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Thermodynamics
of the
Liquid State

GENERALIZED PREDICTION OF PROPERTIES

K. M. Watson

UNIVERSITY OF WISCONSIN, MADISON, WIS,

On the basis of a modified application of the
theorem of corresponding states, new
methods are presented for the general pre-
diction of the following thermodynamic
properties of liquids: thermal expansion
and compressibility, pressure correction to
enthalpy, pressure correction to entropy,
pressure correction to heat capacity at con-
stant pressure, heat of vaporization, dif-
Jerence between heat capacity of a saturated
liquid and its ideal gas, and difference
between heat capacity of saturated liquid
and heat capacity at constant pressure.

URING the past ten years much attention has been
directed (2, 4, 7, 8, 10, 23-26) toward the develop-
ment of generalized relations which permit prediction of
the thermodynamic properties of the gaseous state, even at
extreme conditions of temperature and pressure, with accu-
racy sufficient for general engineering purposes. The similar
properties of the liquid state have received little attention be-
cause of their lesser importance and because of the failure of
the theorem of corresponding states to directly correlate
liquid properties with accuracy. However, by a modified
application of this theorem it is possible to correlate liquid
properties with a degree of accuracy similar to the correla-
tions of the gas phase.

THERMAL EXPANSION AND COMPRESSIBILITY

The equation of state for the gaseous phase is ordinarily
written,

pv = zRT )

where 2z, the compressibility factor, is a function of reduced
temperature and pressure, approximately the same for all
substances. If this relation were applied to the liquid state,
an expression for liquid density might be written,

_pM ( Dr )P.,ﬂ! P.M

P=RT T \RT,) T. = “T.
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The only data required are the boiling
point, the critical temperature, critical
pressure, and the liquid density at some
one temperature,

Like all applications of the theorem of
corresponding states, these relations are
not rigorously correct. However, devia-
tions from the available experimental data
on a variety of compounds, both polar and
nonpolar, are sufficiently small to warrant
their use for many process problems where
reliable data are not available, and for ra-
tionalizing fragmentary experimental data.

where w, which might be termed the “expansion” factor,
would be a function only of reduced temperature and pres-
sure.

Unfortunately it is found that factor w of Equation 2 is not
a generalized function of reduced conditions. Values of w at
the same reduced conditions may vary by more than 20 per
cent for different compounds. Accordingly, Equation 2 is a
rough approximation useful only where no direct liquid den-
sity data of any type are available,

Since at least one value of liquid density is available for
almost any compound, a more useful relation results by ap-
plying Equation 2 to obtain an expression for the ratio of the
density at any given condition to that at some reference state
designated by subsecript 1:

L«
P Wy

orp = &, 3)
wy

It has been found that if w is evaluated as a function of re-
duced temperature and reduced pressure for one compound
on which complete data are available, Equation 3 may be
used with satisfactory accuracy for predicting the densities of
any other compound for which one liquid density value is
available to establish p;/w1.
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Through Equation 6 the group
Table 1.

Values of Expansion Factor «
Expansion Factor o

T PreaQ Prm04 Prm08 Pr=10 Pr=15 Pr=2 Prea8 Ppwl Jp;(

0.5 (0.1328) 0.1332 ... 0.1338 .. 0.1350 Py \0p:/r

0.6 0.1242 0.1260 ... 0.1288 .. 0.1275 -

0.7 0.1144  0.1350 0.11568 v... 0.1170 0.1182 0.1202

3 T Taw  ois S Sl s . s g

0.95 e 0.0831 -0.0872 0,0802 0.0943 0.1000 may be expressed as a general function
1.0 0.0440  0.0764 0.0818 0.0875 00954

of reduced temperature and pressure by the
graphical differentiation of Figure 1, re-
membering that d(1/w) = —(Qw/w%. The
results of this operation are summarized in

Figure 1 and Table I give values of w for isopentane, cal-
culated from the measurements of Young (1) and extended
-to higher pressures by the data of Sage and Lacey (16, 18) on
propane and n-pentane and Equation 3. Tables IT and 1

Figure 2 and Table IV for the range of conditions not close
to the critical point.

The effect of pressure on enthalpy may be expressed in a
more useful form by graphically integrating Equation 6 to

compare liquid densities caleulated from these curves and
Equation 3 with experimental data from the indicated sources
for compressed and saturated liquids of various polar and
nonpolar types. The agreement is reasonably good with de-
viations, in general, less than 5 per cent, even for the case of

obtain the differences between the enthalpy of a liquid under

water at 100° C. and above. The anomalous density changes N ' ' '
of water at low temperature are not in agreement with the AN
correlation, and selection of 4° C. as the reference conditions fr e A

instead of 100° C. would increase the maximum deviations in
the high-temperaturse range to approximately 10 per cent. In
genersl, it is desirable to use the highest temperature at which a2k
data are available as the reference state, particularly when the
high-temperature behavior of polar substances such as water .
are being ealculated. el o

PRESSURE CORRECTION TO ENTHALPY
. Nl o
The effect of pressure on the enthalpy of any substance is

expressed by the rigorous thermodynamic equation:

oH
7 ‘a?)

oV
=7 -7(35). @

TRearranging in terms of reduced conditions,

EXPANSION FACTOR w
3
—

oH 2V '
L _— Te | =5 %) o7
P, bp' oT, ? :
. Combining Equations 3 and 5, ael:
Joy (OH 1 21
Pan o0 )r "0 ™ T\ 5pr ® -
o /T . bT,- ,
L 1 1 I L
0 01, 213 by 0.8 05 0
Table II. Densities of Compressed Liquids REDUCED TEMPERATURE
Pressure, Reduced ——————Density, Gram/Co.———————, :
Lb./8q. In. Pressure - Caled. Exptl. Caled. Exptl Caled. Exptl Figure 1. Thermal Expansion and Compressibility of
WaATER (18): p/ur = 7.586 AT 1oo° C., 1 Amne. Liquids
204.4° C., 8.9° c 374.3° C.,
Ty = 0.738 T,-o Te = 1.0
1000 0.312 0.842 0.86d
3206 1.0 0.851 0.874 0.6i1 0.6i8 0'826 o0.3is
4000 1.248 0.884 o 878 0.633 0.630 0.561 0.543
5500 1.715 0.858 0.885 0.668 0.660 0.603 0.603
Prorans (1 7t ;for = 4807 At 21.0° c 200 La./8q. Ix. Table III. Denstties of Saturated Liquids
54.5° C C 87.9° 0. . -
g 78 - 31 - : Tempera~ Density, G./C Tempera- Density, G./Ce.
300 0.466 0. 4453 0. 447 N g xptl. aled. xptl.
1283 ggg‘ 8 4gg 8 igg 8333 g ﬁg 8 gg{ g 2gg AMMONIA (81): p1/w: = B8.488 aT —33.8° C., SaTp. PRESSURR
3000 4,66 0.508 0.506 0.489 0.489 0.460 0.470 —78.8 0.729 0.730 37.8 0.586 0.584
Buranm (18): pi/ws = 5.037 ar 21.1° C., 250 La./Ba. IN. “$58 S 009 933 94 0418
T71.1°0% 0 11' 44;0 o T ;gc% +10 0.826 0.628 133 (T 0.240 0.234
ggg 8'362 82"33 8253 8 é% g g% 8 :';L;g 8 25; ErayL ALconor (11): p/wn = 6.210 AT 20° C., 8aTp. PRESSURE
: .045 . . . . . . ] 0.809 0.801 60 . .
1300 2.84 0.548 0.545. 0.508 0.501 0.487 0.475 40 0.788 0.773 80 ?).?lé? g.;gg
3000 5.687 0.567 0.564 0.536 0.528 0.521 0.507 243.1 (Ts)  0.273 0.275
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Figure 2. Differential Effect of Pressure on Enthalpy of
Liquids ’

its critical pressure and the enthalpy at the same temperature
and other pressures:

1.0 Jp, /OH

55— (Hep — H)r #r Pan\0pr),

o [Q

The results of this integration are summarized in Figure 3 and
Table V.

Unfortunately few data are available with which to com-
pare the enthalpy corrections calculated from Figure 3.
Table VI compares the calculated values and those experi-
mentally evaluated for water and propane.

The agreement is reasonably good for both
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Expressing in terms of reduced conditions and combining with
Equation 3, : .

1
JorT, (DS) - 0=
w Py \2p: /7 - b;':- ©)
. »

Equation 9 may be integrated to obtain a useful correction
chart relating the difference between entropy under the
critical pressure and entropy at any other pressure under the
same temperature:

. 1
A 1.0 o=
I (8 = S)r = L= 22) e
1L e r aT’ »

(10)
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Figure 3. Pressure Correction to Enthalpy of Liquids

compounds. In view of the fact that the
pressure correction is relatively small as
compared to the enthalpy changes ordi-
narily encountered in industrial operations, T,

Jo: (OH

Table IV, Values of — P \3P,) 2

nar’ 1 . Prm0 Prm04 Prea08 Pr=m10 Pr=15 Pr=m2 Prw3 Prm5
it 1§fbeheved tha.t Figure 3 {J_Qay. be sarﬁlly 9.7 z 3.0 -3.2 -3s - 35 - 38 ~40 —44 —47
used for many engineering applications. € 0.88 4+ 80 431 + 18 +1.3 402 =07 — 1.9 -3.4
fact that a relation based on data for 8'32 +15.0  4+9.1 4083 + 53 + 3.4 :t 1.9 — 0.2 —2.7
pentane is in even fair agreement with- 098 U ARG R 9% ¥ e Y 3 (e o S a3
such dissimilar materials as water and pro- 1.0 436.0 Im.s +10.7 +0.4
pane is reassuring as to its generality.
. Table V. Values of{,i (H., — H)r = ¢

PRESSURE CORRECTION TO ENTROPY oW1
Ty PrwO PrwmQ4 Prem08 Prml2 Premil Prm2 Prm3 Prwmb
The eff T n the en an 0.7  43.1 42 +0.8 - 07 - 1.8 — 3.4 — 7.3 — 17.2
e effect of pressure on the entropy of any 08 +08 +0.8 401 —02 = 07 — 1.4 — 40 - 123
substance is expressed by the rigorous thermo- 8' 85 -8.2 ~1.8 —0.5 I 0.4 009 4 10 = 0.9 «— 8.0
: fon e . -5.0 -1.7 1.0 2.2 3.7 4.4 0.2
dynamic equation: 064 .. “3s .20 % I B et St
0.98 +10.0 18 T— 25.8 20.2 9.8
0.99 1180 2.0 35.0 a7 54.1
0.999 +46.5 62.56 + 77.8 97.6 +<110.3
1.0 +87.0 +101.5 1152 41305 .....

G =-Gn), @
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Values [0(1/w)/OT,], were obtained from Figure 1 in de-

riving Figure 2. The resulting integrated pressure correction
to entropy-is plotted against reduced temperature and pres-
-sure in Figure 4 and summarized in Table VII. Table VIII
compares values calculated from Figure 4 with experimental
values for water and propane. The agreement appears to be
somewhat better than that of the enthalpy correction, in-
dicating that generalization is sufficiently sound for useful
application.

PRESSURE CORRECTION TO HEAT CAPACITY AT CONSTANT
PRESSURE

A useful expression for the effect of pressure on heat ca.péc-
ity at constant pressure may be derived by des-
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Table VI. Pressure Correction to Enthalpy

(Hop —~ H%&,ng./éfam mol

——— e [
204.4° C. 374.8° C.

ignating the right-hand side of Equation 7 as ¥,
a function of reduced temperature and pressure:

JP: r
m (Hap h H)T =y (1)

Upon differentiation at constant pressure,

ALCIRICINREACH
Pun L\2T ), ~\37/),1, " T.\37.),

Pressure,
Lb./8q. In. Caled. Lxptl. Caled. Ezxpti. Caled. Exptl.
Water (198)
1000 23 28, e wene
2660 8 =% PP riiso +isa
- - 1266
5500 —26_ -32 4164 +172 +1370 +1526
Propann (17)
- 54.8° C. 71.1° C. 87.9° C.
300 —29 -25 -
1500 +18 +12 68 83 208 +4-200
3000 —28 —-21 58 45 260 +256
- T
Table VIL. Values of 22%¢ (s,, — )7
WIPl
T Prm 04 Pr=08 Ppr=12 Pr = 1.8 Pr =2 Prm=3 Pr=§
0.7 —4.8 —-1.7 -i 1.1 4+ 3.2 4+ 6.9 13.8 4 25.0
0.9 . -3.8 3.8 8.5 15.8 28.9 44.9
0.94 -7.1 5.6 12.2 20.8 84.7 83.8
0.98 ves 13.2 24.8 37.3 55.1 79.0
0.99 +18.3 31.9 + 47.7 71.0 09.9
0.996 +32.1 60.0 I 70.2 96.9 :t130 0
0.989 450.7 76.9 102.0 130.9 165.6
1.0 +93.2 118.0 +134.0 +161.5 .....

J PlTa . = [ _a__W_ .
o LprCa-0ir=(3F),
The results of graphically differentiating Figure 3 in accord-
" . ance with Equation 12 are summarized in Figure 5 and Table

180
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Figure 4. Pressure Correction to Entropy of Llquids

IX, A comparison of values calculated from Figure 5 with
those derived from experimental data for weater is shown in
Table X. Additional data for testing this relation are scanty,
but the agreement with the data on water is suffi-
ciently good to indicate that the generalization did not lose
greatly in accuracy through the series of manipulations em-
ployed in deriving Figure 5. .

HEAT OF VAPORIZATION

An empirical graphical generalization was developed by the
author (22) which satisfactorily represents the effect of tem-~
perature on the heat of vaporization of a variety of polar and
nonpolar compounds, A curve, based on the available data
for all materials, was presented from which the heat of vapor-
ization at any reduced femperature can be calculated if one
value at & known reduced temperature is available. The
Kistinkowsky equation offers a satisfactory method of es-
timating heats of vaporigation at the normal boiling points

" for nonpolar compounds but does not apply to polar materials.

