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Performance of statistical tests for site versus background
soil comparisons when distributional assumptions are not
met

Evan J. Englund

Abstract

Statistical distributions of site and background soil samples often do not meet the assumptions of
statistical tests. This is true even of “non-parametric” tests. This paper evaluates several
statistical tests over a variety of cases involving realistic population distribution scenarios and
sampling schemes. Over the range of cases, performance was erratic for most tests. When
planning a project, the sampling scheme must be designed together with the statistical test, and
the choice of test may vary depending on which scenario best matches the conceptual model for
the site.

Introduction

This report began as an inquiry into the ability of the Wilcoxon Rank Sum (WRS) test to
distinguish between background and contaminated soils in the “Choccolocco Corridor” (CC)
area of Fort McClellan Army Base in Alabama. The WRS test was performed under the null
hypothesis that there is no difference between the concentrations in the site and concentrations in
the background reference area. The alternative hypothesis was that the site concentrations are
greater than those in the background reference area. A positive test result for any analyte
indicated the presence of site contamination that would require further evaluation for possible
cleanup. Concerns about the performance of the WRS test led to an investigation of the test
under conditions similar to those in the Choccolocco Corridor.

Poor WRS performance under some conditions in the initial tests from the CC raised the obvious
question: Are there better alternatives? This question prompted the expanded and more
generalized investigation presented here, which compares the WRS test directly with several
other tests.

Student’s t is the most well-known and widely-used statistical test for comparing two samples
sets. However, Student’s t is based on very specific assumptions about the populations from
which the samples are drawn. These include the assumption that the population variances are
equal, and the assumption that the shape of both populations is normal. Welch’s test (also called
Satterthwaite’s t or the unequal-variance t) is a modified Student’s t test that attempts to correct
for unequal variances, though it still requires the assumption of normality. The Wilcoxon Rank
Sum test (WRS) is a non-parametric alternative to the Student’s t test that assumes that the
population shapes are identical, though not necessarily normal. The WRS test and the Welch’s t



test are often suggested when their assumptions appear to be more accurate than those of the
Student’s t test. (EPA 2002, EPA 2006).

The literature is confusing at best regarding the relative merits of the WRS test and the Student’s
t test. Hodges and Lehman (1956) argue on theoretical grounds in favor of the WRS, noting that
it is never much less efficient than Student’s t (where less efficient means needing more samples
to get the same performance) but can be infinitely more efficient.

A sampling of papers that compare the tests in the context of specific applications or specific
distributions produces mixed conclusions. Bridge and Sawilowsky (1999) conclude that WRS is
better for small samples of skewed distributions; they recommend WRS when distributions are
unknown. Blair and Higgins (1980) found that WRS generally held power advantages over the t-
test for various non-normal distributions. Potvin and Roff (1993) conclude that the WRS test is
more powerful than the t-test for skewed distributions.

Johnson (1995), however, criticizes Potvin and Roff, pointing out that The Central Limit
Theorem works in favor of Student’s t, making it insensitive to modest departures from
normality. Johnson also notes that the WRS test requires a strict assumption that the two
distributions are identical in both shape and variance — something that is rarely tested. He
concludes that if investigators use random sampling properly, “...parametric methods will
ordinarily be adequate; if they are not, nonparametric methods will not protect them from sailing
off course.” Modarres et al. (2005) likewise note the strict distributional requirements of the
WRS test (and rank-based nonparametric tests in general), claiming results of these tests are not
valid when the assumptions are violated. For log-normal distributions, Zhou et al. (1997) reject
both WRS and t, and propose an alternative test that calculates a z-statistic using maximum
likelihood estimators.

The disparity among these papers is likely due to differences in the scenarios being investigated.
No two of the papers compare statistical tests on identical distributions and distribution shifts;
the conclusion to be drawn from the literature is that t-tests are superior in some cases, WRS in
others. None of the papers deals with the kinds of distributions that we would expect to
encounter when testing to distinguish between contaminated and uncontaminated soils.

Hypotheses

Statistical tests are framed in the form of a null hypothesis which is assumed to be true and an
alternative hypothesis which is accepted as true only if the data strongly indicate that the null
hypothesis is actually false.

Hypothesis tests favor the null hypothesis by setting stringent limits on the probability that the
null hypothesis will be rejected simply by chance, when it is, in fact, true. This is called a false
positive, or Type I error, and the limit on its probability is called the significance level of the test,
or alpha. Most hypothesis tests are designed so that when the assumptions of the test are met, the
test will perform as specified. In practical terms, that means in a large number of repeated trials,
the fraction of false positive decisions should be very close to alpha.

