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ABSTRACT

The metheds currently in use at TVA for the lattice physics analysis

of LWR's are described in this report. A chapter is devoted to each of

the major calculations: the generation of neutron spectra and cross
sections, the two-dimensional few-group diffusion theory computation of

the flux and power distribution in the assembly, and the change in

1sotopic concentrations with exposure.
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1. INTRODUCTION

This topical report describes the lattice physics methods in use at
the Tennessee Valley Authority. These methods are embodied in a computer
program called LATTICE, which TVA has been actively developing for
several vears. LATTICE consists of several components which perform
the various calculations: the computation of the neutron spectra and
cross sections, the two-dimensional diffusion theory calculation, the
fission product treatment and depletion. The only calculation that is
done in a separate program is the generation of macroscopic cross
sections for control rods. Although LATTICE evolved from the United
Nuclear Corporation code LOCALUX (Reference 1-1), which was a modi-
fication of LASER (Reference 1-2), there is now very little similarity
to either of these codes.

LATTICE requires as input easily obtained design information such
as dimensions, densities, loadings, and number densities. Relatively
few number densities are required, since the code calculates fuel and
moderator number densities. The output consists of data required by the
TVA reactor simulator code, such as the assembly infinite multiplication
factor, the two-group constants, the energy release per fission neutron,
the xenon thermal microscopic absorption cross section, xenon and
control reactivity worths, and the fraction of fissions occurring in
uranium. Also printed are many other quantities of interest, such as
isotopic concentrations, the fast and thermal spectra, reaction rates,
and the assembly local fission power distribution. The methods which
TVA has implemented to calculate these parameters are documented in this

report .

i=1
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. 2. CRCSS SECTION GENERATION

2.1 CROSS SECTION LIBRARIES

2.1.1 Epithermal Dat

HRG3 (Reference 2-1) is incorporated into the LATTICE code to
calculate the epithermal neutron spectrum and the spectrum averaged
epithermal cross sections. The epithermal energy range from 10 MeV to
the thermal cutoff of 1.855 eV is divided into 62 energy groups, each of
lethargy width 0.25. Following is a list of the materials present in

the current HRG library.

Table 2-1

L.st of Materials in the HRG Library

__ MATERIAL _ID SOURCE ENDF/B MATNO
’ U~-235 12 III 1157
U-236 67 IAY 1163
U-238 13 1V 1262
Pu-239 14 ITI 1159
Pu-240 77 IT1 1105
Pu-241 78 1V 1266
Pu-242 17 Iv 1161
Gd-155 241 IX 1252
Gd-157 243 I1I 1253
Xe-135 93 Iv 1294
Sm-149 94 1v 1027
Fission Product 47 HRG R
H-1 1 I11 1148
0-16 4 IT1 1134
B-10 20 HRG R
Zr-2 10 IV 1284
$5-304 11 HRG e

The TiI or IV in the source column indicates that ENDF/B-I1II or
ENDF/B-IV data is used. The data was processed using the SUPERTOG code
(Reference 2-2), modified to write its outpu® in the CAM-I format used

I by HRG3. The last column gives the ENDF/B material numbers that were



used. HRG in rthe source column signif‘'s that TVA has not updated the
cross section data for that particular material from that included in
the HRG library obtained from the Argonne Code Center in 1972. The
origin of this data is discussed in Reference 2-1.

There are resonance parameters in the HRG library for U-235, U-238,
and Pu-239 for a maximum of 99 resonances each. Other resonances for
these materials and all resonances for other materials have been treated

assuming infinite dilution with Doppler broadening at 300°K. Resonance

contributions are added to the non-resonance cross sections of the material.

Two other comments are in order at this point. First, the data for
Zircaloy-2 is also used for Zircaloy-4. Second, cross sections for Gd-154
and Gd-156, while not included in either the epithermal or the thermal
library, are programed into LATTiCE for use in the calculation of acti-
vation rates for the gadolinium depletion chain. Since the macroscopic
cross sections of these gadolinium isotc es are small, they are not

included in the spectrum calculations.

2.1.2 Thermal Data

Thermal neutron spectra are calculated for 35 groups below 1.855 eV
using a variation of THERMOS (Reference 2-3). Table 2-2 shows the mate-
rials present in the current thermal cross section library. The material
with ID 55555 is a lumped fission product with a 1/v 2200 m/sec cross
section of 50 barns.