A satisfactory generalized method for estimating the heat of
vaporization of any substance at any temperaturs was de-
veloped by Meissner (14). This method shows good agree-
ment with experimental results, particularly at high tempera-~
tures, It becomes somewhat unsound at low reduced tem-
peratures, but even in this range the errors are not ordinarily
serious.” The method here presented is an alternate to Meigs-

- Table VIII. Pressure Correction to Entropy
Sop = 8) X 10? cal./gram mole/® K.————u
Pressure, 20as &~ 9 X QST /° $5iae O
Lb./8q. In, Calod. Exptl. Cealod.  Exptl. Caled.  Exptl,
Water (12)
1000 -115 =100 e
2500 - - 87 — 83 - 240 ~242 i vess
4000 1 88 I 83 194 187 1800 2030
5500 112 98 480 446 2400 2545
Prorans (I7)
54.56° C. 71,1° C. 87.9° C.
‘800 - -238 —~238
1500 +470 443 830 591 :t 015 i 070
3000 <4090 084 1215 1200 1870 1780
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Figure 5. Pressure Correction to Heat Capacity at
Constant Pressure of Liquids

ner's method, with the advantage of not involving any
graphical relations snd consequently being adaptable to
mathematical manipulation for the derivation of other ther-
modynamic functions. It is perhaps somewhat more depend-
able than Meissner’s method at low reduced temperatures.

It has been found that the general curve, referred to above
(28) and expressing the relation between heat of vaporization
and reduced temperature, is represented by the following em-
pirical equation:

R=X1

1 -7, )w @)

=,

This equation is more convenient to use than the original
curve and gives considerably more reproducible results, par-
ticularly at temperatures near the critical. It is in good
agreement with the available data with the exception of water

" at low temperatures, below the normal boiling point. As

previously mentioned, water is unusual in many of its char-
acteristics in this region.

Heats of vaporization may be accurately calculated at any
temperature from the rigorously correct Clapeyron equation:

dp. A

T = T —w (14)
The molal volume of the vapor, v,, may be caleulated from the
generalized gas compressibility factors while the vo_lume of
the liquid, vy, is obtained from Equation 3 and Figure L.
‘Where complete vapor pressure data are not available, excel-
lent approximations can be obtained from only the boiling
point and the critical temperature and pressure by use of a
reference substance method of plot ting such as that introduced

Table IX. Values of JTer (Cep — Co)r
Py

Ir Pr =04 Pr =08 Pr==12Pr =18 Pr =2 Pr=3 Pra§

0.7 -9 -~ 3 + 3 + 7 + 14 + 23 + 38
0.8 —-28 - 9 i 8 + 18 + 80 + 52 4 80
0.9 .. - 42 L 30 + 62 4+ 08 +142 4192
0.94 - 75 + 70 4143 4216 +803 4302
0.96 -~190 148 1272 +400 +518 4662
0.97 e +208 387 4550 +693 N
0.98 +385 608 +778

by Cox (6) which permits ready determination of dp./dT
from the corresponding values for the reference substance.
However, this method is rather tedious, and the added labor
is frequently not warranted by the improved accuracy cb-
tained.

If the application of Equation 14 is restricted to the normal
boiling point, a reasonably good approximation is obtained
with the following modified form of the Clausius-Clapeyron
equation in which the factor 0.95 represents the average de-
viation of the vapor from the ideal gas laws at these condi-
tions, together with the effect of the liquid volume:

dp\ _ __pE)a
T )s = D.05RT} (15)

A simple relation between temperature and vapor pressure
was developed by Calingaert and Davis (3) as a result of a
study of the Cox method of vapor-pressure plotting:

B
Inp, = A4 v —13 . (16)

where T is expressed in degrees Kelvin. This equation is not
particularly reliable for many materials and is not recom-
mended as a general method of predicting vapor pressures
where considerable accuracy is required. However, it can be
used satisfactorily for evaluating dp/dT for generalized
thermodynamie relations where a high order of accuracy is
not required or inherent in the other relations. Thus, dif-
ferentiating Equation 186,

o P8
aT = (T — 43)3 an
The constant B may be determined from any two vapor pres-
sure values, such as the boiling point and eritical point:

B = s (18)
Tsg —43 T, — 43

Combining Equations 12 and 14,

- Ts 2
»s = 0.95RB (—————TB ] (19)

Table X. Pressure Correction to Heat Capacity of Water
. at Constant Volume (12)

e — Cp) T cal./gram mole/° K m e
2000 GO T ORI LIRS /e,

Pressure, Ty = 0.824 Ty = 0.910 Ty = 0.943
Lb./8q. In. Calcd. Exptl Caled, Exptl. Caled. Exptl.

1000 -~0.88 —~0.81 . cene cean

2000 ~0.46 -0.38 —-1.98 -1.93 e
2500 —-0.2 —0.23 —-1.15 ~0.99 —-2.48 =-2.61
4000 +0.26 +0.27 +0.87 +0.90 +1.94 12.02
6000 +0.74 +0.86 +2.i18 +2.32 +4.40 4.41




April, 1943

This equation gives results generally not differing from.re-
liable experimental values by so much as 5 per cent when
constant B is determined from the critical point and boiling
point. Somewhat better results are obtained if B is evaluated
from a vapor pressure value less distant from the normal
boiling point than the critical temperature, and if the actual
compressibility factor of the vapor is used instead of the
average value of 0.95.
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HEAT CAPACITY DIFFERENCE BETWEEN SATURATED LIQUID
AND ITS IDEAL GAS

By combining the equations developed above with the
generalized expression for the effect of pressure on the en-
thalpy of gases, it is possible to derive a generalized thermo-
dynamic method for calculating the difference between the
heat capacity of a saturated liquid and the same material as an
ideal gas at the same temperature and zero pressure. Such a
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Figure 6. - Differential Pressure Correction to Enthalpy of Gases

Combining Equations 13 and 19, an expression is obtained
which permits calculation of the heat of vaporization of any
substance at all conditions from a knowledge merely of the
boiling point and critical temperature and pressure, since B is
also found from 7', and P,;

Ts 2/ 1 — T, \0.8 o
x = 09588 (72 5) (=7=) @

Table XI compares values calculated from Equation 20
with experimental data for several compounds on which
measurements were made at elevated temperatures. The
deviations are of the same order as shown by Meissner’s
method; they are greater in some cases and less in others.
Further comparisons indicated that the major source of error
is Equation 19 rather than Equation 13, and the over-ali
accuracy is improved by using the actual compressibility
factor at the boiling point instead of the average value of
0.95.

method is of considerable value because of the scarcity and
general unreliability of heat capacity data. Recent develop-
ment of generalized statistical methods (7, 6) derived from
spectroscopic observations permits. reasonably satisfactory
prediction of the heat capacities of the more simple molecules
in the ideal gaseous state. 'These methods, combined with a
thermodynamic relation between gaseous and liquid heat ca-
pacities and the relations for thermodynamic properties of
liquids developed above, will permit complete prediction of
heat capacities at all conditions, both liquid and gaseous.
Conversely, for complex high-boiling liquids on which liquid
heat capacity meagurements have been made, such a thermo-
dynamic relation may offer a more reliable method of estimat-
ing gaseous heat capacities than the statistical methods. The
relation will also be useful in rationalizing experimental ob-
servations of gaseous and liquid heat capacities and making
them consistent with each other.

There are several methods by which a saturated liquid at
temperature T may be converted into a saturated vapor at a
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higher temperature T,. One is to heat the liquid (maintaining
saturation) to T, and vaporize it. Another is to vaporize the
liquid at 7%, isothermally expand the vapor to zero pressure,
heat the ideal vapor to T, and isothermally compress to satu-
ration conditions. Since the initial and final states are the
same in both cases, the enthalpy changes of the two opera-
tions must be equal:

M4 (H — Huy) + Cpy (T2 = Th) — (H. -

) =
A+ C-I(Tl -T) (21

Rearranging and applying to an infinitesimal temperature
change, dT,

(Cu ~— Cl) dT = — dn — d(H* — H.p)
d  d(H* — H.
C.;—c;,-—d—T—( 7 ) (22)

Since the term d(H*—H,,) involves both a temperature and a
pressure change, it must be expressed in terms of partial dif-
ferentials:

la)] +

d(H* — H.,,) b(H"'
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All the terms on the right-hand side of Equation 24 may be
obtained from generalizations, presumably applicable to all
substances. Thus, differentiating Equation 20,

dx —0.361RB 2 1

T, = T = T,20% Ta 25) a1y (25)

A generalized relation between (H* — H,) and reduced
temperature and pressure was introduced by Watson and
Nelson (28) and improved by several others (8, 10, 24, 26).
Graphical differentiation of this relation with respect to re-
duced temperature at constant pressure permits evaluation of
the second term of Equation 24. The first part of the third
term similarly may be evaluated by differentiation with
respect to reduced pressure at constant temperature. The
last part of the third term is evaluated by Equation 17.

For differentiation, a pressure-enthalpy correction chart
for the gaseous state was prepared, taking into account the
improved data calculated by Edmister (8) and York and
Weber (26) and extended to the low reduced temperature
range by the Joule-Thomson data on water (11). This chart
was graphically differentiated with respect to temperature and

ar pressure, and the data obtained are summarized in Figures 6
b(II * H,,,) dp, a3 and 7 and in Tables XII and XIII. Because of the uncer-
I: ¢ dT (23) tainty of the basic enthalpy correction chart at conditions in
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Figure 7. Differential Pressure Correction to Enthalpy of Gases

Substituting Equation 23 in 22 and writing in terms of re-
duced conditions,

Cl! - C’p‘:l

- _ dT’) I I:b(H* - .)] 1 [a(H* H.)]

the saturated region, particularly at low temperatures, the
curves of Figures 6 and 7 were adjusted by cross plotting
to obtain consistent relations which,
when incorporated in Equation 24, gave

1 dp,
the best average agreement with the ex-

p,ar 4
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Tabie XI. Heats of Vaporization

Tempera- M ¢al/gram mole  Tomperg- M oal./gram mole
ture, ° C, al xptl. ture, ° C, Caled. Exptl,
Waten (18)

83 9,880 9,800 277 6,880 6,720
1156 9,250 9,630 307 5,460 6,740
147.5 - 8,800 9,110 322 5,020 5,240
180.8 8,300 8,660 35 4,500 4,870
210.5 7,740 8,140 348.5 3,850 3,080
245 7,100 7,470 364 : 2,960 3,040

) 373.8 1,020 1,060

Ammoxnta (81)
—49.9 5,870 8,770 91.8 3,310 3,180,
- 9.8 ,340 5,260 100 8,045 3,060,
+31.0 4,690 4,840 108.1 2,730 2,700,
71.8 3,870 (3.780) 118.2 2,34 2,250
124.8 1,8 1,640

Benzexn (11)
0 8,250 8,350 180 8,700 5,790

60 7,680 7,800 220 4,780 4,850
100 7,000 7,080 260 3,420 8,420
140 6,400 8,440 280 2,160 2,140

Eravy Anconon (11)
0 10,450 10,110 1680 8,850 7,1

40 9,760 9,900 200 5,850 .258

80 8,970 9,350 20 4,280 3,960
120 8,000 8,330 240 1,000 1,760

Buraxs (19)
24.9 5,140 5,050 110.9 3,380 8,1
67.9 4,400 4,310 ’ 7
Proranne (17)

20.8 3,680 3,480 88.1 1,785 '

54.8 2,980 2,780 98.1 338 it

73.8 2,410 2,210

. Bunrur Droxmon (11)
-10 5,830 6,090 40 5,180 4,
+20 5,490 5400 60 4,810 4!g38

perimental values of (C, — C%) for water and ammonia.
In all of this work Equations 18 and 18 were used for the cal-
culation of vapor pressures, and it is recommended that this
procedure be followed in using Figures 6 and 7.
Figure 7 is not in good agreement with
(0H/OP)r data calculated by Kennedy, Sage,
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functions plotted in Figures 6 and 7 may differ from experi-
mental values for some substances by as much as 50 per cent.
However, it is hoped that these errors will tend to compensate
one another when the two charts are used together in con-
junction with Equation 24 and Equations 16 and 18 for cal~
culating pressures.

Heat capacity data in general are so unreliable that it is
difficult to find good comparable values on both the liquid and
gaseous state with which to test Equation 24. Table XIV
compares values calculated from the equation with experi-
mental data for water, ammonia, pentane, butane, and pro-
pane. The experimental values for the hydrocarbons were
taken from the general correlation of Holcomb and Brown
(9) at temperatures below 70° F. These are actually heat
capacities at constant pressure, but at reduced temperatures
below 0.8 the difference from the heat capacity of the satu-
rated liquid becomes small, At higher temperatures the data
of Sage and co-workers from the indicated sources were
selected. These investigators made actual measurements of
the heat capacities of the saturated liquid.

The agreement in Table XIV is reasonably good except in
the case of butane at the higher temperatures. Although
these few comparisons do not confirm the reliability of Eque~
tion 24, it is encouraging that agreement is obtained on both
nonpolar and highly polar compounds of both low and high
boiling points. Figures 6 and 7 are not recommended for re-
duced temperatures above 0.96 or below 0.55. At reduced
temperatures below 0.55 the difference between the heat
capacity of the liquid and the ideal gas appears to approach
independence of temperature, and it is believed that this as-
sumption is preferable to attempting to extend Figure 7.

In the recommended temperature range it seems probable
that the calculated heat capacity differences should not be in
error by more than 25 per cent. Although much better ac-
curacy is to be desired, such errors are not too serious, par-
ticularly when one is working with materials of high molal
heat capacities for which the difference in heat capacities is

and Lacey (13) from their Joule-Thomson
measurements on #-butane and #n-pentane.
Edmister (8) pointed out that the dats of
these investigators did not conform with his

Py
generalized relations. Similarly, Watson and 0.001
Smith (24) found that a generalized plot of 3:%02
Joule-Thomson coefficients showed large differ- 0.008
ences from the experimental data. These dis- 3:03
crepancies indicate that differentiation of the .08
generalized -enthalpy-pressure relation tends 0.1
to magnify its inherent errors. It is prob- 02
able that the absolute values of the 98

0.9

. 0.181 ee
0.41 0.270 0.121 evee
0.88 0.55 0.242 0.126

. 0.95 0.40 0.210 " 0.128 “ees e

e 0.80 0.42 0.254 0,195 0.168
1.23 0.63 0.38 0.29 0.1868
. 2.82 1.38 0.77 0.59 0.47
. 2.48 - 1.34 1.0 0.79
. 7.0 3.12 2.20 1.63
, 9.5 5.7 4.0
18.5 8.6 5.7
27 . 11.4
ee 33

Table XII. Values of — % (_D_Q%T%fl_)) in Small Calories per
. : ] »

Gram Mole per ° K.

Trm 085 Tr =08 Tr=07 Tr=08 Tr=00 Tr=0095 Tr=10
0.140 ‘e . . tes .
0.276

opP,

.
Table XIII. Values of -717¢ (ML—@)T in Small Calorles per Gram Mole per ° K.