Two alternative null hypotheses are considered in this investigation. Adopting the terminology
from EPA (2002a), we have:



e Test Form 1 — The null hypothesis is that the distribution of concentrations in the site
population is identical to that of the background. In this case, no further action will be
taken unless the statistical test indicates that the site measurements are sufficiently higher
than the background measurements that they are unlikely to have occurred by chance. In
formal terms, the p-value of the test, which is the estimated probability that the result
could have occurred by chance, must be less than alpha. This test form directly controls
the costs of taking unnecessary action, while the environmental risks from failure to
detect contamination are determined by the sample size and the population variability.

e Test Form 2 — The null hypothesis is that the site mean concentration exceeds the
background mean concentration by a specified threshold amount or more. In this case,
action will be taken unless the difference between site and background measurements is
significantly less than the threshold. This test form controls environmental risks by
setting an upper limit on the amount of contamination that can be missed by sampling,
while the costs of unnecessary action are a function of sample size and variability.

Statistical Tests and Assumptions

The statistical tests evaluated here include Wilcoxon Rank Sum, Student’s t, Welch’s t, the
quantile test, the quantile test combined with the WRS test, and the difference in sample means
compared to a specified threshold difference. In addition, Welch’s t was performed on log-
transformed data. The test descriptions in italics below are taken from EPA (2006).

The Two-Sample Student’s t Test

Purpose: Test for a difference or estimate the difference between two population means when it
is suspected the population variances are not equal.

Data: A simple or systematic random sample x1, X2, . . ., xmfrom the one population, and an
independent simple or systematic random sample y1, y2, . . ., ynfrom the second population.

Assumptions: The two populations are independent. If not, then it is possible that a paired
method could be used. Both are approximately normally distributed or the sample sizes are large
(m and n both at least 30). If this is not the case, then a nonparametric procedure is an
alternative.

Limitations and Robustness: The two-sample t-test with unequal variances is robust to moderate
violations of the assumption of normality. The t-test is also not robust to outliers because sample
means and standard deviations are sensitive to outliers.

(U.S.EPA 2006, Section 3.3.1.1.1)

The Two-Sample t-Test (Welch-Satterthwaite: Unequal VVariances)

Purpose: Test for a difference or estimate the difference between two population means when it
is suspected the population variances are not equal.

Data: A simple or systematic random sample x1, x2, . . ., xm from the one population, and an
independent simple or systematic random sample y1, y2, . .., yn from the second population.



Assumptions: The two populations are independent. If not, then it is possible that a paired
method could be used. Both are approximately normally distributed or the sample sizes are large
(m and n both at least 30). If this is not the case, then a nonparametric procedure is an
alternative,

Limitations and Robustness: The two-sample t-test with unequal variances is robust to moderate
violations of the assumption of normality. The t-test is also not robust to outliers because sample
means and standard deviations are sensitive to outliers.

(U.S.EPA 2006, Section 3.3.1.1.2)

The Wilcoxon Rank Sum Test

Purpose: Test for a difference between two population means. The Wilcoxon Rank Sum test,
applied with the Quantile test, provides a powerful combination for detecting true differences
between two population distributions.

Data: A random sample x1, X2,. .., Xm from one population, and an independent random
sample y1, Y, .. ., ynfrom the second population.

Assumptions: The validity of the random sampling and independence assumptions should be
verified by review of the procedures used to select the sampling points. The two underlying
distributions are assumed to have approximately the same shape (variance) and that the only
difference between them is a shift in location. A qualitative test of this assumption can be done by
comparing histograms.

Limitations and Robustness: The Wilcoxon signed rank test may produce misleading results if
there are many tied data values. When many ties are present, their relative ranks are the same,
and this has the effect of diluting the statistical power of the Wilcoxon test. If possible, results
should be recorded with sufficient accuracy so that a large number of tied values do not occur.
Estimated concentrations should be reported for data below the detection limit, even if these
estimates are negative, as their relative magnitude to the rest of the data is of importance. If this
is not possible, substitute the value DL/2 for each value below the detection limit providing all
the data have the same detection limit. When different detection limits are present, all data could
be censored at the highest detection limit but this will substantially weaken the test. A statistician
should be consulted on the potential use of Gehan ranking.

(U.S.EPA 2006, Section 3.3.2.1.1)

The Quantile Test

Purpose: Test for a shift to the right in the right-tail of population 1 versus population 2 This
may be regarded as being equivalent to detecting if the values in the right-tail of population 1
distribution are generally larger than the values in the right-tail of the population 2 distribution.

Data: A simple or systematic random sample, x1, X, . . ., Xn, from the site population and an
independent simple or systematic random sample, y1, y2, . . ., ym, from the background
population.



