum thn v
is catricd along with the oscillations and this mai o
of the thread preduces an alternating emf whih
proportional to the radial velocity. Since the generai..
mass of the bubhle system 15 considerably greatee i
the vibrating part of the thread mass and wax m..
the thread and wax are assumed to exert Doz
influcnce on the resonant frequemcy. The bubbie
allowed to grow slowly and its diameter measued v
a microscops; the voltage produced by the nii v
microphone traverses a maxinaum as the dizmeter
the bubble increases. Therefore, the resonant frogiviie «
and damping constant can be detcrmined.

. (c) Standing-Wave Ratios™—

A single Lubble is allowed to rize freely i a figeed
filled tube and pulsate under the induence of & o
progressive sovrd wave. The diameter of the e
less than hali a wavelenzih o that the sound paos—o
is constant cver the cross section of the b~
Disturbances by retection of this sound wave frm 50
free suriace are prevented by an absorption devier «~
by using a pule technique. The sound enerzy i
which is radiated by a transducer at the lower otk +
the tube, is partly retlected J, by the bubibic, «
recorded by a probe hydrophone arranged betwoet 1
transducer and the bubble, The tesonant damnje” <
constant can be measurad from the relative retlod
coefficient (£, £)V of a bubble pulsating atits fosns :
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8 M. Faner, Abust. Beih. No. 1,25 (1931). "y I
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jon of the resonant frequency. 1 he damping constant
sor barge bubbles was determined using the photocledtric
method by Meyer and Tamm, and tater Laver™ They
used a thin wire annvlos o hotd the bubbles and
prevent e from rising o the surlace while mcasure-
ments were being, made. Indeed, the high damping
constants fuun! by Moer and Tamm may be due o
the wire annuli adding to the damping of the Lubble
systom. At low frequencies, the dawiping constants

measured by Lauer are about twenty-five pereat

higher than the theoretical prediction,

Bauer, formuly of the Duavid Taylor Model Basin,
used the sucessive oecillation method for determining
the damping custant al resonance. In this cxperiment,
the damping constant for a free bubble was measured;
therefore, there is no additiond damping due to a
bubble holder. The bubble was formed at a nozzle; the
volume pulsations started just as the bubble closed
and separated from the pozzle. The nunpublished
damping constant measureiacnts of Bauer are about
twenty percent higher than the theory predicts.

The method of standing-wave ratios was used by
Exner,® Exner and Hampe,™ and Hae-Le™ 1o determing
the resonant dumping constant; the results of Exner,
and Exner and Hampe ugree very well with the theo-
retica® curve. According to the theory, the viscous
Jamping becomes important around 200 ke sec;
Haeske has measured the damping constant in this
froquency range. AL esonant frequencies of 200-300
ke/sec, the damping constants determined by Haeske
are four to eight percent lower than the theoretical
curve. When the theoretical damping constant cune
does not include the viscous damping constant, but
only the thermal and radiation dariping constants,
the experimental results of Haeske are four to eight
percent higher than the theorctical curve. Howeuver,
the measuremients by Huce-ke appear to be only accurate
to within about tea percent. Therciore, a definite
conclusion can not be formed as to whether viscous
damping contributes or does nol contribute to the total
damping. Now, the value for the coeTicient of viscosity,
which eaters the calculations for the visvous dampiny,
was obtained cxperimentally for steady flow. At high
frequencics, the value for the cocticient of viscosity
may be considerably smailer than for the steady flow
case. Above 40 ke/see, Faner and Hampe vety often
fouad “anomats" bublles with much lower damping

* constauts than the regular bubbles. The measured
pesonant frequency did not agree with the frequency
caleututed from the measured diameter uf the bubble
when Eq. (€6) was wed The “aromalons” bubbies

" have hizher frequencies than this equation predicts.
There was noted, that in almost all cases the
“anomalous” bubbies had du<t l'-t[‘il!l\ on  their
surfaces, Phis increase in reonant frequency could not
be explained by a decrease in the penendizod mass as
the dust particles would add to this muss, aml there
does not scem to be a logical cxplanation for & possible
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increase in the stiffness. Strasberg? tentatively g
pested this behavior nay perhaps be asocited w0
surface vscillations of tiw bubble since, for vory s
bubbles, the frequency of aurface oscillations may L.
of the same order as the frequency of ondinary N
pubsations. “The escitation of “utfave vscillativgs in
sonic  excitation 1aay  require  some  HORSYInEcr
supplicd by the dust particles. When Haeske e
formed his experiment, he took estreme care o ol
clean experimental conditions, and found no trace o
“anomalous” bubbles in the 11¥)- 300 ke sec rang.

Carstensen and Foldy used the resornce absorpte.
method to determine the resonant dawping constan:
The damping constant results are very kigh. In th:
mechod, a large number of bubbics are present, an!
the exazt distribation in size, space, and number .-
dithcult to determine. Thete may alo be interactio,
between individual Lubbles; it is ditficult to state hox
these interactions affect the damping constant. Finaliy
the assurption of Carstensen and Foldy o: t6 tne
behavior of the ofi-resonance damping constant m.:
be invalid.

Excluding the reults obtained by Mever and Tamim
and Carstensen and Foldy, the experimentai damgni.
constants agree very well with the theoretical curv
The damping constants at lov frequencies obtained by
Bauer and Lauer, using dificrent experimental muthids
agree quite we!l with each othier, but their results oo
higher than the theory predicts. Recent work™ mdicats
that for large amplitude radial pulsations, there ma
be some coupling between the radial pulsation and
shape o:cillatien. This may result an the removal «f
some of the encrgy associated with the pulsation. .\’
high frequencies, Haeske's work does not conts
whether or not viscous damping is imporiant.

V. SUMMARY AND CONCLUSION

Bubbles excited to volume pulsations have a poiy
tropic equation of state for the enclosed gus whin
tesults in 2 phase difference between the chanze &
pressute per unit original pressure and the change
volume per unit oriz

inal volume. Theredore, the wath
done in compressing the bubule is more than the wors
done by the bubble in expanding; this difference in th
work done represents a net flow of heat encergy vt
the liquid.

Pulsating bubibles expend a porifon of thuir ereray
in the form of spherical sound waves. The it o
damping is just this loss of enesgy.

The effect of viscosity on pul<ating hublle n
incompressible, viscous liquid is uadeestoad throud
the stress L"]'.l..l;(llh and the ""Ulll‘.xr_\' comiigitis
rather than the Navier-Stokes cuation of noton. »\'.
the bublie surface, there are visvous foroes atirs

» AL Strasherg, Moustica 1, 457 (1934,

» Unpubidisbod conmucaien between Be. M Sprastard
Pavil Tavior Modid s, aml De. T 15, Benjamin, R0t
College, Cambridge, Eugland,
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- PAMPING OF PULSATINCG
( {;{h exerl an ENCess paressure. This realts s the
:Mﬁon of encryy. ‘ ‘
fsperimental roults verify that the dwaping at
ace is due to themmal and radition, and possibly
ous damping. The discrepancies between theory
2 experimentd results four<l in measurcments by
et and Tamm and Caistensen and Foldy are due
o the particular condlitions of the experiment. The
aall discrepaney between the theory and the results
§ Baver and Lauer may be due to some coupling
eween the racdial motion and the shape o-cillations
Sich may 1emove sou e of the energy associated with
¢ volume pul-ation.
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