Py.
0.001 25.2 14.6 7.8
0.002 82.0 15.8 7.9
0.008 46 17.56 - 8.0
0.01 . 20.8 8.1
0.02 24.0 8.2
0.03 . 8.5
9:20 " 18:5
gg ..
. 1
0.5
0.6
0.7
0.8
0.85
0.90

b :“l@ﬁ!@hlhlblhlh

Tr o= 058 Tpm 08 Tr=07 Tr=m08 Tre=09 Trem095 Trm=098 7Tr= 1.0

8.29 2.73 2.48 2.32
8.29 2.78 2.48 2.82
3.29 2.73 23.48 2.32
3.29 2.73 2.48 2.32
3.29 2.73 2.48 2.32
3.358 2.78 2.48 2.32
3.4 2.80 2.50 2.34
3.65 3.00 2.64 2.44
4,20 3.29 2.88 2.63
8.0 3.70 8.18 2.84

9.0 &.45 4.15 3.6

. 7.8 5.08 4.0

10.9 8.6 4.8

10.7 8.6

15.0 8.1

34.0 11.2
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Table XIV. Difference between Heat Capacities of Satu-
rated Liquid and Its Ideal Gas

—o". 1. Cst — C), cal.
(Cut i I%a / ( lmo%p/g Iga /

g. mole, g.
T, T° C. Calcd. Exptl. Ty T° C. Calcd. Exptl.
WATER (12)
0.55 83 11.0 10.0 0.88 277 14 .4 13.8
0.60 115 1.6 10,1 0.90 307 17.0 16.4
0.85 147, 11.5 . 10.3 0.92 322 18.6 18.0
0.70 180.5 11.8 10.7 0.94 335 20.7 20.7
0.75 210.5 11.9 11.2 0.96 348.5 28.0 25.1
0.80 243 12.3 11.6
Ammoxta (21)
0.55 —49.9 9.8 9.8 0.85 71.8 12.9 12.8
0.60 —-20.8 9.9 1.0 0.90 91.8 15.1 14.7
0.65 - 9.5 9.8 10.2 0.92 100.0 17.1 16.2
0.70 +-10.7 10.4 10.5 0.94 108.1 16.9 17.8
0.75 31.0 10.7 10.9 0.96 118.2 19.9 20.9
0.80 51.3 11.4 11.5
n-PENTANE (8)
0.85 —~14.8 9 10.0 0.7 55.9 11.4 11.9
0.6 8. 10.1 10.4 0.8 103.9 11.6 13.6
n-BuTaNg (9, 15, £0)
0.585 —39.1 8.7 7.8 0.8 87.9 10.3 14.4
0.8 —-17.1 8.8 8.7 0.9 110.9 12.9 17.8
0.7 +24.9 9.4 10.¢
ProraANE (9, 16, 20)

0.58 —687.7 5.2 6.1 0.8 25.6 8.2 9.3
0.6 —49.1 5.8 8.4 0.9 83.0 13.56 13.4
0.7 -11.7 .3 8.2

small in comparison to the heat cz;pacity of the vapor. At
present no better general method for estimating these prop-
erties is available.

DIFFERENCE BETWEEN HEAT CAPACITY AT CONSTANT PRES-
SURE AND HEAT CAPACITY OF SATURATED LIQUID

The heat capacity of a saturated liquid C,; expresses the
change in enthalpy accompanying a simultaneous increase in
both temperature and pressure:

oHY dp,
ca=(3r), + (35). 7 (@6)
In terms of reduced conditions,
€ — Cre = ~ (35 5. (38) @7
OH
Values of = P . may be obtained from Figure 2, and dp,/

dT is calculated from Equatmn 17, permitting complete evalu-
ation of Equation 27,

Table XV. Difference between Heat Capacity at Constant
Pressure and Heat Capacity of Saturated Liquid
(Water, 12)

(Cp — Ca), cal./g. mole/® K

T° C. T Caled. Exptl,
204.4 0.738 —0.08 —0.09
287.8 0.887 4+0.33 +0.54
816.6 0.910 +0.92 4+1.11
326.7 0,927 1.76 2.18
387.8 0.943 8.0 3.64

Table XV compares results calculated from Equation 27
with the accepted values for water, The agreement is not
particularly good, but the quantity sought is not large except
at conditions near the critical. Furthermore,.it is believed
that maximum errors are probably encountered when Figure
2 is applied to water because of the unusually low reduced
pressures corresponding to a given reduced temperature at
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saturation. As a result, saturation valuesfor water fall on the
extrapolated portion of Figure 2 at pressures below the range
of the hydrocarbon data from which it was derived. Better
accuracy should be obtained from Equation 27 when applied
to other materials of lower critical pressures.
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NOMENCLATURE

constants in Ca.lmgaert Davis vapor pressure equation
heat capacity

heat capacity of ideel gas

liquid density

enthalpy

enthalpy of ideal gas

mechanical equivalent of heat
molecular weight

pressure

pressure

gas law constant

entropy

absolute temperature

molal volume

volume of n moles

compressibility factor (gaseous)
molal heat of vaporization

liquid density, mass per unit volume

J
PI (Hap H)T

= hquld expansion factor
Subsonpts
= normal boiling point

¢ = critical value

c¢p = critical pressure
= gaseous state
liquid state
reduced value
saturated liquid or vapor

A, B
c

C*

d

H
H*
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CRC Handbook of Chemistry and Physics, 75th. ed., CRC
Press, Boca Raton, Florida, 1994.

Pages 6-10 to 6-11.



This table summarizes the best available values of the density, specific heat capacity at constant pressure (Cp). vapor pressure, visc
condugtivity, dielectric constant, and surface tension for liquid water in the range 0 — 100 °C, Al} values (except vapor pressure) ref
of 100 kPa (1 bar). The temperature scale is IPTS-68.

4 Density

“C glem?
0 0.99984
10 0.99970
2 0.99821
30 0.99565
40 0.99222
50 0.98803
60 0.98320
70 0.97778
80 097182
90 0.96535
100 0.95840
Ref, 13

PROPERTIES OF WATER IN THE RANGE 0—100°C

Cp
IgK

4,2176
4.1921
4.1818
4.1784
4.1785
4.1806
4.1843
4.1895
4,1963
4,2050
42159

Vap. pres.
kPa

06113
[.2281
23388
4.2455
7.3814
12,344
19.932
31.176
47373
70.117
101.325

L3

REFERENCES

Vise.
pPas

1793

1307

1002
917
653.2
547.0
466.5
404.0
354.4
3145
281.8

Ther. cond.

mW/K m

561.0
580.0
3984
615.4
630.5
643.5
654.3
663.1
670.0
6753
679.1

1. L.Harm, L. S. Gallagher, and G. S. Kell, NBS/INRC Steam Tables, Hemisphere Publishing Corp., 1984.

Oxford, 1987.

3. 1.V.Sengersand J, T. R. Watson, Improved international formulations for the viscosity and thermal conductivity of water sub

Chem. Ref. Data, 15, 1291, 1986,

4. D.G. Archer and P. Wang, The dielectric constant of water and debye-huckel limiting law slopes, J. Phys, Chem. Ref. Data, 1
. N. B. Vargafiik, et al., International tables of the surface tension of water, J. Phys. Chem. Ref. Data, 12, 817, 1983,

W

ENTHALPY OF VAPORIZATION OF
WATER

The enthalpy (heat) of vaporization of water is tabulated ns a function
of temperature on the IPTS-68 scale,

REFERENCE

Marsh, K. N., Ed., Recommended Reference Materials for the Realization

of Physicochemical Properties, Blackwell, Oxford, 1987,

A H
kJ/mol

45,054
43,990
43.350
42482
41.585
40.657
39.684
38.643
37518
36.304

6-10

t
°C

200
220
240

320

374

AvpH
kJ/mol

34.962
33.468
31.809
29930
27.795
25.300
22.297
18.502
12,966

2.066

K. N. Marsh, Ed., Recommended Reference Materials for the Realization of Physicochemical Properties, Blackwell Scientific

Molar n
Melting
Boiling
Triple g
Triple p
Triple
Triple p
Critical
Critical
Critical
Critical
Maximt
Temper

L. Haar
J.M.H.

forH
1, Kestii
1. Kesti:
P.G. Hi
Chem, 1

i




FIXED POINT PROPERTIES OF H,0 AND D,0

Unit H,0
Molar mass g/mol 18.01528
Melting point (101,325 kPa) *C 0.00
Boiling point (101.325 kPa) o 100.00
Triple point temperature " 0.01
Triple point pressure Pa 611.73
Triple point density (f) glem® 0.99978
Triple point density (g) mg/L 4.885
Critical temperature °C 373.99
Critical pressure MPa 22.064
Critical density glem? 0322
Critical specific volume cm’ 31
Maximum density (saturated liquid) glem 0.99995
Temperature of maximum density °c 4.0
REFERENCES

for H,0 and D,0, J. Phys, Chem. Ref, Data, 14, 193, 1985,

Chem. Ref. Data, 11, 1, 1982.

listed, as well as the vapor pressure.

REFERENCES

,J. Phys. Chem. Ref, Data, 15, 1291, 1986.

Chem. Ref, Data, 12,933, 1983.

D,0

20.02748
3.82
101.42
3.82
661
1.1055
575
370.74
21.671
0.356
281
1.1053
112

L. Haar, 1. S, Gallagher, and G. S. Kell, NBS/NRC Sream Tables, Hemisphere Publishing Corp., 1984,
J. M, H. Levelt Sengers, J. Straub, K. Watanabe, and P. G. Hill, Assessment of critical parameter values

J. Kestin, et. al., Thermophysical properties of fluid D,0, J. Phys. Chem. Ref. Data, 13, 601, 1984.

J. Kestin, et. al., Thermophysical properties of fluid H,0, J. Phys. Chem. Ref. Data, 13, 175, 1984,
P. G. Hill, R, D. C, MacMillan, and V. Lee, A fundamental equation of state for heavy water, /. Phys.

THERMAL CONDUCTIVITY OF SATURATED H,0 AND D,0

ble gives the thermal conductivity A for water (H,0 or D,0) in equilibrium with its vapor. Values for the liquid () and vapor

Sengers and J. T. R. Watson, Improved international formulations for the viscosity and thermal conductivity of water

unaga and A. Nagashima, Transport properties of liquid and gaseous D,O over a wide range of temperature and pressure,

HO D,0
Af(mW/K m) A J(mW/K m) PlkPa A/(mW/K m) A (mW/K m)
561.0 16.49
580.0 17.21 1.0 575 17.0
598.4 17.95 20 589 17.8
6154 18.70 37 600 185
6305 1948 6.5 610 19.3
643.5 20.28 111 618 20.2
654.3 21.10 18.2 625 210
663.1 21.96 288 629 219
670.0 22,86 442 633 228
675.3 23.80 66.1 635 238
679.1 24.79 96.2 636 248
682.1 30.77 465 625 308
663.4 39.10 1546 592 39.0
6214 5118 3995 541 520
5417 71.78 8688 473 752
447.6 134.59 16820 391 143.0
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COMSOL Multiphysics Version 4.3 Software Test
Documentation, B-STP-A-00027, Revision 0, Kesterson,
M.R., Savannah River National Laboratory, Aiken, South
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Comsol Multiphysics

Software Revision Number: 4.3

Revision History Log
Revision # Date Description of Revision

0 10/29/12 Initial Issue
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1.0 SCOPE

The software COMSOL Multiphysics is a general purpose engineering analysis program.
The COMSOL software is divided into submodules that can be employed based on the
type of problem being solved. For the purposes of this test plan, the Heat Transfer
module is utilized to enable the modeling of heat transfer via conduction, convection, and
radiation.

The Software Test Plan (STP) delineated in this document will cover the software testing,
software acceptance, and software baseline of the COMSOL software.

2.0 SOFTWARE AND PRODUCT IDENTIFICATION

Project Name: Not applicable

Software Product Name: COMSOL Multiphysics

Operating Division: Savannah River National Laboratory

Facility: Applied Computational Engineering and
Statistics

Location of Target System: 703-41A

Software Lead Engineer: Matt Kesterson

703-41A, Room 255
(803) 725-5975

3.0 REFERENCE DOCUMENTS

3.1 B-SQP-A-00057, Rev. 0, “Software Quality Assurance Plan for COMSOL
Multiphysics”, January 2012.

3.2 IEEE Std. 829-1998, IEEE Standard for Software Test Documentation.

3.3 SRT-EMS-940084, “Heat Transfer Software Test Plan”, February 1995,
Attachement 9.1

40 RESOURCES
4.1 Test Lead Engineer
COMSOL — Matt Kesterson
4.2 Special Equipment
SRNL computer Lenovo Thinkstation 6493-AL7.

4.3 System Configuration
RedHat Enterprise Linux version 5.
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5.0 TESTING ACTIVITIES
5.1 Software Operating Environment
COMSOL will operate under the RedHat Linux Operating Environment.
5.2 Existing Test Plans
None
5.3 Test Problems

For computer software, one acceptable method of testing is technical evaluation
by tests which demonstrate its capability to produce valid results for the test
cases. The test plan for validating the software requirements requires matching
the requirements with the test problems, making sure that the test problem is well
defined, building the model using the software, inputting required data such as,
material properties, loading conditions, boundary conditions, setting the model
for run, and finally comparing the results. One test problem can validate more
than one requirement in a test run. Fifteen problems have been selected to test
the code analysis options that are frequently used in analyses at SRS. These test
problems are described in Attachment 9.1. These problems have been used in
the past for the dedication of this type of software. For each problem, written
and graphical descriptions are provided to define the problem. The option tested
is identified and the expected solution is given along with the methodology used
in arriving at the solution. The expected solution is obtained from an analytical
solution, experimental results, or results from other industry standard software
codes.

Attachment 9.1 consists of a set of problems for which solutions have been
published, or for which solutions are derived using standard analytical methods,
or solution comparison with other software codes, or recommended benchmark
problems. The problems were selected with the intent of testing a wide range of:
1) element types, and 2) analysis procedures. 2-D, 3-D, and axisymmetric
problems with radiation boundary conditions, Dirichlet (Temperature =constant),
and Neumann (heat flux dT/dx = constant) boundary conditions have been
solved. These test cases provide an excellent baseline for the analysis and
development work which is performed in the SRNL at the SRS.

Note regarding units: When modeling heat transfer due to radiation, an absolute
temperature system must be used. COMSOL does not currently have syntax for the
Rankine system, the degrees F is used with input temperatures increased by 459.67, and
output temperatures reduced by 459.67 (or else reported as Rankine temperatures).
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5.4 Acceptance Criteria

The accuracy of solution should be within 0.5% for typical benchmark problems,
and within 5% for non-standard problems in comparison with solutions from
“industry accepted” codes or experiments.