Assumptions: The validity of the random sampling and independence assumptions is assured by
using proper randomization procedures, which can be verified by reviewing the procedures used
to select the sampling points.

Limitations and Robustness: Since the Quantile test focuses on the right-tail, large outliers will
bias results. Also, the Quantile test says nothing about the center of the two distributions.

Therefore, this test should be used in combination with a location test like the t-test (if the data
are normally distributed) or the Wilcoxon Rank Sum test.
(U.S.EPA 2006, Section 3.3.2.1.2)

The Sample Means Test

The difference in arithmetic means of the two samples is tested against a threshold value. If the
site mean minus the background mean is greater than the threshold, then the site is considered
contaminated.

The arithmetic means test is not a true statistical test in the sense that it does not attempt to
control either alpha or beta. It is perhaps better described as a decision rule. The test is error-
neutral. It is the same whether using test form 1 or 2. If the error distributions are symmetrical, or
the sample sizes are large, then false positive and false negative error rates will be equal. It has
some potential advantages: it is simple; it directly tests the parameter of concern; and because it
uses no distributional information, it can be performed equally well with composite data at lower
analytical costs.

Alternately, the sample means test could be considered a degenerate form of the t-test. It is
equivalent to setting the alpha value of the t-test at the sample mean threshold to 0.5. In this case
the value of t becomes zero, and the critical value of the test is simply the threshold.

Tests on Transformed Data

Log transforms are not generally recommended when analyzing environmental data (EPA,
1997). Two problems are common. Upper confidence limits calculated by Land’s method, while
theoretically correct if the true distribution of the population is exactly log-normal, may be much
too high when the population is only approximately log-normal. Also, it can easily be
demonstrated that in a one-sample test, comparing a statistic calculated on log-transformed data
against a log-transformed threshold limit can produce biased, non-protective decisions. To test
whether the same is true for a two-sample test, Welch’s t on log-transformed data is included in
this study for comparison. The Welch’s t test is chosen here instead of the Student’s t test
because its assumptions are less stringent.

For test form 1, the approach is straight-forward: take the logarithms of the two data sets and
perform the Welch’s t test. However, test form 2 presents complications when the significant
difference being tested is greater than zero. With untransformed data, the significant difference is
tested by either subtracting the difference from the site data or by adding the difference to the
background data, and then performing the test. Either way the result is the same. But the results
are not the same if the data are transformed before the test. Subtracting the significant difference
from the site data yields negative values that cannot be transformed, so the only real option is to
add the significant difference to the background values, transform the data, and perform the test.
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An alternative approach is to transform the original data before adding the significant difference.
There are a wrong way and two right ways to do this. The wrong way is to log-transform the
sample data and then to add the log of the significant difference (equal to the width of the gray
region — in this case, 50) to the transformed background values. That is the equivalent of
multiplying the background values by 50. The right ways differ in the interpretation of the
performance objectives (see Figure 1 below). We might be testing for a 50% increase, in which
case the log of 1.5 would be added to the transformed background data. Or we might be testing
for an increase of 50 units over an unknown background mean; then the added value would be
the log of the ratio: background mean plus 50 over the background mean. The latter is used in
this paper.

Combined Tests

The U.S. EPA (EPA, 1992, 1996) recommends using the quantile test in conjunction with the
Wilcoxon Rank Sum test. The reasoning is that the WRS test is robust to the presence of outliers,
which also makes it insensitive to localized contamination that would show up in the site
distribution as an increase or shift in the upper tail. The quantile test looks only at the upper tail
and should detect such an increase if it has occurred. The decision logic is that if either test
indicates further action, then further action will be taken.

Evaluation of the performance of a combination of two tests is beyond the scope of this paper.
To perform a quantile test requires choosing two parameters — the significance level alpha and
the quantile to test (i.e., the upper 10% of the distribution). A full evaluation would require
testing various combinations of alpha and quantile for the quantile test, along with various levels
of alpha for the WRS. This paper shows performance for a single combination as an example.
Both alpha values are set at 0.05, and the quantile is the upper 10%.

It has been suggested (EPA 1992) that a “hot sample” test be included in combination with the
WRS and quantile tests. This involves choosing an upper threshold value such that the site is
declared contaminated if any site measurement exceeds the threshold. That reference, however,
was not explicit as to how to choose or calculate a hot sample threshold. This paper does not
evaluate hot sample tests, alone or in combination. That is left, along with a full evaluation of
the combined WRS - quantile test, as a subject for future research.