Scattering kernels were generated for hydrogen bound in water using
S(a,B) data (ENDF/B material number 1002). A special version of the
XLACS code (Reference 2-4), developed for TVA by ORNL, was used to process
the data. For atoms heavier than hydrogen, an analytic free gas or

diffusive model is used, as in FLANGE-II (Reference 2-5). The third column

=2



Table 2-2

List of Materials in the THERMOS Library

_ MATERIAL D KERNELS UPDATED
U-235 23592 0 Yes
U=-236 23692 0 No
U-238 23892 0 Yes
Pu-239 23994 0 Yes
Pu-240 24094 0 Yes
Pu-241 24194 0 Yes
Pu-242 24294 0 Yes
Gd-155 20 0 Yes
Gd-157 2713 0 Yes
Xe-135 13554 0 Yes
Sm-149 14962 0 Yes

Fission Product 55555 0 No
H 18 6 Yes
0 168 7 Yes
B-10 115 6 No
Zr 9140 6 No
S$S-304 30400 6 No

Heavy Scatterer 92940 7 Yes

indicates the number of scattering kernels present for that material.

For all materials with no kernels, the scattering kernel for the heavy
scatterer, ID 92940, is usea. These kernels were generated using U-238
data and the TVA version of XLACS. A seven in the third column indicates
that scattering kernels are present for temperatures of 80, 212, 390,
500, 550, 600, and 1160 degrees F; a six indicates that kernels are
present for the first six temperatures listed.

Table 2-2 also indicates whether TVA has updated the cross-section
data of the particular material from that in the origin ! LASER library
to the ENDF/B-111 data. We have made comparisons of the B-10, SS-304,
and Zr-2 2200 m/sec absorption cross sections in our library to more
authoritative values. For Zircaloy, our value is 3 percent higher than
the ENDF/B-IV cross s=action. Co.parison values for the two other mate-

rials were directly obta‘ned from, or calculated from values given in,

a3



EPRI-221 (Reference 2-6) lhe results were that for B-10, there was a
<b rut of 3837b difference, and for SS5-304, our value was 3 percent
higher than the quoted value Thece differences cause little error in

the calculations and thus are ac ceptable



2.2 DANCOFF FACTORS

An important aspect of LWR lattice physics methods is the calcula-
tion of Dancoff factors which are used in evaluating the resonance inte-
grals of the fuel. Sauer's method (Reference 2-7) for an infinite
uniform array of pins is suitable for analyzing PWR's. However, a more
detailed calculation is necessary for use in analyzing BWR's due to the
presence of water gaps aud water holes. Rod dependent Dancoff factors
are calculated for BWR's using the DANCOFF JUNIOR routine of Gellings

and Sauer (Reference 2-8).

2.2.1 Theory
The Dancoff factor accounts for the reduced flux at a fuel rod
surface caused by neutron absorption in the lattice surrounding the rod.
Since the blackness B of a region 1s the probability that a neutron
entering the region is absorbed in that region, the Dancoff factor is
equivalent to the blackness of the surrounding 'moderator' region.
Referring to Figure 2-1, let n be a unit vector directed into the
moderator, perpendicular to a fuel rod surface element dS, and let 2 be
the direction of a chord i1n the moderator of length £. Then (Q2:n) is
the cosine of the angle betweer n and Q. The following three assumptions
are made:
a) the fuel rods absorb all incident neutrons,
b) the neutron source distribution in the moderator has
no angular or spatial dependence, and
¢) the resonances are sufficiently narrow that any
scattering collision in the moderator re.oves the

neutron from the energy range of the resonance.