5.5 Test Logs/Reports

The Test Engineer will create a test logbook for recording any errors or
deficiencies encountered during testing, if necessary. The test cases and printed
input/output files from the software shall also serve as test documentation. All
result directories shall be preserved to verify the input parameters. Input/output
files for the various test cases are listed in Attachment 9.4.

5.6 Special Plant/System Configuration

The computer system is a Lenovo Thinkstation 6493-AL7 with the RedHat
Linux Enterprise Edition, version 5.

5.7 Training Requirements

The Test Engineer shall be trained in the use of the software. The Owner shall
document the training and the background experience of the Test Engineer.

Testing Complete:

Owner, S.J. Hensel

Test Engineer, M.R. Kesterson
5.8 Schedule

Not Applicable.

5.9 Limiting Conditions
Not Applicable

5.10 Initial Conditions
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Software shall be installed such that the program can run locally on the target
machine. Material databases shall be installed along with the source file
installation.

5.11 Error/Deficiencies Handling

If errors or deficiencies during testing are found, the Test Engineer shall take the

following steps:

- immediately stop the testing

- contact the software Owner for error/deficiency resolution

- software Owner shall review the requirements, test method, or Test
Engineer’s steps to determine the source of error

- The software Owner may revise the requirement, revise the test method or
revise the Test Engineer’s steps to resolve the error/deficiency.

5.12 Regression Testing

If a requirement or test case is rewritten, all previously testing requirements shall
be retested to ensure no adverse effects.

5.13 Recovery Plan
Not applicable.

6.0 ACCEPTANCE

Test results review and approval:

D.A. TambBurello,
Independent Reviewer (IR-2)

Owner Acceptance of Software:

S.J. Hensel, Owner
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7.0  BASELINE ESTABLISHED

Test Lead Engineer:

M.R. Kesterson Date
Design Agency:
M.R. Kesterson Date

Design Authority:

S.J. Hensel Date

80 SUMMARY AND CONCLUSIONS

The COMSOL software is classified, tested, and maintained in accordance with
the requirements set forth in QAP 20-1 of Manual 1Q. The test problems
modeled and run on this software give results that meet the stated acceptance
criteria. It is concluded that the COMSOL software will perform its intended
safety function.

90 ATTACHMENTS
9.1 SRT-EMS-940084, Heat Transfer Software Test Plan, February 1995.

9.2 Test Results and Tester Comments.
9.3 Computer Files
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ATTACHMENT 9.1
Heat Transfer Software Test Plan
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PROBLEM 1
Infinitely Long Hollow Cylinder with Applied Heat Flux

OPTION(S) TESTED: _
Conduction with heat flux (Steady-state, British units)

' DESCRIPTION: ' '

A heat flux (q") is applied at the right wall (r2) and temperature (To) is held
constant at the left wall (r}) . Steady-state temperatures are calculatgd assuming

an axisymmetric geometry.
' i
-
Ly &
A [ .
| R
To k
' - qn
| I '
T .
| by | *
l .
| ' ™
Parameters: : _
q" =20 Bu/hr-ft2 - ‘=3 ft.
To= 100" F k=1 Btwhr-ft-'F
n=2ft L = length (infinite)
EXPECTED SOLUTION:
| The temperature at the right boundary (r,) can be found from the expression:
- | _ 2aLk(T; ~ Tg) |
9= ll‘l(l‘z/r 1)
Rearranging,
In(ryfr;)q
Ti=To* —2ma,~
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By defiaition the heat rate (q) in Bruhr can bewntten as
| q=21cr214

Subsm:unng mm the prakus equanon ylelds

, m(ryr,)zm,i.q"
2xkL

Tl To
Simplifying and substituting values gives

ln(lerl)rzq
'k

. .T1=To

© 1y=1004 2O2ENE0 -
T,=100+24328 = L

T,=124328

The temperature at the right wall () is found anlytically to be 124.328°F.

Krdth.ank. MWMZW Harpu-&kow.
New York,l980 pg55 .
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Infinitely I.'uong' Cyl.inder'With:Intemal Heat Generation and Convection
OPTION(S) TESTED: ' _
| Internal heat generation and convection (Steady-state, British units)
| Heatis gemwd nmemally (q"') thmughout the solid and is conducted to the right

wall at temiperature T where it is transported by convection to the environment at
temperature Teo. The convective heat transfer coefficient is constant. Steady—

state temperatures at the centerline ( T(0) )are calculated assuming an

axxsymmctric geometry. o
[T
?‘ qm '_»'Too
| I n
Parameters: ' _ | _
q" =50 Btu/hr-ft3 o ro=1ft.
h = 1 Bru/hr-ft-’F o k = 1 Btw/hr-ft-°F
Teo =100 °F : ' '
‘The temperature at the outside surface (r,) can be found from Newton's law of cooling -
q= hA(T, - T.)
where A is dxesmfacc area of the outsxdeofthecyhnder‘
- A=2mr L.

" The heat rate (q) in Bru/hr is found from the cylinder volume and volumetric heat
generation (g"):

q =q"(nr, )
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ing Newton' law of obaling and ubstituting the volumetsic heat sourco gives
=Tk ---“2; -

T soq)

- Ty= 100+ -E(l-s— _

T, =.=_l.25_ .

L.

mcenm-lineuempaatmcﬂ‘(o))canbefoundfmm
q"‘r f’

Substitating atr=0 .

no)=-5§§‘l 125

TO)=125+125
TO)=1375 '

The wmperature at the contcrlinc( T(O) ) is found analyucally to be 137 5 °F

mmmmnmwmzwmw&m
New York, 1980, pg 72 -
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1D Slab with Internal Heat Generation
'OPTION(S) TESTED:
- Temperature dependent conductivity (Steady-state, British units)
DESCRIPTION: R .
S Heat is generatéd internally (q") in a slab with thickness 2L. The heat is
. conducted through the solid slab to ‘a fixed wall temperature of Ty. The

conductivity is linearly dependent on temiperature. Steady-state temperatures at
the centerlix;e (x=0) are calculated assuming a slab geometry.

I
! |
. l ql".
™ T
——rt
vV o—s
Parameters: . To=100"F : L=1ft
'  q"=500Btw/hr-ft3 k =ko(1 +bT)
 ko=1Bw/hrft-'"F b=0.1"F1

' The thermal conduc'uf_irity is expressed as k = ko(1 + bT).
The temperature at x=0 can be found from the expression:
(T0)-Tg) + (T2 T
mﬁ 2 .
q"L2k
Substituting for x =0 yields

=1- Gy

(TO)-To) + S TO-T3)
L2k

=1
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T(0) - To+ (T -1 =L
T(0) - 100+ 0.05T°(0) = 500=250
1 :VTT00NE0. _ -1+ VT _
0.1 =

T(O)= S = 120767, ~140.T70. |

Since ~140.770 s & physically meaningless root for this problem, T(0) = 120.767.

" 'The temperature at the centerline (x=0) is found analytically to be 120.767 oF.,

REEERENCE: Arpaci, Vodat S. Conducsion Heat Toanafer, Addison-Wi ishi
: -Wesley Publishin:
Company. Rcadmg. MA., 1966, pg 131. il E.
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Transient Conduction in & Semi-infinite Solid
'nans';_ent solution (Transient, British units)
A heat flux (q_g is conducted mto a scml-mﬁnme sohd havmg an miual

('To) of 100°F. 'Ihcwmperann'eatthesmﬁoex&iscalculatedm
.05 tervalsﬁomOtozhours

g

§ ! x —P 00

* Pirameters: ' e
_. : ‘k=1Bw/ft-hr-’F - To= 100°F
| Cp= 1 Btw/lbm-F  q" = 10 Ba/hr-fi2

p= 11bm/f3 -
| The transient temperature at the left boundary c’aﬁ-be'_foﬁnd from the expression:
_ _ n o
. 2q"( )
T,= To + -
Subsutuung valuos gives _ | _
” T = To + W tn

Note: In the dtagram, the heat ﬂux is on the edge 0f the slab. The arrow pomtmg to the center was an
error in the original document and marked out by hand on the original.
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The temperatures at the surface in 0.5 hour intervals are found analytically:

emperature atx |
100.000
107.979 |
111.284
113.820
115.958
Incropera, Frank P., and DeWitt, David.P. Fundamentals of Heat Transfer, John

Wiley & Sons, New York, 1981. pg 205.
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Concentric Cylinders Modeled as 2-D Plates with Radiation
OPTION(S) TESTED:
Radiation (Transient, British units) *

Radiative heat transfer occurs between concentric regions 2 and 4 (region 3 is
void). All surface emmittances and absorptivites are 1. Region 2 radiates to
region 4 and region 4 radiates to the ambient. Region 1 is a heat source of 3702.6
Btu/hr-ft.3. The temperatures at locations T3, T8, and T4 are calculated for times
of 0, 30, and 90 minutes. ' ' /

T8

OB LAPIUS

T4 REGION (inches)
1 eReF
REGION 1 2 15.25
3 21.25
4 215

REGION 2

REGION 3

Matenial | Conductvity gpeEm sity
| Buhr-t-F) | Guibn) | - appe) -
~ REGION1T - 139.7 0.214 |
REGION2 26 0.113
“REGION 4 26 0.113 489

lc l?'mgﬂ.-'E.Fmperties

\

Note: In the diagram, the radius of region 1 was incorrect in the original print of the test case and was
corrected by hand before the original document submission
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Time (minutes)

0-30

| The temperatures at locauons T3, T8 and T4 are shown below for times of 0,

30, and 90 minutes.

Glass, Robert E., : ;
Wﬂmn Sandxa Nauonal Laboratoncs,
Albuquerue, NM 87185, February 1988.
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PROBLEM 6 :
Freezing of a Square Solid - The Two Dimensional Stefan Problem

OPTION(S) TESTED:
Phase change (Transient, SI units)

DESCRIPTION: o
This problem is the two-dimensional Stefan problem: a square block of material is
initially liquid, just above the freezing temperature. The temperature of its
outside perimeter is reduced suddenly by -45°, so that the block starts to freeze
from the outside towards the core. The latent heat of freszing (70.26 J/kg) occurs

between the solidus and liquidus temperatures of -0.25° C and -0.15° C,
respectively. The initial temperature of the material is 0° C.

The block is a square with a side length of 8 meters. Symmetry allows the mesh
to be generated on only one quarter of the model. A graphical ABAQUS solution
1is presented for the first 5 seconds of the transient at the points ‘A’ and 'B' which

. .are shown in the fi below. The ABAQUS element used is DC2D4 (four-
node, biﬁnearquadgﬁftnml). pe

B S——

'8 x 8 mesh _
of linecar
biquadrilaterals

o0

1B
_—?
LLI - L»x

T = -45 °C for time >0

Parameters: k= 1.08 W/m-*C . cp=10J/kg
p = 1.0 kg/m3

EXPECTED SOLUTION:

Plots of the temperatures computed by COMSOL Multiphysies should be similar to those
computed by ABAQUS. _
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Tempei*ann'é vs.. Txme atNode A

-30 — —
0 1 2 3 4 5
Time (seconds) _

Temperature vs. Time at Node B
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PROBLEM 7 |
_ Insulated Slab with Radiation
| Conduction and radiation (Steady-state, SI units)

| 4_———0,1m——5|

~ Parameters: Ta=1000K & =0.98
Taq_nbient= 300K k=556 W/m-"C

This problem is found in ABAQUS V5.2 Verification Manual, page 6.2.2. The
ABAQUS element type tested is DC2D8 (8 noded quadrilateral elements). The
* model used a uniform mesh with 10 elements along the length.

Geometry consists of & rectangular region with zero heat flux along the top and
bottom boundary, and fixed temperature (Tq) at the left end. Heat is conducted
through the soli_d to the right end at temperature (Tp) which radiates to an
environment at 300 K. The right end has an emissivity (€b). There is no internal _
heat generation. ' : ' o

This is a test recommended by the National Agency for Finite Element Methods

and Standards (U.K.): Test T2 from NAFEMS publication TNSB, Rev. 3, "The

Standard NAFEMS Benchmarks," October 1990.  The temperature results are
} compared for point B. ' ' ' ' '
EXPECTED SOLUTION;

The temperature at point B is computed by ABAQUS to be 653.80 °C.




COMSOL Multiphysics Version 4.3 B-STP-A-00027

Software Test Documentation Pa;e;;si’(}ns g
PROBLEM § : | |
Insulated Slab with Variable Temperature Boundary Condition
) : | _
Transient analysis using a variable temperature boundary condition (Transient,
ST units) :
A _1B
— 0.1 m—— >|
Parameters: |
Ta=0°C
Tp = 100sin(11t/40)° C where t is in seconds
p = 7200 kg/m3
k =35.0W/m-°C
. cp = 440.5 J/kg°C
. - This problem is found in ABAQUS V5.2 Verification Manual, pg 6.2.3. The
ABAQUS clement type tested is DC1D3 (1-D with 3 nodes per bar element).

Geometry consists of a rectangular region with zero heat flux along the top and-
bottom boundary, and fixed temperature (Tj) at the left end and with a varying
temperature (Tp) at the right end. There is no internal heat generation.

This is a test recommended by the National Agency for Finite Element Methods

-and Standards (U.K.): Test T3 from NAFEMS publication TNSB, Rev. 3, "The
Standard NAFEMS Benchmarks," October 1990. The temperature results are
compared for .

EXPECTED SOLUTION:
The target solution is 36.60° C at x = 0.08 m and 32 secs .
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" *2-DSlsb with Convection
| e
2D withconvection (Steady-state, SI units)

- Parameters: h ='750 W/m2' C: To=100"Ck=52W/m"C,Tew=0"C

This problem is found in ABAQUS V5.2 Verification Manual, page 6.2.4. The
ABAQUS element type tested is DC3D8 (3-D with 8 nodes per hexagonal
: clemcnt) The mesh is uniform and the width (Ax) and height (Ay) for each
“elementis 0.1 m. There are four elemonts through the thickness (Az) for the
ABAQUS model

Geometry consists of a rectangular region with zero heat flux along the left

- boundary, and convection to the ambient at Too along nght and top boundaries.
The bottom is held at a constant temperature ( Tg). There is no mnernal hedt
generation.

This is a test fecommendsd by the National Agency for Finite Element Methods

and Standards (U.K.): Test T4 from NAFEMS publication TNSB, Rev. 3, "The
Standard NAFEMS Benchmarks, * October 1990.

| | The temperature at point E as computed by ABAQUS is 18.26 °C.