Decision Objectives

Comparing statistical tests can be an “apples and oranges” exercise, because the tests operate on
different characteristics of the samples. Both the Student’s t and the WRS tests set out to test
exactly the same thing. Both assume that the two populations being sampled have identical
shapes and variances, and that the populations differ only by a location shift. “Location shift”
usually denotes a change in mean, but the shape and variance constraints imply something
stronger — not only the mean, but every quantile of the population, including the median, are all
shifted by exactly the same amount.

When the tests are performed, they tell us different things. The t-tests actually estimate the
population means and might conclude that the mean of population A is significantly higher than
the mean of population B. The WRS test does not conclude anything about means — only that the
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relative rankings of population A are greater than the relative rankings of population B. As
Modarres et al. (2005) noted, when the WRS assumptions are violated, a difference in rankings
might be detecting a change in shape or variance instead of the intended location shift.

Similarly, the t-test performed on log transformed data compares the means of the logs, which
tells us nothing about the arithmetic population means. If the log-transformed populations are
strictly normal, then the t-test on log-transformed data is a test of medians because the mean of a
normal distribution of logs is the median of the corresponding arithmetic values. The simulated
site populations that will be used in this investigation are bimodal log-normal distributions — the
background and contaminant components of the site distribution are each log-normal, but the
combination is only log-normal if the entire site is contaminated.

As pointed out earlier, this investigation began as an evaluation of the performance of the WRS
test and expanded to include comparisons of the WRS test with some alternative tests. For site-
background comparisons, the WRS test is used (in the author’s experience) only as a non-
parametric substitute for a t test when the hypothesis of normality is rejected; therefore it is
reasonable to assume in such cases that the purpose of performing either test is to compare the
population means. In this investigation, we choose to define the objective of performing a test to
be the detection of a significant difference in population mean, regardless of what the test itself
may actually be measuring. There may be good reasons to compare other population parameters,
but such comparisons are beyond the scope of this paper.

We adopt a pragmatic approach toward hypothesis testing. Contaminated sites are not controlled
experiments. In the real world, if we evaluate sets of sample data and find that there are no
available statistical tests whose assumptions are perfectly met, we do not have the luxury of not
making a decision. We do not abandon tests simply because the underlying assumptions are not
met. After all, t-tests and the WRS test are widely used at least in part because they are robust to
moderate violations of the assumptions. However, we do abandon the notion of formal statistical
inference. P-values can not be interpreted as exact probabilities; therefore, alpha values are not
true significance levels. The tests in effect become mechanical decision algorithms or “decision
rules” — the data go in and a decision comes out. Our concern is not about which test is formally
“correct”, but about which test performs best under the circumstances.

Performance Evaluation

Performance was evaluated by computer simulations designed to mimic the sampling and
decision process as closely as possible. For this investigation, the site and reference area are
assumed to be sampled randomly, and that the comparison of samples is intended to answer the
question: Is the mean concentration of the site significantly higher than the mean concentration
of background? The approach is to produce realistic simulated “populations” for the background
and the site, to re-sample and test the populations numerous times, and to record the decision
outcomes. Each decision is classified as “action” or “no action,” and the decimal fraction of
“action” decisions over a number of trials is plotted as an estimate of the true performance
probability for the test. A performance curve is constructed by repeating the process with a series
of simulated site populations with increasing mean concentrations.

Hypothesis tests are run at specified levels of alpha, which control (or attempt to control) the
false rejection rate at a specified threshold value. Here, the threshold for test form 1 is set at zero
difference. An alpha value of 0.05 would represent a 0.05 probability of cleanup when the site



mean concentration is actually identical to the background mean concentration. A DQO diagram
(Figure 1) is used during project planning to quantify the desired performance of a
sampling/decision-making effort. The alpha “control point” for test form 1 is indicated by the
lower corner on the line bounding the left side of the gray region. The alpha control point for test
form 2 is the upper corner on the right boundary. For this study, the threshold difference for test
form two is set at 50, or 50% higher than the nominal background mean of 100. An alpha of
0.05 would represent a 0.95 probability of cleanup at this threshold.

A statistical test that is performing correctly because all of the assumptions are met should
always pass through the alpha control point. Whether it passes through the other control point is
a function of the variability of the populations and the number of samples.

For this investigation, the threshold value for the sample mean test is set at the midpoint of the
gray region, or 25. This is just a first approximation to make the performance of this test
comparable to the other tests. This is basically a Central Limit theorem approximation - if the
sample size is large enough to make the distribution of errors about the mean look approximately
normal, then the mean will approximately equal the median. When the true value equals the
threshold, the decision probability will be 0.5 either way; thus the performance curve will pass
through the center of the gray region.