Vi




FIGURE 2-1. GEOMETRY FOR CALCULATION OF MODERATOR BLACKNESS



l'hen the blackness can be written as (Reference 2-8):

//(_sz-n).-'”dgds

I B (Q*n) > 0 (2-1)
//(Q-n)d()ds
where £ is a function of S and Q. Define the chord distributicn function
f(£) so that f(2)d2 is the probability that a chord is of length between

¢ and (2+d2):

// (Q+n)dQds
2=0_

5

£(2)de = pp—r ————? (Qn) > 0 (2-2)
//(s)-p,ldf_lds

where QS is the length of the chord of interest (Reference 2-9).
Rewriting Equation (2-1) using Equation (2-2) yields the general

expression for the blackness and the Dancoff factor:
C=p= /f(Q) (1-e'u) de (2-3)

2.2.2 PWR Method

Sauer (Reference 2-7) approximated the chord distribution function
in the moderator as a simple exponential distribution, characterized by
the mean chord length £, shifted by a distance t:

0 B -

=t GG 2

Substituting this distribution into Equation (2-3) gives the following

f(2)de =

equation for the Dancoff factor:

-138
C=1-"— (2-4)

14(1-1)22



where

v : v
T = 7 1 ¢ =® *) =) ,! - 0.08 (for a square lattice),
“4 V f V »

<3
H

the volume fractien of the moderator,

\’y

§ = the volume fraction of the fuel, and
2 = the total macroscopic cross section of the moderator.

The moderator is defined as tne homogenization of all non-fuel regionms.

2.2.3 BWR Method
Referring to Figure 2-1, Gellings and Sauer (Reference 2-8) make

the following substitutions into Equatic (2-2):

dS = R d¢ dz 0 < ¢ 2n, - 00 z < ®
o~ dé 0 <v<n
dl = du sinuv dy = du sinu - :
b 4
JI-E2 -1 < © <]
{ 3 i
(2*n) = cosYy sinu = V‘l-{‘ sinu
o = S(0,8)
sinu

The first collision blackness becomes

o n 2N +1
ds sin® . . 2s(0,8)].¢
E .. I . i N S
ik w n 2n +1
u/r dz .}{. sin“v dv u/” do J/ﬂ dé
-Q0 0 0 -1
or
2n ¥l
R, do 1 e 2
SRR f 5 f 5 Ki,(2s) df (2-5)
0 -1

N~
!
e <]



For a n/4 section,

. n/4 +1
pH=1-2 f o f 3 Kiy(3s) af (2-6)
0 -1
where
Kij(x) = Bickley function of order 3
exp(-x) (x° + 6.399407x + 5.066719)

~

 J0.6366198x + 1.6211389 (x° + 6.766116x + 5.066719)

2 = the moderator total macroscopic cross section,

s(9,£) = the mean chor. length in the moderator between the
reference rod and the nearest rod in the lattice,

¢ = the angle around the rod, 0 < ¢ < n/4 , and

£ = the perpendicular distance from the line émn to the point

where the chord leaves the surface of the reference rod

(Figure 2-2).

Thus the following information is required for the BWR lattice:
a) the distance from the reference rod to the water gaps
for each n/4 direction,
b) a library of the lattice configuration within a n/4 angle,
and
¢) the rod type in each rod location.

Once the blackness is calculated for each n/4 direction, the rod
Dancoff factor can be calculated as the sum of the blacknesses. The
Dancoff calculation is repeated for each different rod type. For both
7x7 and Bx8 BWR fuel assemblies, we have assumed that the Dancoff factor
for any rod more than two rod positions from a water gap is not affected
by the gap. The water hole in the Bx8 design is also represented.

After rod-by-rod Dancoff factors are calculated, the assembly Dancoff
. factor is found by averaging the rod-by-rod values.

2-9
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2.3 RESONANCE CALCUATIONS

The method used for the resonance calculations is identical to
that used in the HRG3 code. The derivation presented here is adapted
from the HRG3 manual (Reference 2-10).

The centribution of a single resonance to the cross section for
process x, absorption or fission, of the fine energy groi» g in an

homogenized cell is:

E
g-1
f ox(E)o(E)dE

E&.
d

ke
f ¢C¢'11(E)dE

-

'8

(2-7)

where ¢(E) is the flux spectrum in the absorber region, and ocell(ﬁ)
is the flux spectrum of the homogenized cell. It is assumed that the
resonances are isolated and therefore the total resonance contribu*tion
to the cross section in an energy group will be the sum of the contribu-
tions of the individual resonances within that group.