COMSOL Multiphysics Version 4.3 B-STP-A-00027
Software Test Documentation Revision 0
Page 27 of 58

'PROBLEM10:
: IM X 1M Square Aluminum Plate
OPTION(S) TESTED:
" Nodal point heat source (Steady-state, ST units)

A square aluminum plate has a left boundary fixed at 100.0 K and a right :
boundary with a constant heat flux of 1000.0 W/m2. At the bottom heat is lost to
the environment at 300K through convection with a coefficient of 13.4 W/m2-K.
The top boundary is insulated. At the center of the plate (0.5, 0.5) is a nodal point
heat source of 1000W. The plate is uniformly meshed (4x4) with sixteen 4-noded

quadrilaterals. P3/THE results are compared to ABAQUS results at the
specified coordinates. ' _
Nodal Point
Heat Source
' 1000 W
1000K , \
- — 1000 W/m2
(fixed) Constant Heat
05,0.5) - " Plux

he134Wm2K)  Teonvection = 300K
Parameters: kalu_minum =293.076 W/mK
The temperatures computed by ABAQUS at three coordinates are shown below:

Coordinates Teniperaturc (¢9)]
a1 108.0906
(0.5, 0.5) 107.1976
112.1438
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PROBLEM 11 :
"Stiff" Thermal Problem with the Direct Solver

OPTION(S) TESTED:

Numerical convergence (Steady-state, SI units)

This problem has been designed to illustrate the thermally "stiff" problem. A
material with a lower thermal conductivity and width of 0.5 m is sandwiched
between two materials with a higher conductivity and width of 1 m. Temperature
and heat flux boundary conditions are imposed on the surfaces as illustrated.
QTRAN has Iterative (SOL = 0) and Direct (SOL=2) solution options. For "stiff"
thermal problems iterative solvers tend to converge very slowly while direct
solvers work very efficiently. This problem is solved using the direct solver.
Temperature results are compared to ABAQUS V5.2 temperature results at the -
coordinates x = 1.0 and y = 9.0.

300°F ¥
omty

‘ . ) High k material (1.0 W/m-K)

4y
- 4—} Heat flux = 1 W/m?
Y L aosoy] | | 4_ |

Low k material (0.01 W/m-K)

The temperature at coordinates (1.0,9.0) is computed by ABAQUS to be
409.690502 K. - -
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PROBLEM 12 :
Infinitely Long Hollow Cylinder with Multiple Materials
OPTION(S) TESTED:

Conduction through multiple materials (Steady-state, British units)
| s

An infinitely long hollow cylinder is composed of 9 concentric cylinders of
various materials, some of which have temperature dependent thermal
conductivities. There are constant temperature boundary conditions at the inner
cylinder wall of 339° F and between the stainless steel/fiberglass interface of 190°
F. The objective is find-the temperature at the fiberfrax/stainless steel interface.

- T _I -
- 125"
339°F > paide ;—
Boundary Condition { [T Alumina
Zircar
oo — Inconel
_ ' K-3
Temperature result —=
mpe u - R ERNRRNNA Flberfrax
190°F o Stainless steel
Boundary Condjtion * Outside ] Air
Parameters: Ti=339"F ' To=190"F
To = 14.275 rj=4.125

= length (infinite)

[ outer ad; us

(o) émchesz
5.195 .
Inconel” 5.5 5.195
K-3 11.25 | 5.5
Fiberfrax
Stainless steel
Alr
====Sttajnl¢ss steel

The rate of heat transfer by conduction across.the materials (q) can be determined

from
2nkI(T; - T,) _ (T;-T,
InGf) R
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ge rate of heat transfer by conduction across the materials (q) can be determined
m

2T, = T)  (T;~T,)
TR R

The total thermal resistance (Ry) is found by the summation of individual
resistances:

-

ln(rofri)
Re=TI5md

Substituting values between the 339° F boundary condition (T;) and 190° F
boundary condition (T,) yxelds Rt = 1.0064. When T =339°Fand To = 190°F, q
= 148 0451 Bru/hr. -

The total thermal resistance (Ry) between the 190°F boundary condition and the
stainless steel/fiberglass interface is calculated to be 0.3192. Substituting R, =
0.3192, q = 148.0451, and T, = 190° F into the equauon for heat transfer by
conducuon gives Tj = 237.25°F,

EKEECIEQS.QLIIHQN;

'%?.temperatum at the stamless steel/fiberfrax interface is analytically found to be

BEEERESQE Krelth Frank, and Black, William Z. Basic Heat Transfer, Harper & Row,
New York, 1980, pp 55, 56.
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© 2-DPlate with Two Isothermal Boundaries
Spatially'dcpendent temperature boundary condition (Steady-state, SI units)
A late has a constant temperature of 0K at the left and right boundaries. A

dent temperature boundary condition is xmposed at the top and
bottom of the plate as shown below

T(x, y) =x - 0sxs1
T(x,y)=2- X, 1<xs2.

ratums are calculated analytxcall at three randomly selecwd nodal -
loca ons: (1.45, 1.1), (085 1.5), and (0.15, 07) :

x, 0sxg1
2-x, '1<|x$2
b
©,2) Q2]
0K — Plate | Fox
j 0.0 2.0)
_ i S
x, 0sx<1
2-x, 1«<x<£2
Parameters: _ . ' '
- " a=2m(plate length) b = 2 m (plate width)

 The temperature at any (x,y) coordinate within the domain can be found from

- 82@@1:/2)[ “‘“"[—(b y)]. s 22 s

Bt I B S i
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‘The solution is fdund from the followmg FORTRAN program and output after

| substituting values for the plate length and width and summing the first 35 terms.
| Temperatures are calculated at the arbitrarily selecwd points within the
domdn (145 11),(085 lS).and(OlS 0.7). . B

»mam |
“program sum

pnnt"Bnterx
e
("")y

- - tsum=0.0 S o
L - pi=3.14159265 e
i L do10n=1,35 _
at=n* 1/20 C '
gin= (sinh(at‘y) + smh(at*(%y)))/smh(n*pn) '
.. Sum = gin(at)/n**2 * gin * sin(at*x)
© tsum = tsum + sum- _
lO contmue _ :
. P :
Lo ‘write (*, *) 'sum = ', 8.0%tsum/pi**2
_st
- en

! : f77 sum.f
- - %a.out
Enterx :
145
Entery:
1.1
. sum= 02477080
. % a.out _
~ Enterx:
0.85
Entery: |
15
sum = 04228634
. %aout
"~ Enterx:
- 018
Enmry .
0.7
sum== 817708603-02
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The temperatures calculated at the three points are shown below :

Node| Coordinates | Temperature (K)

472 (1.45,1.1) . 0.2477080
1479] (0.85,15) - 0.422863

1145] _ (0.15,0.7) 0.081771 ﬂ

Poweré, David L. Boundary Value Problems, Clarkson College of Technology,
Academic Press, Inc., 1979. pp 182, 183.
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Radiation Exchange between Two Infinitely Long Cylinders and Space
Radiation view factor calculations (Steady-stats, ST units)

To test performance of P3/THERMAL's integrated viewfactor/radiation resistor
generation program, a benchmark analysis was chosen that has an exact solution.
This thermal radiation benchmark consists of two parallel cylinders, each 1-meter
in radius, with the ceaterlines separated by 2.25 meters. A uniform heat flux of
1000 W/m? is applied on the outer surfaces. The cylinder material is assumed to
be a near perfect conductor (thermal conductivity of 7920 W/m-K) to make the
radial tex_r{:ranne gradient small 50 that the analytical solution can be easily
shown.  surface emissivity is 1.0. The space temperature (Too) is taken as
absolute zero. The relatively close proximity of the cylinders makes this
benchmark a significant challenge to a radiation view factor code. This

“benchmark demonstrates P3/THERMAL's view factor pro ‘accuracy for a
complicated view factor problem as well as the capability of the solver to model
the radiation network. '

1000 W/m? © 1000 W/m?2

tt—225m S
Parameters: D=0.25m R=1m
-q" =1000 W/m?2 " 6=5.7(10)"8 W/m2-K4

“The net heat flux between surface 1 and the environment is
q"1-3=0F1.3( T14- T5%)

The viewfactors (F) for this arrangement can be expressed ds
| Fi2+F13=10.




B-STP-A-00027
Revision 0
Page 35 of 58

COMSOL Multiphysics Version 4.3
Software Test Documentation

with

Fio= %[ x2-n"2. -215 - cos'i(-)l?) - X]

whemx=1'+-2%

_“Bvaluating_, F1.2 = 0.30895 and F).3 = 0.69105.

Substituting these values into the expression for the net heat fl - 3 yields Ty =
390 700 . _ __ P! _ ux q"1.3 yields Ty

The temperature of the cylinder surface is analytically found to be 399,700 K.

REEERENCES: '
Siegel, Robert and Howell, John, Thermal Radiation Heat Transfer, 2nd. ed.,

- Hemisphere Publishing Co., 1981. pg 205.



COMSOL Multiphysics Version 4.3 B-STP-A-00027
Software Test Documentation Revision 0

Page 36 of 58

PROBLEM 15 :

3-D Brick with Heat Flux, Convection, and 'I‘_emperature Boundary Conditions

" q"f = 245.0 W/m?

3-D conduction (Steady-state, SI units)

Abnckhas awidthofl Om (A, lengthonOm(Ax), and height of 1.0 m (Ay). -
A heat flux (q"f) of 245 W/m?2 is applied at the plane z= 1. Convection @q"c)
with a convective heat transfer coefficient of 180 W/mK occurs to an environment

at250Katthcg(l)zg1¢x=2 Thcboundaryaty=01sheldataconstant

K. The remaining boundaries are insulated. The thermal

'congucuvxty of the brick is 40 W/mK.

The brick is uniformly meshed with 250 8-noded hexahedrons, each having an
element edge length of 0.2 m. Temperatures computed by ABAQUS are shown at
three arbxtranly selected nodal locations within the bnck.

QL1 ©,1,0)

2,1,1) (Z— A 27 T 7T 7/ 000

. 7 ) v .
’ . ’ X
/ .
7 \ - 300K

2.0.0) g Xe= 180 W/m?K
v

The temperatures at three nodes are found by ABAQUS as shown below:

Coordinates (x,y,z) | Temperature (K)
! 305 | (14,0608 | 287566078 |-
' (12,04,06) | 293430702 |
0.8,0.2,0.2 298.230642
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ATTACHMENT 9.2 - TEST RESULTS
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The following results compare the COMSOL solutions to the theoretical or other
solutions at the specified critical points. The test cases (Problem #s) identified in
Attachment 9.1 were run on Redhat Linux Enterprise Edition version 5 and therefore
satisfy the RSS #1 [B-SQP-A-00057, Attachment A]. Computer input and output files
are listed in Attachment 9.4.

Test Problem 1: Infinitely Long Hollow Cylinder with Applied Heat Flux

Results: The temperature at the right boundary (r2)

COMSOL 4.3 (°F) | Analytical (°F) | Error (%)
124.33 124.328 <0.01

The temperature contours are shown in Figure 1.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.3, 3.4b, 3.4e,
and 3.6. Software calculated result meets the acceptance criteria.

Test Problem 2: Infinitely Long Hollow Cylinder with Internal Heat Generation and
Convection

Results: The temperature at the centerline (r,)

COMSOL 4.3 | Analytical (°F) Error (%)
CEF)
137.5 137.5 <0.01

The temperature contours are shown in Figure 2.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.3, 3.4a, 3.4b,
3.4g, and 3.6. Software calculated result meets the acceptance criteria.

Test Problem 3: 1-D Slab with Internal Heat Generation

Results: The temperature at centerline (x=0):

COMSOL 4.3 | Analytical (°F) Error (%)
CF)
120.77 120.767 <0.01

The temperature contours are shown in Figure 3.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.3, 3.4b, 3.4e,
3.4g, and 3.6. Software calculated result meets the acceptance criteria.




COMSOL Multiphysics Version 4.3 B-STP-A-00027
Software Test Documentation Revision 0
Page 39 of 58

Test Problem 4: Transient Conduction in a Semi-infinite solid

Results: The temperatures at x = 0, at 30 minute interval:
Time COMSOL 4.3 Analytical Error (%)
(Hours) (°F) (°F)

0 100.000 100.000 <0.01
0.5 107.978 107.977 <0.01
1.0 111.283 111.283 <0.01
1.5 113.812 113.821 <0.01
2.0 115.958 115.959 <0.01

The temperature contours are shown in Figure 4.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.2g, 3.3,
3.4b, 3.4e, and 3.6. Software calculated results meet the acceptance criteria.

Test Problem 5: Concentric Cylinders Modeled as 2-D Plates with Radiation

Results: The temperatures at T3, T4, and T8 are:
Time COMSOL 4.3 (°F) Reference (°F) 4.3 Error (%)
(min)
T3 T8 T4 T3 T8 T4 T3 T8 T4

0 2784 | 4000 | 417.8 | 2786 | 399.2 | 4175 | 0.07% | 0.20% | 0.07%
30 1273.2 | 710.2 | 505.5 | 1272.2 | 708.8 | 505.4 | 0.08% | 0.20% | 0.02%
90 398.7 | 5695 | 596.2 | 3974 | 5684 | 5954 | 0.33% | 0.19% | 0.13%

The temperature contours are shown in Figure 5.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2e, 3.2f, 3.3,
3.4b, 3.4f, 3.4g, and 3.6. Software calculated results meet the acceptance criteria.

Problem 6: Freezing of a Square Solid — The 2-D Stefan Problem
Results: The temperatures at Points A and B are given in Figure 6:

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2¢, 3.2d, 3.1, 3.3,
3.4b, 3.4e, 3.5, and 3.6. Temperatures calculated by COMSOL are in good agreement
with ABAQUS results. COMSOL does not have specific inputs for latent heat due to
phase change, but COSOL does give the user great flexibility by allowing the user to
input equations describing the systems phase change. Based on these observations, the
results obtained using COMSOL are in good agreement with the ABAQUS results.
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Problem 7: Insulated Slab with radiation

Results: The temperature at point B is:

COMSOL 4.3 | ABAQUS(°C) | Error (%)
CC)_
653.85 653.80 <0.01

The temperature contours are shown in Figure 7.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2e, 3.2f, 3.3,
3.4b, 3.4f, and 3.6. Software calculated result meets the acceptance criteria.

Problem 8: Insulated Slab with Variable Temperature Boundary Condition.

Results: The temperature at point B (x = 0.08 m and 32 secs) is:

COMSOL 4.3 (°C) | ABAQUS (°C) | Error (%)
36.60 36.60 <0.01

The temperature contours are shown in Figure 8.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.3, 3.4b,
3.4c, 3.4e, and 3.6. Software calculated result meets the acceptance criteria.