DQO Performance Limits

1.0

0.8

0.6
|

Probability of Action

04

{ GRAY
/ REGION

0.2

T T T T T
0 50 100 150 200

True Difference

Figure 1. Example DQO diagram specifying performance requirements for a two-sample test. (a) The alpha
control point for test form 1. (b) The alpha control point for test form 2. The dotted red line is a performance
curve for an acceptable DQO design; “acceptable” because it stays within the boundaries of the gray region,
or equivalently, within the control points. Different combinations of sample size and method, analytical
method, and statistical test can produce numerous acceptable designs. In the typical DQO process, the lowest
cost of these would be “optimal.”

Performance results for the simulations in this study are presented in the form of simplified DQO
diagrams. To reduce visual clutter when comparing several performance curves on the same
graph, the gray region and most of its boundaries are removed. Only the corner sections of the
bounding lines remain to indicate the design control points. The alpha control point for the test
form being illustrated is shown in black; the other in gray, as in Figure 2. All results will be
shown in this fashion; as pairs of plots with test form 1 on the left and test form 2 on the right.



Example Performance Plot

Test Form 1

Example Performance Plot

Test Form 2
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Figure 2. Simplified DQO diagram used to present results in this paper. The gray region and most of the
gray region boundaries in Figure 1 have been removed to reduce visual clutter. The gray and black “ticks”
remain to show the target points. The alpha point for formal statistical tests is shown in black for the
appropriate test form.

The Simulation Algorithm

1.

2.

[98)

a

*

Generate a simulated background population: 100,000 random values log-normally
distributed with arithmetic mean = 100 and a specified log standard deviation.

Generate a simulated contaminant population of 100,000 values containing both zero
values and contaminated values in a specified proportion. The non-zero contaminated
values are log-normally distributed with a specified log standard deviation and an
arithmetic mean such that the arithmetic mean of the entire contaminant population,
including the zeros, is equal to D, a user-specified arithmetic “true difference” value. D is
initially set to zero—no contamination.

Add the two distributions to create the site population.

Draw a simple random background sample of size nb and a simple random site sample of
size ns. The sample sizes, nb and ns, are user-specified and may differ.

Perform a Wilcoxon Rank Sum test with the null hypothesis: site = background, versus
the alternative hypothesis: site > background. Record the p-value.

Perform a two-sample Student’s t test as in step 5.

Repeat steps 4 through 6. The number of repetitions is user-specified, and is determined
by trial-and-error to produce acceptably smooth performance curves. Evaluate the
performance of the tests by computing the fraction of repetitions with positive action
decisions (p-value<alpha for test form 1, or p-value>alpha for test form 2).

Repeat steps 2 through 7, for a series of specified D values.

Plot the performance for each test as a function of the true difference in means.

Simulations and graphics were done with R software (R Development Core Team, 2005).
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The Background Population

Trace metal concentrations in natural soils are usually positively skewed and are often
approximately log-normal. Background sample data from the Fort McClellan Choccolocco
Corridor were used as a basis for choosing a reasonable background population distribution for
this study. Normal probability plots of the log concentrations for six metals in the Choccolocco
Corridor background samples are shown in Figure 3. A perfectly normal, or in this, case log-
normal, distribution would plot on a straight line. All but mercury (Hg) appear approximately
log-normal. Mercury is anomalous — possibly bimodal. For purposes of this investigation, we
will assume that “typical” background distributions are log-normal.
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Figure 3. Probability plots of log concentrations of trace metals in Choccolocco Corridor background
samples. The solid lines are the theoretical log-normal distributions matching the sample parameters.
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Table 1 contains natural log standard deviations for the six CC background distributions in
Figure 2. Four corresponding values from a USGS soil survey (USGS, 1984) covering the
contiguous 48 States are also shown. Normally, we would expect to see lower variability in a
local sample than in the USGS sample; but soil variability can be very sensitive to the soil
sampling method, the total mass of a sample, and sub-sampling procedures. In any event, Table 1
provides what is needed for this investigation — a range of values for real-world sample
variability. For this study, we will assume a lognormal background distribution, and choose a
middle-of-the-pack natural log standard deviation of 0.80.

Table 1. Natural log standard deviations of
Choccolocco Corridor and USGS background samples

CC__ USGS
Arsenic 0.87 0.80
Cadmium 1.17 -
Chromium 0.83 0.86

Lead 0.71 0.52
Mercury 0.67 0.92
Silver 145 -

The Site Populations
Four scenarios for the distribution of the site population will be evaluated:

1. 100% of the site is contaminated.
2. 50% of the site is contaminated.
3. 20% of the site is contaminated.
4. 10% of the site is contaminated.