In practice, it is much simpler to calculate the total number of x
processes by a resonance:

o«

ks :/ 0, (E)O(E)dE (2-8)
0

and then find an approximate value for the fraction of x processes which

oCccur in group g:

] / g1
, . =+ 0, (E)0(E)dE (2-9)

2-11



Thus, Equation (2-7) can be rewritten as
]x' X,8
o = -S22 2-10
X,8 ¢ \ )
g
where ¢g is the integral of the homogenized cell flix over group g.
The calculation of the quantities in Equation (2-10) for a resolved

resonance will now be considered followed by a description of the modifi-

cations made in the method when it is applied to the unresolved region.

2.3.1 Resolved Resonances

The resonance integral Ix is evaluated using a modification of the
method of Adler, Hinman, and Nordheim (AHN method, Reference 2-11) that
includes an intermediate resonance approximation for both the resonance
absorber and an admixed moderator. The result is

ol
= R N
IX s EO‘_ BKA J(g’BKA) + L([Khvgtﬁx)\) (2 11)

where fx is the lovel width for process x, EO is the resonance energy, and

[

0. = 2.6035x10° B (2-12)
0 By

The parameters Fn and I' are the neutron scattering width and the total
width of the resonance, respectively, and g is the statistical spin factor.

The Doppler broadening constant £ is

- %
I(A) g
L =g v (2-13)
2 EOT
where T is the temperature in eV and A is the atomic weight in neutron mass

units. The parameters BKA and T are determined by the expressions

(x-A)om + qu
e s e T S



Ty * (K—A)om + Aop N2 (2-15)

where & and A are the intermediate resonance parameters, N is the lumped

nuclear density of the absorber, £ is its equivalent mean chord length

= 4V -
L = §01-0) (2-16)
where V and S are the volume and surface area of the absorber region, and

C 1s the Dancoff factor. The parameter ”p is the off-resonance scattering

cross section per absorber nuclide of all the atoms in the absorber region:

g =g + -Saheavy (2-17)

where o is the scattering cross section per absorber nuclide of the admixed

light atoms

2 .
. .S,light e
o, N (2-18)
The functions J({,BKA) and L([KA'E‘ﬁxA) are defined as
@&
) Y(E,x) i (2-19)
J({.»BK)\) - ‘P(E.x) + HKA dx
0
£ 8
. T
- ¥(E,x)]° KA 2wt
L(TKA’{"BKA) o "‘(g‘)() + B PO B q"({,,’) + 6KA "X (.3 ZO)
KA KA
0
where
-
X = F (L-ho)
The Doppler function ¥ is
©
2
Y(€,x) = ;,T l fy 7 exp [- % (x - y)? (2-22)
Jan y
-0



and PO is the average escape probability from the absorber region. The
J and L functions are evaluated through the use of tables.

The method by which Equation (2-11) was obtained is a follows.
The AHN method uses the Narrow Resonance (NR) approximation for narrow
resonances and the Narrow Resonance Intinite Mass (NRIM) approximation
tor wide resonances. For absorbing regions containing an admixed modera-
tor, the AHN equations for these two approximations can be combined into
a single equation by letting A = 1 for NR or A = 0 for NRIM. This suggests
that an intermediste resonance (IR) approximation, which assigns A a
value between 0 and 1, would give improved results. The IR method used
15 that of Ishiguro (Reference 2-12), who also extended the method to
include admixed moderators through the introduction of additional parameters.
However, only a single admixed moderator (oxygen), characterized by the
parameter K, is assumed to be present in the absorber (fuel) and higher
order refinements of Ishiguro are neglected.  Equation (2-11) is the
result when K is introduced,

The IR parameters are evaluated from expressions which depend on
the resonance integral itself. However, it is assumed that this depend-
ence 1s sufficiently weak that a simplified version of the resonance integral
can be used for this purpose. It is also assumed that unbroadened cross
sections can be used to evaluate the IR parameters. Using the Wigner
rational approximation to the escape probabilitv Po,

o o+ 0o (33

where Ge = l/(iN) is an effective cross section for escape, and expressing

PO in terms of the quantities in Equation (2-11) yields



where

(K-A)om + A02-+ oe (2-25)