Problem 9: 2-D Slab with Convection

Results: The temperature at point E is:

COMSOL 4.3 | ABAQUS(°C) | Error (%)
(Y]
18.25 18.26 <0.05

The temperature contours are shown in Figure 9.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.3, 3.4a,
3.4b, 3.4e, and 3.6. Software calculated result meets the acceptance criteria.

Problem 10: IM X 1M Square Aluminum Plate

Results: The temperatures at three nodes are:
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Node | Coordinates | COMSOL 4.3 | ABAQUS Error (%)
(K) X)
5 (1,1 108.1249 108.0906 0.032
3 (0.5, 0.5) 107.83248 107.1976 0.529
4 (1,0) 112.14712 112.1438 <0.01

The temperature contours are shown in Figure 10.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.3, 3.4a,
3.4b, 3.4e, 3.4g, and 3.6. Software calculated results meet the acceptance criteria.

Problem 11: “Stiff” Thermal Problem with Direct Solver

Results: The temperature at coordinate (1.0, 9.0) is:

COMSOL 43 | ABAQUS (°K) | Error (%)
(K)
409.69505 409.690502 <0.01

The temperature contours are shown in Figure 11.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.3, 3.4b,
3.4e, and3.6. Software calculated result meets the acceptance criteria.

Problem 12: Infinitely Long Hollow Cylinder with Multiple Materials

Results: The temperature at the Fiberfrax/stainless steel interface is:

COMSOL 4.3 | Analytical (°F) Error (%)
(F)
237.25 237.25 <0.01

The temperature contours are shown in Figure 12.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.3, 3.4b,
3.4e, and 3.6. Software calculated result meets the acceptance criteria.

Problem 13: 2-D Plate with Two Isotherm Boundaries

Results: The temperatures at the selected nodal points are:

Node Coordinates | COMSOL 4.3 Analytical Error
CK) ) (%)

932 (1.45,1.1) 0.24815 0.2477080 0.18

1248 (0.85, 1.5) 0.42375 0.422863 0.21
578 (0.15, 0.7) 0.08189 0.081973 0.10
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The temperature contours are shown in Figure 13.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2f, 3.3, 3.4b,
3.4d, 3.4e, and 3.6. Software calculated results meet the acceptance criteria.

Problem 14: Radiation Exchange between Two Infinitely Long Cylinders and Space
Results: The temperature at the cylindrical surface is:

COMSOL 4.3 | Analytical (°K) | 4.3 Error (%)
CK) -
399.65 399.700 0.01

The temperature contours are shown in Figure 14.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2¢, 3.2f, 3.3,
3.4b, 3.4e, 3.4f, and 3.6. Software calculated result meets the acceptance criteria.

Problem 15: 3-D Brick with Heat Flux, Convection, and Temperature Boundary
Conditions

Results: The temperature at the cylindrical surface is:

Node | Coordinates | COMSOL 4.3 ABAQUS 4.3 Error
(°K) (°K) (%)
623 | (1.4,0.6,0.8) 287.34454 287.566078 0.08
1061 | (1.2,0.4,0.6) 293.24771 293.430702 0.06
1939 | (0.8,0.2,0.2) 298.17468 298.230642 0.02

The temperature contours are shown in Figure 15.

Tester’s Comments: This problem satisfies the RSS # 3.2a, 3.2b, 3.2d, 3.2e, 3.2f, 3.3,
3.4a, 3.4b, 3.4e, and 3.6. Software calculated results meet the acceptance criteria.
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‘ Figure 1 — Temperature Contours for Test Problem No. 1
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Figure 2 — Temperature Contours for Test Problem No. 2
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Figure 3 — Temperature Contours for Test Problem No. 3
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Figure 4 — Temperature Contours for Test Problem No. 4
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Figure 5 — Temperature Contours for Test Problem No. §
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Figure 6 - Temperature Plots for Test Problem No. 6
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Figure 9— Temperature Contours for Test Problem No. 9
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Figure 10— Temperature Contours for Test Problem No. 10
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Figure 11- Temperature Contours for Test Problem No. 11
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Figure 12— Temperature Contours for Test Problem No. 12
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Figure 14- Temperature Contours for Test Problem No. 14
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Figure 15— Temperature Contours for Test Problem No. 15
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Attachment 9.3 - Computer Files

All folders are located in:

/hpc/archive/ems/qa/comsol/Comsol43

Test Model Date/Time SubFolder
Case File Stamp
1 Testcasel.mph 10/42012 TestCase1
11:49AM
2 Testcase2.mph 10/4/2012 TestCase2
11:52 AM
3 Testcase3.mph 10/4/2012 TestCase3
11:53 AM
4 Testcase4.mph 10/4/2012 TestCase4
12:01 PM
5 Testcase5.mph 10/4/2012 TestCase5
1:09 PM
6 Testcase6.mph | 10/15/2012 TestCase6
6:52 AM
7 Testcase7.mph | 10/15/2012 TestCase7
7:11 AM
8 Testcase8.mph | 10/15/2012 TestCase8
7:15 AM
9 Testcase9.mph | 10/15/2012 TestCase9
7:29 AM
10 Testcasel0.mph | 10/15/2012 TestCase10
8:09 AM
11 Testcasel l.mph | 10/15/2012 TestCase11
8:13 AM
12 Testcasel2.mph | 10/25/2012 TestCase12
2:49 PM
13 Testcasel3.mph | 10/25/2012 TestCase13
2:25PM
14 Testcasel4.mph | 10/25/2012 TestCase14
2:36 PM
15 Testcasel5.mph | 10/25/2012 TestCase15
2:42PM
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NCT and HAC Thermal Analysis for the MC5PV

Nomenclature and Units

h= Convection Heat Transfer Coefficient (Btu/hr-ft>-°F)
k = Thermal Conductivity (Btu/hr-ft-°F)
p= Density (Ib/ft’)

Co™

Specific Heat (Btu/Ib-°F)

L = Characteristic Length (ft)
T = Temperature (°F)

Acronyms and Abbreviations

CCSS
CCV
CoC
CV
DOT
BTSP

HAC
HAC/Solar
HSV

HTV
MC5PV
NCT
NCT/Solar
NCT/Shade
PV

SARP
SRNL

SS

Configuration Control Support Structure
Contamination Control Vessel
Certificate of Compliance

Containment Vessel

Department of Transportation

Bulk Tritium Shipping Package

Hypothetical Accident Conditions

M-CLC-A-00448 Rev. 1
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Hypothetical Accident Conditions (Steady State) with Insolation

Hydride Storage Vessel

Hydride Transport Vessel

Mound Configuration 5 Process Vessel

Normal Conditions of Transport

Normal Conditions of Transport with Insolation
Normal Conditions of Transport without Insolation
Product Vessel

Safety Analysis Report for Packaging

Savannah River National Laboratory

Stainless Steel
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‘ 1.0 INTRODUCTION

This document describes the thermal performance of the Bulk Tritium Shipping Package (BTSP)
for the Normal Conditions of Transport (NCT) and the Hypothetical Accident Conditions (HAC)
containing the Mound Configuration 5 Process Vessel (MC5PV) package. The BTSP has been
previously evaluated for multiple product vessel (PV) configurations '\, Figure 1 shows a

| schematic of the BTSP package with a generic PV content. This calculation evaluates the
MC5PV within the BTSP. The MC5PV was previously authorized for shipment in the AL-M1
Nuclear Packaging (DOE CoC No. USA/9507/BLF)™. The general configuration of the MC5PV
in a BTSP is shown in Figure 1 and a photo of the MC5PV are shown in Figure 2.

i T ey

50 %7

Figure 1 Schematic and dimensions of the BTSP package containing the CV.
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lran

Figure 2 Sketch and Photo of the MCS5PV Product Vessel

Technical specifications for the BTSP packaging components are provided on the BTSP
engineering drawings”’. Package design specifications relevant to the thermal analysis are
summarized below.

2.0 INPUTS AND ASSUMPTIONS
2.1  Package Construction

Drum and Lid Assembly

The BTSP drum assembly consists of a 16 gauge Type 304L stainless steel (SS) drum shell with
top and bottom bands welded to SS top and bottom plates and a 16 gage SS liner. A CV support
shelf is welded to the bottom of the liner assembly. The drum top plate is fitted for a
bolted-flange closure and is closed by a lid assembly. The closure lid incorporates a cylinder of
Thermal Ceramics Vermiculite TR-19™ Block insulation. The drum assembly bottom is welded
closed with a SS plate after the volume is fitted with a cylinder of the TR-19™ block insulation.
The assembly construction details are defined on Drawings R-R4-G-00040, R-R3-G-00049 and
R-R3-G-00051."
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Compressed Fiberfrax®, Last-A-Foam® and Vermiculite TR-19

Three layers of Fiberfrax® insulation blanket with density 7-10 Ib/ft’ are wrapped around outside
of the drum liner. The drum fabrication process has liquid General Plastics Manufacturing
Company Last-A-Foam® FR-3710"! polyurethane foam being poured into the annular region
between the insulation blanket and the drum wall. The Last-A-Foam® expands and becomes
rigid as it cures, with a bulk density of 10 Ib/ft’. The expanding foam compresses the 1.5 inch
layer of Fiberfrax® to approximately % inch. Because the thickness of the Fiberfrax" is
approximately halved, its density is assumed to double. This assumption is based on the
compression of Fiberfrax® in the 9977 package that has similar construction ©°!. Details are
shown in Drawing R-R2-G-00051.") The Vermiculite TR-19 is block insulation with a bulk
density of 23 Ib/ft". The TR-19 blocks are located both above and below the CV and in contact
with the drum lid and base.

Containment Vessel (CV)

The BTSP CV is a SS pressure vessel designed, analyzed and fabricated in accordance with
Section III, Subsection NB of the ASME Code, with design conditions of 500 psig at 400 °F.
The CV is fabricated from Type 304L SS seamless pipe having a minimum 0.250 inch wall
thickness terminated by a machined base welded at one end (R-R3-G-00013) with a flange
welded to the other.

The CV body is closed by a 304/304L SS lid secured by bolts. The CV leaktight containment
seal, per ANSI N14.5, is made by an inner Inconel Alloy 718 C-ring while an outer elastomeric
O-ring provides the capability of post-load verification of the seal.® The CV Lid has a 1-inch
valve assembly protected by a valve cap attached with cap screws. Valve assembly and the C-
rings'® that fit into these grooves complete the leaktight closure assembly. The construction
details Da;re given in Drawings R-R1-G-00024, R-R3-G-00013, R-R4-G-00037, and R-R4-G-
00038.

Honeycomb Cylinder

The honeycomb cylinder is fabricated using 5052 aluminum and is covered both inside and
outside with a layer of resin impregnated fiberglass cloth to give it a smooth and abrasion
resistance surface. The construction details are given in drawing R-R2-G-00054.”! Figure 3
shows the end view of the honeycomb cylinder and the CV assembly with the insulating pad
placed on the honeycomb cylinder.

Aluminum Foam Spacers

Two aluminum foam spacers, placed inside the top and bottom the CV, provide impact
protection. The construction details are given in drawing R-R4-G-00039."!

Silicone Pad
A silicone rubber pad, reinforced with fiberglass, is placed at the bottom of the drum liner as a
flexible wear surface for the CV. The details are given in the drawing R-R2-G-00070."!

Insulating Pad
An insulating pad placed on the CV closure lid (see Figure 3) provides added thermal protection
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to the CV seals. The pad is made of KAO-Tex Superwool insulation made by Thermal
Ceramics. The design details are given in the drawing R-R2-G-00069."! The pads thermal
properties are assumed to be the same as the Fiberfrax” insulation blanket due to their similarity
in materials and construction.

Insulating
Pad

Fiberglass Coated Honeycomb Cylinder Honeycomb Cylinder and CV Assembly

Figure 3 Aluminum Honeycomb Cylinder and CV Assembly

2.2 Thermal Properties

Insulation Materials

The thermal conductivity & of the polyurethane foam is an important property for the NCT
analyses. The foam vendor gives the thermal conductivity values at room temperature only. The
values at higher temperatures were calculated previously!! and are reported in Table 1. The
density and specific heat values of the foam are modeled as constant values. The modified
Sandia equation was validated for the 9977 package model i1,

The thermal conductivity of the compressed Fiberfrax® insulation blanket surrounding the liner
is based on testing at SRNL."®) Thermal properties of the compressed blanket are listed in Table
1. Vermiculite TR-19 Block insulation thermal properties are listed in Table 1.

Honeycomb Cylinder & Aluminum Foam Spacers

The honeycomb cylinder is procured based on a minimum strength and the foil thickness and cell
size may vary to meet that requirement. The thermal properties of the aluminum honeycomb
used in the analyses are based on testing and calculations. The radial plane k values are based on
thermal conductivity tests’® on aluminum 5052 honeycomb samples having appropriate cell size
and foil thickness and a density of 12 Ib/ft’. The aluminum foam spacers are small compared to
the honeycomb cylinder and are assumed to have the same thermal properties. The properties
are modeled as constants and are listed in Table 2.




NCT and HAC Thermal Analysis for the MC5PV M-CLC-A-00448 Rev. 1
Page 9 of 23

Other Materials
The properties of stainless steel and aluminum are listed in Table 2. Thermal properties of the
silicone pad are approximated with grey silicone rubber ”!. The values are listed in Table 2.

Contents

The MCS5PV contains a sorbent material with adsorbed tritiated water. The sorbent material can
be a 4A, 5A, or 13X molecular sieve. The heat capacity of the various molecular sieves is
constant and the density varies by 2% for the beaded material. The 5A molecular sieve density is
an average of the other types of sieves. Therefore, for the purpose of this calculation, the thermal
properties SA molecular sieve used'”. The heat generation of the contents is assumed to be the
content maximum of 3.3 Watts 2. A sensitivity analysis for the thermal properties of the
contents is described in section 4.4.2.

In addition to the molecular sieve material, the contents can contain up to 2kg of water %, Water
has a higher thermal conductivity than the molecular sieve materials and will therefore yield
lower content temperatures for the steady state evaluations. The addition of water content will
also add additional heat capacity to the content region, thereby also lowering the maximum
temperatures attained in the transient case.

Gases

Tritium gas is assumed to fill the empty spaces inside the MCSPV. The space between the CV
and the MCS5PV is evacuated and filled with helium during the CV loading. The helium gas
pressure is 1 to 5 psi [''! above the atmospheric pressure to ensure inert environment in the CV
during transport. Air is assumed to fill any gaps between the CV and the silicon pad or
honeycomb cylinder. Thermal properties of the tritium, helium and the air are given in Table 2.