In these scenarios, the site population is initially set equal to the log-normal background
population and a lognormal contaminant distribution is added to the background distribution in
the contaminated fraction. The contaminant distribution is assumed to be more variable than the
background distribution - a natural log standard deviation of 1.5 is assumed for the contaminant
distribution in the simulations.

Figures 4 — 7 show site and background population distributions for the four site scenarios. The
distributions are shown as density plots, which can be thought of as smoothed histograms. Each
case is plotted with arithmetic concentration on the x-axis, and then plotted again to the right
with log concentration on the x-axis. In each figure, the upper pair of plots (a and b) shows the
case when the site concentration exceeds the background concentration by 50; that is, the target
threshold or significant difference that was chosen for test form 2. In the lower pair of plots (c
and d) the difference between the site and the background is 200. The background population, of
course, remains constant through all of these scenarios and cases.

As the fraction of contaminated soil decreases, the visual differences between the site and
background populations become less obvious. Intuitively, we might expect these low-fraction
scenarios to be more difficult to distinguish by statistical testing as well. Scenario 4 (Figure 7),
with only 10% of the soil contaminated, is statistically equivalent to a hot-spot scenario.
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Background and site populations are largely identical, with all of the differences occurring in the
upper tail.
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Figure 4. Distributions from Scenario 1.
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Figure 5. Distributions from Scenario 2.
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Figure 6. Distributions from Scenario 3.
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Figure 7. Distributions from Scenario 4.

Null Hypotheses

The performance of a formal statistical test of two populations depends on whether we begin by
assuming that the two populations are the same, or that they are different. EPA (2002) refers to
the former as “test form 1”” and the latter as “test form 2.” In statistical terms, the null hypothesis
for test form 1 is that the site mean is less than or equal to the background mean. When the test
rejects the null hypothesis, the site mean concentration is deemed significantly elevated above
the background mean concentration, thus requiring a cleanup operation, or at least a further
evaluation phase. When test form 2 is used the null hypothesis is that the site is contaminated by
at least a specified amount above background. In this case, cleanup or further evaluation will
proceed unless the null hypothesis is rejected in favor of the alternative.

The Student’s t, Welch’s t, and WRS tests are commonly used for both test forms. When test
form 1 is used, the sample data are used directly; the tests assume the two data sets are equal, and
determine whether or not the site data are higher than background. When test form 2 is used, one
of the data sets is shifted by the significant difference — the width of the gray region. The
difference can either be added to the background measurements or subtracted from the site
measurements. Statistical software packages usually have an option to test for a significant
difference between populations, making it unnecessary for the user to modify the data. The tests
assume that the modified data sets are equal, and then determine whether or not the background
data are lower than the site.

The quantile test is performed only using test form 1. The quantile test only looks at the upper
tails of the distributions; so, it does not make sense to shift an entire data set.
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Sample Sizes

Two sample sizes were used in the simulation: n =30 and n = 150. N = 30 is a frequently used
(and misused) rule-of-thumb sample size. From the Central Limit Theorem, we know that for
any population distribution, the distribution of the sample mean approaches the normal
distribution as the sample size increases. An example of this is the Student’s t distribution, where
the distribution of the mean for sample sizes of 30 or more is very close to normal. It is
sometimes mistakenly assumed that 30 samples are adequate for any distribution.

The sample size of 150 comes from an ad hoc design approach intended to provide a “ballpark”
number. The theoretical sample size required to achieve the performance objectives in Figure 1
was calculated by assuming a normally distributed population. An arbitrary “safety factor” of
20% was added, and the result rounded to the nearest 10 samples. The theoretical part of the
design was done using the Visual Sample Plan, v.4.6D freeware package (http://dgo.pnl.gov/)
developed by the Pacific Northwest National Laboratory, as shown in the screen shot below.

i True Mean vs. Reference Area True Mean

Two-Sample tTest | Sample F'Iacement] Costs ]

For Help, highlight an item and press F1
Chooze;
(s Ditference of True Means »= Action Level [Assume Dirtyf

" Difference of True Means <= Action Level [fssume Clean]
You have chosen as a baseling to azsume the survey unit is "Dirty"

False Rejection R ate [4lphal: IED— 4
Falze Acceptance Bate [Beta): |5|:|— b4
width of Gray Region [Delta): |50
Specified Difference of True Means: ,50—
E stimated Standard Deviation: m

inimum Mumber of Samplez in Survey Unit: 122
Minimum Mumber of Samples in Feference Area; 122
[ Usze Historical

Ok | Cancel | Apply | Help |

The first four inputs are taken directly from Figure 1, and are obvious. The arithmetic estimated
standard deviation (ESD) was calculated from the log standard deviation of the background
population by first calculating the coefficient of variation (CV):

CV?=eY?—1=¢"%2_1=0.896, where sy is the log standard deviation of the
background population. Then,
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CV =0.947

By definition,

CV = ESD/mean, so
ESD = CV * mean.