B
g KA _
BKA o sxA T

+,_l

KA 00 [a

r

n
When unbroadened cross sections are used with Equation (2-24) in
evaluating the resonance integral Ix and the IR conditions are applied,

one finds that A and K are solutions of

tan XKA
RE R (2-26)
KA
-1
K = 1 - t_a__r_l_._Yik
Yea (2-27)
with
g \l
x = A F‘_Q(.f_‘ﬁ& ; (2-28)
A (23 ¥ 1+B:A)
Y. = __‘f"fm,_,z “0 (_&_A_T)s’ (2-29)
KA (Am +1) F\1+ BKA

where Am is the admixed moderator mass in units of the neutron mass and
all other quantities are as previously defined. Equation (2-11) is then
evaluated by use of these k and A. Note that the AHN assignments of
each resonance to either the NR or NRIM approximation are used only in
starting the iterative solution of the transcendental equation for A.
The Wigner rational approximation and unbroadened cross sections
are also used in evaluating fx,g in Equation (2-9). As 'x,g was
defined, it is the ratio of the two integrals, each with the same inte-

grand but with different limits. Reference 2-13 shows that the integrand

in Equation (2-9) is that of J(g,BéA):



W(E,x)
W(E,x) + B

g (E) ¢(E) =
X

KA

Assume that the resonance cross sections are unbroadened, i.e., that

T » 0 implies that £ » ®» [see Equation (2-13)]. Then the integral in

Equation (2-22) can be evaluated:

W(E,x) = —— (2-30)

i + x?

Substituting the above two equations into Equacion (2-9) yields

g-1
: Ix
B - e S 2 .
L+ By * B
X
4
. ) (2-31)
x ‘g o
*l = v dx
B ﬁkk : ﬂKA n
-
where
X, = f (- Eg) (2-32)

These integrals can be evaluated analytically to give

» 1 e )
(o Jent e (s P ) *|- et | (.““.)’
X,8 M g=1 \1 + B g\1+ B,

(2~23)
This expression gives a contribution from the resonance int :gral to
every energy group. Since the contribution is very small for groups far
from the resonance, the following cutoff procedure is used. Two energies
equally distant from the resonance energy EO are determined such that 90
percent of the resonance integral is between them. The resonance integral

is then allocated according to Equation (2-33) to the energy groups



containing the cutoff energies and all intermediate groups. The contribu-
tion of the resonance integral to groups outside the cutoff erergies is

included in the bounding groups.

Note that the value of fx,g depends on the geometry and the scattering
properties of the admixed moderator through B;A’ but because unbroadened
cross sections are used, fx, 1s not dependent on the temperature.

The final quantity in Equation (2-10) remaining to be evaluated
is the group flux og. An equivalent two region model is assumed. For
convenience the absorber region will be referred to as "fuel", the other
region as "moderator," and the homogenized system as '"cell." It is

assumed that the cell flux is the volume weighted average of the two

region fluxes:

Vm0d vfuel
bee11(B) =7~ OB + 7 g (B) (2-34)
cell cell
In the resonance calculation, it has been assumed that ¢m0d(5) = i/E.

Using this assumption with the Wigner rational approximation, the fuel flux

becomes

Bea
£ WEN) 1B, kh=38

| -

Peuer (B) =

From the homogenization of the nuclide concentrations it follows that

Nfuel vfuel - Ncell vcell' With these assumptions,

E
_ g-1 .
¢8 B f ocell(h)da

E
B

2-17



O © V. %od'® *y Puel B) | 45
E cell cell
B
= 0.25 - I Neell el (2-36)
: 2E. N

0 fuel J'B;A(l';‘BQX)

2.3.2 \Unresolved Resonances
In the unresolved range, Equation (2-10) still applies in principle

but is wodified in detail. For the unresolved resonances the following
assumptions are made:

a) the parrow resonance approximation (t.e., K = 1, A = 1),

b) the Wigner rational approximation,

¢} spatial self-shielding of the resonance 1s neglected,

d) the absorption and fission widths o. each resonance are

equal to their averages in the unresolved range
(i.e., ' =< >and T, = < >), and
a a f f

e) the reduced neutron widths, lg = f“/EO? ire distributed

according to the Porter-Thomas distribution

;y/2
P(y) = —
vamy
where
0, .0
B o

As a consequence of the first three assumptions, the resonance
, junres
integral Ix can be calculated once the parameters of a resonance are
known, using the approximation given by Equation (2-24) in Equation (2-11)
with K and A = 1. From Equation (2-36), Qg is 0.25; and tx g can be set to
’
I in the fine group in which the resonance appears and 0 otherwise. Then,

from Equatior (2-10), the contribution of a typical unresolved resonance

. unres
about EO to the fine group cross sections is blx (EO). ‘




The unresolved resonance integral is found from Equation (2-11)

using the above five assumptions:

6%y »
prete) = —aft 2. Jin) (2-37)
X EO

where J(E) is the J function averaged over the Porter-Thomas
distribution:

o

i) = P e, B, (n)]eY/?
y2ny
and

om,eff - 0OBH N 0p i %

An adaptation of the GAM-I procedure is used to evaluate J(E)
(Reference 2-13). A change of variables is made from y to the

Doppler broadening constant:

£

H

B + Gy (2-38)

where

(]
i
]/‘
-
= o
™ v
|
P i
1>
 SSaliin
~

so that the integral becomes

w

- 1 d . -B
JE) = — 4 JIE,B,,(8)] exp[- ( 20)] (2-39)
J2nG JE-B
B
Note that the integrand is singular at £ = B. The singularity can be

removed by dividing the range of integration into two parts: from

B toB+ A, and from B + A to ®, where A is a small number arbltrarily



set to 0.00095. Then the contribution of the first range of integration
to the integral can be neglected. In addition, little error is introduced
when the upper limit of integration is changed from ® to 1 since the
integrand is very small for £ > 1. Therefore, the integral in Equation
(2-39) is evaluated from B + A to 1. Simpson's rule is used to perform

the integration.

The total contribution of unresolved resonances to the cross
section in a fine group 1is

E
gt
gunres _ spunres dE (2-40)
X, R X =
D
E
B

where D is the average level spacing. Then the factor dE/D in the above
equation is the probability that a resonance occurs in the energy range
E to E + dE. Substituting Equation (2-37) into Equation (2-40) yields

E

-1
unres < > 8

Ox,g = Aom,eff - J(E)

dE

< 7.
E (2-41)

E
¥

This integral i1s evaluated by a method that differs from the GAM-I

method and is based on the fact that over the unresolved range, In J can
be accurately approximated by a quadratic equation in the lethargy u.
To evaluate the coefficients in this quadratic, J must be calculated at

only three values; two of these, u, and u,, are chosen to be the

1

lethargies corresponding to the upper and lower energy limits, respec-

tively, of the unresolved range for the nuclide and the third, u is

93

<

chosen midway between them. Expressing the quadratic in terms of the

mean lethargy u, of that portion of fine group g which is in the
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unresolved range and substituting into the integral in Equation (2-41)

vields

f”g-l /‘“g-l
J(u)du = J“ e~x|)|.a(u-n“.' + 9:(u-n“)*|'iu

u u
& i

Assuming that the quadratic term in the exponent

/- llg_]
= = 1., 4d -d
J{u)du = ]() .;(' ¢ )

can be expanded,

u
4
+ :2 (1-4 + 'ﬁ(‘z)t"i = 43 *d* 'Qd:)(‘-d (2-42)
where
- 9 -
1 .uuUh «
' > - -
= Zo - 2 Ja ¥
) = 32 (1ln Jl In J‘: In JS)
¢ Z-, (u, + u)ln J, = 2(u, + u)ln J. + (u. + u )lnj
A< 2 3 1 1 3 2 1 2 3
d =6 a/2
4
j = “ : - (u.- i L - - J
In l” e ooy (n() uL) uy u)vln J] _(u“ u Hu') u;)ln ]2
+ (u()- ul)(u”- n_)xn l5
J = _J(u )
i 1

and -‘ig is the lethargy width of that portion of

in the unresolved range.

fine group g which is



2.4 EPITHERMAL SPECTRUM CALCULATION
The method used for computing the epithermal spectrum is the
homogeneous B1 method used in the code HRG3. The derivation which is
presented here is adapted from the HRG3 manual (Reference 2-14).
The steady-state Boltzmann transport equation can be written as
2VE(r,E,Q) + -t(r,E)l(r,E,Q)

S(r,E)

=/Zs(r.E"E,Q‘»Q)f(,r,r:‘,(z’)dﬁ 0y o

(2-43)
where f(r,E,{)) is the angular flux and the source 1s assumed to be
1sotropic.