Table 1 Thermal Properties of Insulating Materials

Material Thermal Conductivity Density Specific Heat
k, (Btu/hr-ft-°F) P, (]b/ft’) Cp, (Btu/lb-°F)
Fiberfrax (compressed) Insulation 2.14E-02 @ 70.0°F
Blanket (Values are based on 2.25E-02 @ 122.0°F 20 027
tests at SRNL) & 2.43E-02 @ 185.0°F '
(Same for Insulating Pad)
Vermiculite TR-19 Block 6.33E-02 @ 400.0°F
Insulaﬁon[]z] 6.67E-02 @ 600.0°F

7.00E-02 @ 800.0°F
7.33E-02 @ 1000.0°F
7.75E-02 @ 1200.0°F
8.17E-02 @ 1400.0°F

23 0.20

Polyurethane Foam Insulation 2.325E-02 @ 68.0°F
FR-3710 2.690E-02 @) 140.7°F
(During NCT and pre-fire)"” 3.285E-02 @ 248.4°F
3.906E-02 @ 348.6°F

10 0.353
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Material Thermal Conductivity Density Specific Heat
k, (Btu/hr-ft-°F) p, (Ib/ft%) Cp, (Btu/Ib-°F)
Honeycomb Cylinder (Radial 2
phne;' (Aluinam 5052)° 0.196 1522 0.22
Honeycomb Cylinder (Axial a
plane) (Ahonisuns 5052)[81 0.0982 15.22 0.22
Aluminum Foam Spacers
(Radial) — Assumed same as 0.196 169° 0.22
honeycomb cylinder
Aluminum Foam Spacers
(Axial) - Assumed same as 0.0982 16.9° 0.22
honeycomb cylinder
8";32"233 6™ 90.0 169.3 0216
304L Stainless Steel™! 7.74108 @ 32.0°F 494.429 1.200E-01 @ 32.0°F
9.43444 @ 212.0°F 1.350E-01 @ 752.0°F
12.5793 @ 932.0°F
14.9983 @ 1292.0°F
Tritium Gas 0.105@80°F 5.11E-03@80°F 3.419@80°F
(Hydrogen property values 0.119@170°F 4.38E-03@170°F 3.448@170°F
are used)” 0.132@260°F 3.83E-03@260°F 3.461@260°F
0.145@350°F 3.41E-03@350°F 3.463@350°F
0.169@530°F 2.79E-03@530°F 3.471@530°F
Helium"? 8.177E-02 @ 32°F
8.685E-02 @ 77°F
9.096E-02 @ 120°F
9.846E-02 @ 212°F 0.01105 0.124
1.226E-01@ 392°F
1.684E-01 @ 932°F
2.552E-01 @ 2192°F
Air™¥ 1.516E-02@80°F 0.240@80°F
1.735E-02@170°F 0.237@212°F
1.944E-02@260°F 0.0735 0.265@1070°F
2.142E-02@350°F 0.277@1520°F
4.178E-02@1520°F
Molecular Sieve SA 0.48 44 0.19
(Contents)!"”
Silicone Pad™ 0.18 91.73 0.35
Aluminum shells™" 0.185 28 0.22
Note: The numbers in brackets are the references at the end of the calculation.
* Based on bulk assembly

Surface Emissivities

Experience with the analyses for drum type packages (9975, 9977 and 9978) has shown that
changes in the internal surface emissivities result in a relatively small change (< 5°F) in the
predicted temperatures. The emissivity values for the various surfaces are listed in Table 3.
These were used previously in certified drum type packages'! and have shown acceptable
agreement with test results. The emissivity values for honeycomb cylinder, silicone pad and
insulating pad are obtained from the sources cited.
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Table 3 Surface Emissivities

Surface
Emissivity
Component Material
CvV 304L Stainless Steel 0.30
Drum Liner 304L Stainless Steel 0.30
Bottom of Lid 304L Stainless Steel 0.30
CCSS Aluminum 0.20
Honeycomb Cylinder' | Aluminum/Fiberglass 0.75
Exterior of Drum :
(NCT & pre-fire) 304L Stainless Steel 0.21
Exterior of Drum .
Cluting HAC postfid) 304L Stainless Steel 0.80
S‘“CO“S Bad {greg a0l Silicone Rubber Pad 0.86
rubber)
Insulating Pad (Kao- ;
Tex with over)’ Fiberglass Cloth Cover 0.77
ITwww.infraed-thermography.com/material-1.htm
2 www.ib.cnea.gov.ar/~experim2/Cosas/omega/emisivity.htm
The surface emissivity values in Table 3 are for the gray and diffuse surfaces. The CV is a
‘ machined stainless steel component with clean surfaces. These surfaces are not polished. The

drum surface is assumed as received (medium finish). For the NCT analyses, the drum surface
thermal emissivity value (0.21) and solar absori)tivity (0.498 or = 0.50) are based on the detailed
analysis for different types of drum surfaces.”) The drum surface emissivity value during HAC

post-fire phase is the minimum value (0.8) specified in the 10CFR 71.73. The corresponding
solar absorptivity of the drum surface which is oxidized and is of dark gray color is assumed to
be 0.9. A lower drum surface emissivity value results in higher component temperatures during
post-fire cooling.
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2.3  Geometry Modeling Assumptions

2.3.1 Drum and Lid Assembly

The dimensional details of the various components are given in drawings in Reference 3. The
dimensions used in making the models are the nominal values and no attempt is made to
incorporate tolerances in the dimensions. Nuts, bolts and welds are not included in the model
because their impact on the temperature distribution is negligible. Since the gaps between
components are small, it is assumed that the various components inside the drum remain
concentric. A minor shifting of the components has only secondary effects on the package
temperature field. The resulting thermal models are axisymmetric and are depicted in various
figures only as half model.

2.3.2 Other Components

The gas valve assembly is located off-center in the CV Lid design but is modeled in the center.
Valving and tubing connected on to the MC5PV are not amenable to accurately model in an
axisymmetric model. Therefore, the MCS5PV geometry is modified to include a ring at the top of
the vessel representing the mass of the valving and tubing.

3.0 ANALYTICAL METHODS AND COMPUTATIONS

The mathematical equations describing the thermal models are solved by numerical methods.
The general purpose conduction-radiation computer code COMSOL Multiphysics® was used to
perform the computations.'® This computer code meets site nuclear safety QA requirements.['”!
Work was performed in accordance with the WSRC E7 manual.l'®]

3.1  NCT Thermal Models

The NCT models for the NCT/Shade and NCT/Solar were developed using the COMSOL
Multiphysics software. Boundary conditions, described in section 3.2, meet the intent of those
specified for NCT in 10CFR71.71.1"%! In the thermal analysis, the limiting components are the
containment vessel, its C-ring seals, and the polyurethane foam insulation. Temperature limits
for components of the BTSP for the NCT are tabulated, along with predicted maximum
temperatures, for the MC5PV model in Tables 4 and 5. The BTSP model for NCT analyses
includes interior metal surfaces, namely the drum shell and its liner, CV surfaces, and the metal
surfaces between the drum lid, drum liner and the upper part of the CV lid.

Three modes of heat transfer - namely conduction, convection, and radiation - are considered in
the analysis. Natural convection is evaluated on the outer drum surface but is ignored inside the
CV cavity and in small gaps. This simplification is conservative since it yields higher local
temperatures. Radiation is considered in all gas filled areas of the model. The pressures of gases
in internal cavities are assumed to be one atmosphere.

The modeled MCSPV package contains maximum of 5.6 kg of molecular sieve material ! with
adsorbed tritiated water. The thermal properties of a loaded molecular sieve are not directly
known. Therefore, a sensitivity analysis was performed, section 4.4.2, to determine the effect on
the package temperature of a dry mixture and a mixture that is principally all water. For these
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calculations the thermal properties of a 5A molecular sieve''” were used. The maximum heat

generation of the contents is assumed to be 3.3 Watts. Figure 4 shows the color representation of
the materials with the MCS5PV as the source model. The fill height of the molecular sieve was
determined by the mass, density of the molecular sieve and the internal dimensions of the AL-
M1 container. Having a lower mass or higher density molecular sieve will yield lower sieve
volumes and if the decay heat remains constant, slightly higher (by 6°F) content temperatures
will be seen. Section 4.4.2 discusses the effect of the molecular sieve density on the thermal
analysis.

] TR-19 Insulation Block

Fiberfrax

Insulating Pad

FR-3710 Foam

od] Bl Liner

0d] Honeycomb Cylinder
ol Molecular Sieve

od] CV Body

o Aluminum Foam Spacer

" Silicone Pad il

ui TR-19 Block Insulation Air

0.7 ‘o6 05 0.4 0.3 0.2 To1 0 o1 "0.2 "o'3 ‘0.4 o5 ‘0’8 ‘07 ‘o8 ‘0.9 1

Figure 4 - Material Representation for BTSP with MC5PV.

3.2 Boundary Conditions

The boundary conditions used in the analytical models include the ambient temperature, solar
heating, and convection and radiation heat exchange from the drum surfaces. Solar heating used
in the NCT/Solar analyses is applied as heat flux to the drum’s outer surface. I0CFR 71.71
prescribes a total insolation energy of 800 cal/cm® over a period of 12 hours on a horizontal
surface and 400 cal/cm® over a period of 12 hours on the vertical surface, alternating 12 hours on
and 12 hours off. The corresponding time averaged heat fluxes are 245.77 Btu/ft*-hr on the top
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of the package and 122.88 Btu/ft’-hr on the side of the package. The applied solar fluxes using
absorptivity of 0.50 are 122.88 Btu/ft*-hr on the top of the package and 61.44 Btu/ft>-hr on the
side of the package. As listed in Table 3, the emissivity value for the outer surface of the drum is
0.21 for the pre-fire condition and 0.8 for the post-fire condition. Other specific parameters and
related assumptions are summarized in the description of the NCT/Solar model below.

Description of the NCT/Solar Model
All NCT/Solar calculations were performed under the following conditions:

1. The drum is in an upright position and the contents are assumed to remain concentric
during transport.

2. The drum bottom surface is adiabatic.

3. There is radiative heat transfer from the sides and top of the drum to the ambient.

4.  There is natural convection heat transfer from the sides and top of the drum to the

ambient.

The ambient temperature is 100°F.

6. Insolation is applied as solar heat flux. The applied solar fluxes are 122.88 Btu/ft*-hr on
the top of the package and 61.44 Btu/ft’-hr on the side of the package. These heat fluxes
are applied continuously rather than as a step function with a period of 12 hours.

7.  The polyurethane foam thermal conductivity is the calculated value obtained from
Reference [5]. The thermal conductivity values are validated by the environmental
thermal test described in Reference [1].

8.  The thermal properties for 50% compressed Fiberfrax” are used for the insulating blanket
surrounding the drum liner.

9.  The Content decay heat is 3.3 Watts.

W

The model for the NCT/Shade was the same as that for the NCT/Solar except that the insolation
heat flux was omitted.

Description of the NCT/Shade Model

The drum is in an upright position.

The drum bottom surface is adiabatic.

There is radiation heat transfer from the sides and top of the drum to the ambient.

There is natural convection heat transfer from the drum sides and top to the ambient.

The ambient temperature is 100°F in shade

The polyurethane foam thermal conductivity is the calculated value obtained from
Reference [5].Unburned foam properties are applied to the foam in the drum.

7. The Content decay heat is 3.3 Watts.

SR W —

3.3 HAC Thermal Models

The HAC/solar analysis refers to the steady state analysis with a 100 °F ambient temperature and
insolation during the post-fire phase where the drum surface optical properties reflect the dark
gray surface appearance of the fire affected drum surface. For the HAC/solar analysis, the solar
absorptivity is assumed 0.9 and the emissivity as 0.8. Lower emissivity gives higher steady state
temperatures for this analysis. The analysis results are given in Section 4.0.
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Description of the HAC/Solar Fire Model

S o e

The drum is in an upright position with contents.

The drum bottom surface is adiabatic.

There is radiation heat transfer from the sides and top of the drum to the ambient.
There is natural convection heat transfer from the drum sides and top to the ambient.
The ambient temperature is 1475°F.

Insolation is applied as solar heat flux assuming solar absorptivity of 0.9 for the drum
surface during post-fire cooling. The applied solar fluxes are 221.18 Btu/ft*-hr on the top
of the package and 110.59 Btu/ft*-hr on the side of the package. These heat fluxes are
applied continuously rather than as a step function with a period of 12 hours.

Thermal properties for air are used in place of the polyurethane foam. This is due to
charring of the foam during the fire phase.

The Content decay heat is 3.3 Watts.

Description of the HAC/Solar Model

% e b

The drum is in an upright position with contents.

The drum bottom surface is adiabatic.

There is radiation heat transfer from the sides and top of the drum to the ambient.

There is natural convection heat transfer from the drum sides and top to the ambient.

The ambient temperature is 100°F.

Insolation is applied as solar heat flux assuming solar absorptivity of 0.9 for the drum
surface during post-fire cooling. The applied solar fluxes are 221.18 Btu/ft>-hr on the top
of the package and 110.59 Btu/ft*-hr on the side of the package. These heat fluxes are
applied continuously rather than as a step function with a period of 12 hours.

Pristine foam (10 Ib/ft’) thermal properties are applied to the char cavity in the drum.
This is a highly conservative assumption for the transient post-fire model, due to the
pristine foam having a higher density and heat capacity compared to air. The package
will retain heat for a longer period of time and yield higher maximum temperature for the
transient case.

The Content decay heat is 3.3 Watts.
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4.0 RESULTS
4.1 NCT/Shade Model Results

The MC5PV NCT/Shade model examined a temperature profile for a 3.3 Watt heat source. The
maximum predicted temperatures of the limiting components are listed in Table 4. Figure 5 is
the package temperature contour.

Table 4 NCT/Shade Maximum Component Temperatures (°F)

BSTP/MC5PV | Temperature

Component Model Limit

CF) CF)
CV Wall 112 400
CV C-ring 105 1200
Cap C-Ring 106 1200
Bellows Valve 106 400
Honeycomb Cylinder 111 350
MCS5PV Contents 154 NA
Drum Surface 101 NA
Last-A-Foam® FR-3710 107 300
Gas in CV (Volume Average) 111 NA
Gas in MC5PV (Volume Average) 117 NA
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Figure S MC5PV Prefire Temperature Profiles for NCT/Shade

4.2 NCT/Solar Model Results

The MC5PV NCT/Solar model determined a temperature profile for a 3.3 Watt heat source. The
maximum predicted temperatures of the limiting components are listed in Table 5. The package

temperature contour is Figure 6.