The appropriate mean in this case is the midpoint of the gray region, or 125, so

ESD =0.947 * 125 = 118.375.

The theoretical sample size (Nt) from VSP is 122, and our ad hoc adjustment gives
N=12*Nt=146.4 = 150.

Measurement Errors

Measurement errors were not treated separately in the simulations. The simulated populations
were assumed to be the sets of all possible soil sample measurements rather than being the sets
of all possible true soil sample concentrations. All measurements were assumed to be above the
detection limit.

Simulation Results

Figures 8-23 illustrate performance curves for the various statistical tests. Each figure shows one
test case: one contamination scenario sampled by a particular combination of site and
background sample sizes.

Each figure contains three pairs of plots as described earlier; each pair comparing several tests
for the two test forms. WRS and Welch’s t results are repeated in each pair for reference.

e Upper pair (a and b) — WRS, Student’s t, and Welch’s t.

e Middle pair (c and d) — WRS, Welch’s t, Quantile test, and WRS + Quantile test.

e Lower Pair (e and f) - WRS, Welch’s t, Welch’s t (log transformed data), and Sample
Mean test.

Overall test performance is determined by both false positive and false negative rates. When
evaluating test performance with performance plots, there are two critical features to look at.
First, as indicated above, the curve should pass through the specified alpha control point. Second,
the curve should rise steeply to the right of the control point in the case of test form 1 or fall
steeply to the left of the control point in the case of test form 2. In general the best overall
indicator of performance is the steepness of the curve. Steeper curves indicate a sharper
separation between populations.

Table 2 presents some of the performance results in quantitative terms. Each of the 16 cases
shown in figures 8-23 has two rows of performance data, with columns representing specific
tests. The first row, with text in italics, shows the observed performance when the true
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concentration difference is zero. This is the false positive rate for test form 1, or for any test, the
false action rate. The second row contains the value of the true difference in concentration at
which the test achieved the desired 0.95 action rate. If the test did not achieve a 0.95 action rate,
the observed rate at the maximum true difference (200) is shown instead.

The focus on differences in row 2 is because it provides an intuitive evaluation of relative risk.
The true difference between the mean site concentration and the background concentration is
proportional to the increase in risk at the site. The upper performance target —a 0.95 action
decision rate at a threshold value of 50 — sets a de facto upper limit on the increase in risk that
can be allowed to go undetected. If a test meets this target, it can be considered “protective”
against a risk increase of 50 (or 50%, where the true background mean is 100). If the observed
performance of a test achieves the 0.95 action rate at a true difference of 70, that test can be said
to be protective against a 70% increase in risk.

Performance rates are used in row 1 because decision errors of this type increase action costs
unnecessarily. These (expected) increases are directly proportional to the error rate.

Table 2 highlights the “better” performance results. In row 1, error rates less than or equal to

0.10 are underlined. In row 2, distances less than or equal to 100 are shown in bold. Instances
where both criteria are met are shaded. These ranking criteria are arbitrary.
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Equal Sample Sizes: 30 Background Samples, 30 Site Samples
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Figure 8. Scenario 1. Performance of several statistical tests. 30 background samples, 30 site samples. Left:
Test Form 1. Right: Test Form 2.



e

50 100 150 200
True Difference

f

Scenario 2 50 % contaminated Scenario 2 50 % contaminated
Q <o | R
— — e e ST T
c = -
2 S | A
Qo == Qo
< /_/ <
k] g k] g _
2 — WRS 2 — WRS
3 Student's t 3 Student's t
§ g — = Welch'st § g = — = Welch'st
=B =B
o s 30 Background Samples o S 30 Background Samples
30 Site Samples 30 Site Samples
o Background mean = 100 o | Background mean = 100
© T T T T © T T T T T
50 100 150 200 0 50 100 150 200
a True Difference b True Difference
Scenario 2 50 % contaminated Scenario 2 50 % contaminated
< 4 .
— =
c c
Lo R S | -
[SN e} QO
< < /
59 I
2 — WRS 2 / — WRS
3 < - Welch_'st 3 < | - Welch_'st
T O Quantile Test T O Quantile Test
8 ®  WRS+Quantile 8 *  WRS+Quantile
a g 30 Background Samples a g - 30 Background Samples
30 Site Samples 30 Site Samples
o Background mean = 100 o | Background mean = 100
© T T T T © T T T T
50 100 150 200 0 50 100 150 200
C True Difference d True Difference
Scenario 2 50 % contaminated Scenario 2 50 % contaminated
Q <o |
CH ‘_,---—-- :H ‘/__:._._;,'_.?.'-
S P L - S ’/I b
2 o - 2 S 7] ’,
50 .’ 50l /
.@o L4 .@o // L4
3 —~ Welch'st 3 —~ Welch'st
'(% g = = Welch's log t '(% g - = = Welch's log t
g *  Sample Mean g *  Sample Mean
= =
o S 30 Background Samples o S 30 Background Samples
30 Site Samples 30 Site Samples
o Background mean = 100 o | Background mean = 100
o o

