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Appendix 3
EVALUATION OF SPATIAL COUPLING MATRICES

Actual application of the Analytic Nodal Method requires evaluation
of the matrices defined in Eq. A2~11, Each of these matrices is a
2G X 2G matrix whose elements depend only on the properties of a
single node. Tlhe essential difficulty in evaluating these matrices stems
from the fact that the exponential of [Nl,m,n]' as defined in Eq, A2-1,
must be evaluated, [N 1.8 o) i8 block antidiagonal with its lower block
being '.pu-tially comprised of the GX G group=to-group scattering matrix,
I:n the general multigroup case, it is not apparent how to obtain this ex-

ponential, If the matrix [N ] could be diagonalized in some fashion,

id,m,n

the exponential of (N ] would, of course, be readily obtainable.

L,m,n
If the number of neutron energy groups is restricted to a small
number, direct evaluation of the matrices becomes feasible, Since this

paper is primarily concerned with light water reactor analysis, in
which two=group diffusion theory is commonly used, the matrices will
be evaluated directly for the two=-grcup case,

The cne-dimensional, source-free, two-group, diffusion equation
for & nuclearly homogeneous region (“1 <ux “2+1) can be expressed

A3-1
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where

D g ® group g diffusion coefficient (cm)

:2 ® group 2 macroscopic absorptior. eross section («':z'.:x'1

)
vz, ® group g macroscopic fission cross section times nu,
the mean number of neutrons emitted per fission (cm-l)

21 ® group 1 macroscopic removal (absorption plus outscatter)

Cross secticn minus % v!:z (e:n'l)
1

221 ® macroscopic transfer cross section from group 1 to
group 2 (cm'l)

2 1

$_ ® group g scalar neutron flux (em ° see )

Y ® critical eigenvalue of global static reactor problem,

and it has been assumed that there exists no upscatter and all fission
neutrons are borm in group 1 (i, e,, 212 =Q, Xy ® 44 Xg ® 0), Ha

particular solution to Eq, A3~1 exists such that
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then B2 must satisfy the equation

A3=2



For a nomirivial solution to exist to Eq, A3-3, the determinant of the
coefficient matriz must be identically zero, This implies that B2 must
have very special values, If the two values of 32 which satisfy Eq, A3-=2

are designated 12 and -uz, their values are given by
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.;2 has been chosen such that it will always be positive, and ‘2 can be

either positive or negative, With two "slow«-to-tut flux ratios'' deﬁ.ned

t0 be
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the general solution to Eq. A3-3 is then given by
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Likewise, the current rvector is given by

Jl(u) 2Dy 2D a,x €08 kU = @, Sin ku =
- (A3=T)
Jz(u) -x-D2 -sDz a,u cosh uu + 8, sinh uu
With the definitions
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Equations A3-6 and A3-7 can be expressed as

[e(w)] » [P][Q][R] . (A3-9)

The inverses of [P ] and [Q ] both exist and are given by

s =l 0 0
' -p 1 0 0
J
(P] "=| 0 0 q U; e (A3-10)
c A r i 1
i 5, By
and
8in xu 0 %cos Ku 0
cos kU 0 -% gin xu 0
(Qu)™: = . (A3-11)
0 =-ginh uu 0 ‘_l‘ cosh uu
L 0 cosh uu 0 % sinh uu ‘

Eence, the unknown coefficients of the general solution are

(R] = [Qw] Y P] e . (A3-12)

For a homogeneous region which extends {rom Uy to sy, [G(ul)] can
be expressed in terms of [°(“1+1)] by applying Eq. A3-8 at u=u, and
Eq. A3-12 at u=u, , and eliminating [R] to obtain

[etuy] = [PIQupI[Quu, 1T P [0y, )] . (A3-13)
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With the further definitions, h ® Upuq =4, and (Q] = [Q(ul)][Q(ulH)].l.

[Q] can be expressed as

co8 kh 0 -% sin xh 0
0 . cosh wh 0 -éumm
Q] = , (A3=14)
k 8in xh 0 - cos xh 0
FRA *u sinh uh 0 cosh uh _|

and Eq, A3~13 becomes

[o(upl = [PI[QI[P)  owu,,,)] . (A3-18)

In Appendix 2, an expression was derived which also related [Q(ul)] to
[o(uhl)]. This expression, from Eq. A2-6, is

Jnt
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which (with the node subscripts dropped since e.ac'h node is treated

separately) becomes

(&(uy)] = eINIB [o(u,, )] . (A3-16)

Compariscen of Egs, A3-15 and A3~16 indicates that
eNIB L el Q)R . (A3-17)

The matrices (P] and [Q] depend only on the nuclear properties
and mesh spacing of each node; hence, the exponential of [N]h is com-

pletely specified by Eq. A3-17, With this expression for e[N]h,

A3=6



identities for each of the spatial coupling matrices of Eq. A2-11 can be

derived, Making use of the definitions of the hyperbolic functions, one

finds that
0 0 {-uc xh 0
: 0 0 0 -% esch ub
(sinh [N]b)? = [P) (p]"}
-z esc kb 0 0 0
L 0 =u esch ub 0 0 %
(A3=-18a)
1= coskk 0 0 0 o
0 1-coshuh O 0 i
(1] = cosh [N]h = [P] ",
0 0 l1=~coskh 0
L 0 0 0 1=coshuh
(A3-18b)

The matrices defined in Eq. A2-11 iuvolve only certain blocks of the full

(4 X 4) matrices; hence, only certain blocks need to be evaluated,

Several identities which prove very useful iz simplifying the matrices

are
gt o ey
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o Faat® 2 h -1
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The latter two identities are easily proven {rom the fact that
t((N]) g([N]) = g([ND#([N])
for any functions f and g which can be expressed as series involviag
powers of [ N],

Evaluation of the matrices in Eq, A2~11 is by no means a trivial

exercise, but once the algeora has been performed, the following simple

expressions are obtained:
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When v!tz is identically zero, s is infinite, and 1'Hospitol's rule

must be used to obtain,
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and xz, u2 are given by the simple expressions
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When ‘2h2 or u2h2 approach zero, many of the leading terms in

the Taylor's series expansions of @, 2, . . . T cancel, and it becomes

important to use the expansions rather than Eq. A2-21,

for small xh and uh are

Ad-1l1

The expansions
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Equations A3-20 - A3-23 completely specify the spatial coupling

: and “2 in Eq. A3-4, it is apparent

matrices, From the definitions of «
that all of the matrices depend on the eigenvalue of the global static

reactor problem.
The matrices required for a one-group model are equal to the (1,1)
elements of the matrices in Eq, A3-22a, with ID1 =D,

A3-13