To determine the energy dependence of the angular flux, the spatial
dependence of Equation (2-43) must be removed. The spatial dependence
appears explicitly only in the leakage term. Since leakage of epithermal
neutrons 1s weakly dependent on the reactor's geometry, slab geometry
can be used to approximate the first term of the transport equation.

Representing the spatial variable by z, Equation (2-43) becomes

("’ . . ~ - 2 >
Moy, 1(2,E,Q) + 2 (2,E)i(z,E,Q)
~:/25(z.k:‘,E.s‘z"m:(z.t:’.s))da‘ds_z’ + l]{n S(z,E) (2-44)

Now introduce the Legendre polynominal expansions for the flux and the

scattering kernel:

\" »
f((z,E,0) = 3 2y (2,800, () (2-45)
- . 4n ) Y
£=0
 20+1
2 (z,E+E,Q7Q) :zfo T Lgp(z.E R, (0)) (2-46)
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where p is the cosine of the angle between {) and the z axis and
My = Q°+Q is the cosine of the scattering angle in laboratory coordi-

nates. Substituting these expansions in Equation (2-44) yields

] ’ [ ’
2£+1 d > B : o

§ an. PeW) [k g, (2,E) + 21(2.h)w9(z.h)]

£=0 :
w

- g 2841 (H)[ 2 (z,E/*E)¢,(z,E")dE" + S(z,E)6 (2-47)

4n £ T et el . e £0

£2=0

where 520 is a Kronecker delta equal to one when £ = 0 and equal to zero

otherwise. The Fourier transform is now taken:

@
20+1 e 1) + 3 ) )
X

= 3 200 e | fE OGE B, (K EGE” + S(k,E)S,0 | (2-48)
e W Y paYAeR TR IR M6 2 BihRNa ] N

where

o
» e ikz e
wg(k,h) = L e wg(z,hjdz

and

L+ ]

S(k,E) :f el%2 g(s E)dz

-0

Note that k is equal to B, the square root of the geometric buckling.

Also, we have assumed that the cross sections are independent of z and

that the flux approaches zero as z approaches plus or minus infinity.
Equation (2-48) is now multiplied by

2L(h)Pm‘P)
Zt(E)-lkp

r
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and integrated over all y, obtaining

[s <
zl(ﬁ)wm(k,ﬁ) = 3 ux‘ﬂ)Am(u)[/th(h °F.)mp(k,k JAE ~ + S(k,ll)(‘;m

=0
m Bl asives (2-49)
where
¢'(I‘.)
U =
1k
and
1
P,(p)P (u)
) ) m 5 R
/ = 2=50
Aim(u) 2 T dp (2-50)
-]
= v Pl(u) Qn(n) j = mn(f,m) n = max(£,m)

The nth order Legendre functions of the seco.u “lruil)r(t») are defined
_ 1, fuhl - utl) _
Qplu) = 2 ln(“_l) Q](Ul =3 U ]"(u-l) 1

Ihe !41 equations are obtained fr m Equation (2-49) by assuming

that }\_,(F."P‘ =0 for £ > 1. After some simplifications the following
SE

equations are obtained:

kJ(E) + 2 (E)o(E) :/an E“+E)®(E ")dE - S(E) 2-51)
- " ko(E) + a(E)Z (E)J(E) ~J,kb](h'-E.)J(E')dk' (2-52)

where
a(E) = oo (2-53)

. o
u [ l‘AOO(u) I



O(E) = J:O(k,r‘.)

J(E)

I

i, (k,E)

S(E) = S(k,E)

Integrating Equations (2-51) and (2-52) over each fine energy

group results in the multigroup equations

kJ_ + =3 I . (E E ., + 8
Z, 0 1‘.“ s0(Eg “EJ0,

S L8 R

where

2 B

' e
= E)dE
08 - o(

E
g-1
J = / J(E
& E

)dE

E
g-1
8§ - f S(E)dE
R E
g

E

R

Additional assumptions made were that the possible differences

g1
[ i, (E)o(E)dE
E%g

(2-54)

(2=53)

(2-56)

(2-58)

(2-59)

(2-60)

(2-61)

(2-62)

in 2 due to its different energy weightings in Equations (2-57) and

t,8

(2-58) could be neglected, ZQI(E"E) could be flux weighted rather than

current weighted, and that o

equivalent of Equation (2-53).