50 100 150 200
True Difference

Figure 9 Scenario 2. Performance of several statistical tests. 30 background samples, 30 site samples. Left:
Test Form 1. Right: Test Form 2.



Scenario 3 20 % contaminated

Probability of Action
0.0 02 04 06 08 1.0

— WRS

Student's t

- =~ = Welch'st

30 Background Samples

30 Site Sampl

Background mean = 100

es

100
True Difference

Scenario 3

T
150

20 % contaminated

T
200

- oo

W Tons

Probability of Action
0.0 02 04 06 08 1.0

— WRS
— = Welch'st

Quantile Test
WRS+Quantil

30 Background Samples

30 Site Sampl

Background mean = 100

e

es

0 50 100
True Difference

T
150

T
200

Scenario 3 20 % contaminated
Qe |
—
5w Y
So -
< -’
kS @ P
? 'd — WRS
i — = Welch'st
'c%g — " = = Welch's log t
g ’ . =""""  Sample Mean
=~ N P
o S 30 Background Samples
30 Site Samples
o _| Background mean = 100
o
T T T T T
0 50 100 150 200

True Difference

e

f

Probability of Action
0.0 02 04 06 08 1.0

Probability of Action
0.0 02 04 06 08 1.0

Probability of Action
0.0 02 04 06 08 1.0

Scenario 3 20 % contaminated

— WRS
Student's t
— = Welch'st

30 Background Samples
30 Site Samples
Background mean = 100

50 100 150
True Difference

Scenario 3 20 % contaminated

T
200

Quantile Test
®  WRS+Quantil

30 Background Samples
30 Site Samples
Background mean = 100

e

0 50 100 150 200
True Difference
Scenario 3 20 % contaminated
|- losse™==""
T~
/7" e ®
» 4
” L4
”’ L4
/ — WRS
/. = = Welch'st
L3 = = Welch's log t
“  Sample Mean
30 Background Samples
30 Site Samples
Background mean = 100

50 100 150
True Difference

T
200
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Test Form 1. Right: Test Form 2.
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Figure 11. Scenario 4. Performance of several statistical tests. 30 background samples, 30 site samples. Left:

Test Form 1. Right: Test Form 2.
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Equal Sample Sizes: 150 Background Samples, 150 Site Samples
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Figure 12. Scenario 1. Performance of several statistical tests. 150 background samples, 150 site samples.
Left: Test Form 1. Right: Test Form 2.
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Figure 13. Scenario 2. Performance of several statistical tests. 150 background samples, 150 site samples.
Left: Test Form 1. Right: Test Form 2.
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Figure 14. Scenario 3. Performance of several statistical tests. 150 background samples, 150 site samples.
Left: Test Form 1. Right: Test Form 2.
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Figure 15. Scenario 4. Performance of several statistical tests. 150 background samples, 150 site samples.
Left: Test Form 1. Right: Test Form 2.



Unequal Sample Sizes: 30 Background Samples, 150 Site Samples
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Figure 16. Scenario 1. Performance of several statistical tests. 30 background samples, 150 site samples. Left:
Test Form 1. Right: Test Form 2.
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Figure 17. Scenario 2. Performance of several statistical tests. 30 background samples, 150 site samples. Left:

Test Form 1. Right: Test Form 2.
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Figure 18. Scenario 3. Performance of several statistical tests. 30 background samples, 150 site samples. Left:
Test Form 1. Right: Test Form 2.
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Figure 19. Scenario 4. Performance of several statistical tests. 30 background samples, 150 site samples. Left:
Test Form 1. Right: Test Form 2.
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Unequal Sample Sizes: 150 Background Samples, 30 Site Samples
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Figure 20. Scenario 1. Performance of several statistical tests. 150 background samples, 30 site samples. Left:

Test Form 1. Right: Test Form 2.
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Figure 21. Scenario 2. Performance of several statistical tests. 150 background samples, 30 site samples. Left:
Test Form 1. Right: Test Form 2.
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Figure 22. Scenario 3. Performance of several statistical tests. 150 background samples, 30 site samples. Left:

Test Form 1. Right: Test Form 2.
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