can be evaluated from the fine group
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Equations (2-57) and (2-58) are applied to the homogenized assembly, ‘
hence the name "homogenized Bl method". The cross sections required to
sclve the equations are averaged over a Cranberg fission spectrum with a
t/E tail tor the fine groups in the fast energy range. In the resonance
range, contvibutions to the fine group cross sections are caloulated and
averaged as described in the previous section A tactor dependent on the
assembly hydrogen-to-heavy metal ratio (H/M) is used to reduce the lumped
fission product epithermal cross sections calculated by CINDER, Section 2.7,
to account for rescnance shielding effects (Reference 2-15). A second
tactor, obtained from Monte Carlo studies, accounts for enhanced fast
fission of U-238 due to heterogeneity effects in the lattice, and is
also a function of H/M. The flux spectrum QR can now be calculated by
solving Equations (2-57) and (2-58) simultaneously beginning with the
highest energy group. Broad group parameters are obtained by averaging '
fine group values over the calculated spectrum for use in the CINDER
fission product treatment and the assembly two-dimensional diffusion

theory calculation.




2.5 THERMAL SPECTRUM CALCULATION

The thermal spectrum is obtained by using a nodal integral transport
method (Reference 2-16) to solve the one-dimensional steady-state multi-
group integral transport equation. This method is used with isotropic
scattering in a heterogeneous system in cylindrical geometry. The method
consists of constructing a set of coupled equations for neutron currents
in terms of loca! escape and transmission probabilities and first-collision

sources,

2.5.1 Theory
The steady-state, energy-dependent integral transport equation in

the coordinate system shown in Figure 2-3 can be written as

¢(r,E,Q) ‘/hr’ K(r >r,E,Q)[H(r",E,2) + S(r ,E,Q)] (2-63)

where

o(r,E,Q)

the angular neutron flux,

K(r "»r,E,Q) = the first-flight transport kernel,

]

S(r " ,E,Q) any external source, and

H(r ,E,Q)

the neutron emission density

"

o
/dfz'/ dE” 2_(r",E™E,Q™Q) o(r ,E',Q)
4n 0

l/
+
AIA

o0
dQ'/ dF.’ u}_f(r',E',Q') x(r ,E 2E .0 0)
n 0

L o(rTLETLQ0) (2-64)
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FIGURE 2-3. COORDINATES FOR THE

INTEGRAL TRANSPORT EQUATION




. where

2% = the scattering kernel,
X = the fission spectrum, and

A = the eigenvalue of the system.

I'he nodal integral transport method transforms the conventional
integral transport equation into an equivalent neutron current equation.

The partial current at position r is defined as

J(r,E,AR) = /M«m Q ¢o(r,E,Q) (2-65)

Substituting Equation (2-63) for the (lux and defining the first collison

source as

Q(r ",E,Q) = H(r ",E,Q) + S(r ,E,Q) (2-66)

‘ yields
I{r,E, AQ) = /d- . /w‘m Q K(r »r,E,Q)0(r ",E,Q) (2-67)
The integral over space i1s divided into two parts: an integral over the

local region of interest and another over the neighboring regions. Define

the local escape probability,

g » '. ~ - - » " )
/Lm i dr /Ml'm Q K(r »r,E,Q)Q(r ,E,Q)
P(r,E,AQ) = - ; -

/lo('.ll dr /&nd“ Q Q(r ,E,Q)

the local average volume source,

/l()(‘al f‘rr L"d&) Q“ vE580)
‘/]ma) . [AndQ

Q(E) =
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the local transmission probability from neighbor n, .

' ) > E,Q)Q(r ",E ¢
l" dr /Aud&)( K(r »r,E,Q)Q(r ,E,Q)

}& dr ]Lnd“ Q Q(r ,E,Q)

and the partial current of neighbor n:

JAR) = dr” dsr Q Qlr " E,Q
e ‘ﬁ, r /;n Hr L E,Q)

Then Equation {2-67) can be written as

T (r,E,ANQ) =
a'!

N
(e, ,E,AQ) = P(r,E,AQ)Q(E)AV(r) + 8 T (r,E,AQ)J (E) (2-68)
it ® n
where AV(r) is tle volume of the local region.
Equation (2-68) is the neutron balance equation, expressed in
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