Table 5— NCT/Solar Maximum Component Temperatures (°F)

Conipoiiont BTSP/MC5PV Model Temperature Limit

CK) CF)
CV Wall 158 400
CV C-ring 157 1200
Cap C-ring 158 1200
Bellows Valve 158 400
Honeycomb Cylinder 157 350
Contents 185 NA
Drum Surface 164 NA
Last-A-Foam® FR-3710 159 300
Gas in CV (Volume Average) 159 NA
Gas in MC5PV (Volume Average) 163 NA
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4.2.1 Volume Average Gas Temperature

Volume average gas temperature is required for calculating the maximum normal operating
pressure (MNOP) inside the CV. Average gas temperature was calculated by volume averaging
of nodal temperatures in the CV cavity. The average gas temperature for the MC5PV NCT/Solar
configuration is 163°F.

4.2.2 Volume Average Foam Temperature

The volume average foam temperature for the MCSPV configuration is 147°F. The volume
average foam temperature data is required in assessing the structural performance of the BTSP
during NCT.
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Figure 6 MC5PV Model Temperature Profiles for NCT/Solar

4.3 Results for the HAC/Solar Model

The HAC/Solar Fire model is used to calculate component temperatures during the fire event and
refers to the thermal model with insolation effect during post-fire phase. Table 6 lists the
maximum component temperatures of the MC5PV model during the fire phase while Table 7
lists the maximum component temperatures during the cooldown phase.
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Table 6~ HAC/Solar Maximum Component Temperatures During Fire
BTSP/MC5PV | Temperature

Component Model Limit

() CF)
CV Wall 161 500
CV C-ring 161 1200
Cap C-ring 158 1200
Bellows Valve 158 400
Honeycomb Cylinder 180 NA
Contents 185 NA
Drum Surface 1474 NA
Last-A-Foam® FR-3710 1471 NA
Gas in CV (Volume Average) 159 NA
Gas in MC5PV (Volume Average) 163 NA

Table 7- HAC/Solar Maximum Component Post-Fire Temperatures

BTSP/MCSPV | Temperature

Component Model Limit

(°F) (°F)
CV Wall 238 500
CV C-ring 236 1200
Cap C-ring 236 1200
Bellows Valve 236 400
Honeycomb Cylinder 273 NA
Contents 284 NA
Drum Surface 1474 NA
Last-A-Foam® FR-3710 1471 NA
Gas in CV (Volume Average) 236 NA
Gas in MC5PV (Volume Average) 218 NA

The post-fire temperatures are calculated using the HAC/Solar model. The only difference in
this thermal model is the replacement of foam/char with air in the foam cavity. The steady state
temperatures are given in Table 8.
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Table 8 HAC/Solar Steady State Component Post Fire Temperatures

Coiponent BTSP/MCS5PV Model Temperature Limit
B CF)
CV wall 161 500
CV C-ring 160 1200
Cap C-ring 161 1200
Bellows Valve 161 400
Honeycomb Cylinder 160 NA
Contents 187 NA
Drum Surface 171 NA
Last-A-Foam® FR-3710 (replaced as 164
Air post fire) A
Gas in CV (Volume Average) 161 NA
Gas in MC5PV (Volume Average) 166 NA

As shown in Table 7, the component temperatures are well below their design limits. Figure 7 is
the temperature profiles for the MC5PVconfiguration during the HAC/Solar event.

As2a3y
600

°F

10 min 30 min 1hr 2hr 3hr
into Fire into Fire Post Fire Post Fire Post Fire

Figure 7 - HAC/Solar Temperature Profiles (peak temperatures are 30 minutes into fire). 1

hr post fire is at 1.5 hr simulation time.
Note: Temperature scale was set to a maximum of 600°F for comparison of plots. Any dark red color represents a value of
600°F or higher.
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4.4  Uncertainty/Sensitivity Analyses

Uncertainties in thermal properties and other important parameters are minimized by making
sure that their threshold values are used to yield conservative results. Uncertainties are
addressed by performing simple sensitivity analyses. Sensitivity analyses were performed for
finite element mesh size and thermal properties.

4.4.1 Mesh Size Sensitivity

A mesh sensitivity analysis was performed to ensure that the various thermal models had
sufficient number of elements to give stable results. The number of elements was increased from
192,880 to 516,528 elements in the NCT/Solar. The maximum contents temperature with the
increased number of elements was found to be less than 0.1% lower compared to the smaller
number of elements. The model with the lower number of elements was used in the analyses.

4.4.2 Thermal Properties

FR-3710 foam free rise density of 10 Ib/ft’ and the corresponding thermal conductivity () values
are used in the thermal analyses. However, the actual packed density of the FR-3710 foam in the
prototype packages was found to be approximately 12.4 Ib/ft’ *'!. Since k of the foam increases
with the density, the actual £ would be higher.[4 For the NCT steady state analysis, higher k£
results in lower CV temperatures and therefore actual foam & does not impact the NCT analysis
results. For the HAC analyses, higher density foam has lower thermal diffusivity than the lower
density foam!* and hence lower CV temperatures during HAC fire event.

The model was evaluated replacing the thermal properties of the SA molecular sieve with water.
Water having a higher thermal conductivity yielded steady state temperatures for the contents
that were 20°F lower than when evaluated with the SA molecular sieve material. For the
transient case, water also has a higher heat capacity and therefore yields contents temperatures
80°F lower during the HAC fire.

The density of the molecular sieve material was varied to determine the effect on the steady state
temperature of the package. A lower density was not simulated since a lower density will yield a
larger molecular sieve volume. Using the same decay heat of 3.3 Watts over a larger volume will
distribute the heat load and result in a lower maximum content temperature. A density that is
50% higher (66 1b/ft’) yields a steady state maximum temperature 6°F higher for the contents.

5.0 CONCLUSIONS

1. The NCT and HAC analyses show that the maximum component temperatures are below
their design limits.

2. The analyses show that the BTSP Mound Configuration 5 Process Vessel package meets
the thermal design requirements given in 10 CFR Part 71.
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9.6 w Empirical Correlations: External Free Convection Flows 605

where the Rayleigh number,

Ra; = Gr Pr= o

(9.25)

is based on the characteristic length L of the geometry. Typically, n = ; and ; for laminar
and turbulent flows, respectively. For turbulent flow it then follows that 4, is independent
of L. Note that all properties are evaluated at the film temperature, 7, = (T, + T,)/2.

9.6.1 The Vertical Plate

Expressions of the form given by Equation 9.24 have been developed for the vertical plate
[5-7]. For laminar flow (10* < Ra, < 10°), C = 0.59 and n = 1/4, and for turbulent flow
(10° < Ra; = 10"), C =0.10 and n = 1/3. A correlation that may be applied over the
entire range of Ra; has been recommended by Churchill and Chu [8] and is of the form

(9.26)

L .3 7 1/6 5
Nu, = {0.825 e 038Ry }

[1 + (0.492/Pr) )87

Although Equation 9.26 is suitable for most engineering calculations, slightly better accu-
racy may be obtained for laminar flow by using [8]

0.670Ra)*

Nu, — 0.68 +
< [1 + (0.492/Pr)16}4?

Ra, < 10° 9.27)

When the Rayleigh number is moderately large, the second term on the right-hand side of
Equations 9.26 and 9.27 dominates, and the correlations are the same form as Equation
9.24, except that the constant, C, is replaced by a function of Pr. Equation 9.27 is then in
excellent quantitative agreement with the analytical solution given by Equations 9.21 and
9.20. In contrast, when the Rayleigh number is small, the first term on the right-hand side
of Equations 9.26 and 9.27 dominates, and the equations yield the same behavior since
0.825% = 0.68. The presence of leading constants in Equations 9.26 and 9.27 accounts for
the fact that, for small Rayleigh number, the boundary layer assumptions become invalid
and conduction parallel to the plate is important.

It is important to recognize that the foregoing results have been obtained for an isother-
mal plate (constant 7). If the surface condition is, instead, one of uniform heat flux (constant
q}), the temperature difference (7, — 7,) will vary with x, increasing from the leading edge.
An approximate procedure for determining this variation may be based on results [8, 9]
showing that Ny, correlations obtained for the isothermal plate may still be used to an excel-
lent approximation, if N, and Ra, are defined in terms of the temperature difference at the
midpoint of the plate, AT;,, = T,(L/2) — T . Hence, with & = ¢[/AT,;,, a correlation such as
Equation 9.27 could be used to determine AT}, (for example, using a trial-and-error tech-
nique), and hence the midpoint surface temperature T (L/2). If it is assumed that Nu o Ra!"*
over the entire plate, it follows that

g.x 14,314

= oc. A

ar < AT
or

AT < xl/5
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where A, and P are the plate surface area (one side) and perimeter, respectively. Using this
characteristic length, the recommended correlations for the average Nusselt number are

Upper Surface of Hot Plate or Lower Surface of Cold Plate [19]:

Nu = 0.54 Ra}* (10*< Ra, <107, Pr=0.7) (9.30)
Nuy =0.15Ra}® (10’<Ra, < 10", all Pr) 9.31)

Lower Surface of Hot Plate or Upper Surface of Cold Plate [20]:
Nu, =0.52Ra}’® (10*=< Ra, < 10°, Pr=0.7) (9.32)
Additional correlations can be found in [21].

EXAMPLE 9.3

Airflow through a long rectangular heating duct that is 0.75 m wide and 0.3 m high main-
tains the outer duct surface at 45 C. If the duct is uninsulated and exposed to air at 15°C in
the crawlspace beneath a home, what is the heat loss from the duct per meter of length?

SOLUTION

Known: Surface temperature of a long rectangular duct.

Find: Heat loss from duct per meter of length.
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Natural-Convection Heat Transfer in
Liquids Confined by Two Horizontal Plates
and Heated From Below

This paper presents resulls of an experimental investigation of conveclive heat trans-
fer in Hguids placed between two horizontal plates and heated from below. The liguids
used were waler, silicone oils of 1.5, 50, and 1000 centistoke kinematic viscosities, and
mercury.

The experiments covered a range of Rayleigh numbers between 1.51(10)* and 6.76(10)8,
and Prandt] numbers between 0.02 and 8750.

Tests were made in cylindrical containers having copper tops and boltoms and in-
sulating walls, For waler and silicone oils the conlainer was 5 in. in diam and 2 in.
high. For mercury, two containers were used, both 5.28 in. in diameter, but one 1.39 in.
kigh and another 2.62 in. high. In all cases the bottom plates were heated by electric
heaters. The top plates were air-cooled for the waler and silicone-otl experiments and
water-cooled for the mercury tests. To preveni amalgamation, the copper plates of the
mercury container were chromium plated.

SAMUEL GLOBE

Principal Scientist, Physics Section,
Avco Research and Advanced
Development Division,
Wilmington, Mass.

DAVID DROPKIN

Professor of Mechanical Engineering,
Department of Thermal Engineering,
Cornell University, Ithaca, N. Y.;

and consultant to Avco

Surface temperatures were measured by thermocouples embedded in the plates.
The test results indicate that the heai-transfer coefficients for all liguids investigated
wmay be determined from the relationship

Nu = 0.069(Ra)"/ ‘(Pr)“-f‘“

In this equation the Nusselt and Rayleigh nwmbers are based on the distance between

the copper plates.

The results of this experiment are in reasonable agreement with the daia reporied by
others who used larger containers and different fluids.

DN CERTAIN engineering projects it is sometimes
necessary to predict the heat-transfer rates by convection in
liquids confined between two horizontal plates and heated from
below. The search of published literature reveals that such in-
formation is scarce. The two important papers that are available
on this subject are limited in their scope. They do not possess
the desired range of physical properties to justify a derivation of
a general equation. The work of Mull and Reiher, as reported by
Jakob [1]! was done on air, while Malkus {2] used water and
acetone in his experiments.

1 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division of TaE AMERICAN
SocreTy oF MECHANICAL ENGINEERS and presented at the Heat
Tgmns(er and Fluid Mechanics Institute, Berkeley, Calif., June 19-21,
1958.

Nore: Statements and opinions advanced in papers are to be
understood as individual expressions of their authors and not those
of the Society. Manuscript received at ASME Headquarters, July
21, 1958.

In the first case, the Prandtl number was practically constant
because it is known that for air the variation of Prandtl number
with changes in temperature is negligible; in the second case,
Malkus purposely kept the mean temperature of the water and
acetone at a constant value.

The Prandtl number, however, may be an important factor in
a mathematical expression from which heat-transfer rates are
computed.

Thus this lack of confidence that an equation derived from the
available data will apply to liquids with widely different physical
properties suggested the work presented in this paper.

The main purpose of this investigation was to obtain data and,
if possible, develop a mathematical relationship from which
reliable heat-transfer coefficients for confined liquid heated from
below could be determined.

To obtain this goal, five liquids with dissimilar properties were
chosen for these tests.

Nomenclature

C, = specific heat at constant pressure, ‘k = thermal conductivity, Btu/(hr)- g = rate of heat flow per unit area, '.
Btu/(Ib)(F) (f6)(F) Btu/(hr)(ft?)

(; = :'0“:?'“1;' dimensionless L = height of container, ft Ra = Ragieg‘h number, dimensipdless; J

= function . .

g = acceleration of gravity, ft/(hr): "™ = esponents b= mz{fﬁmf;r‘d el

Gr = Grashof number, dimensionless, Nu = Nusiselt number, dimensionless, Ay . temperature difference between
Lip*gAif/p? WLk the top and bottom plate, F  §

i' = special convective heat transfer Pr = Prandtl number, dimensionless, 4 = dynamie viscosity, lb/(ft)(hr)
coefficient, Btu/(hr)({t?)(F) Cou/k p = liquid density, 1b/ft?
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The liquids used were water, silicone oils of 1.5, 50, and 1000
centistokes kinematic viscosity, and mercury.

Procedure

The heat-transfer coefficient in geometrically similar containers
was assumed to be subject to the generally accepted factors that
influence convection, with the exception of L and A¢. The dimen-
sion L, the distance between the plates, was used as the charac-
teristic distance, and At was used as the difference in temperature
between the plates. Thus

h! = f[Lr Py Ky Cpn kl At’ (60)] (1)

Without much difficulty we may derive by dimensional analysis
the relationship

KL _ 7 (L_’p’gB___AtO, ‘ﬁ?) (2
P uwk ok 2

Assuming the functional relationship to be given by a product
of powers we get

Nu = C RamPr» (3)

The Nusselt number here defined is an indicator of how effec-
tively heat is transferred by convection as compared to that of
conduction. When the Nusselt number is equal to 1, convection
does not exist and heat is transferred by conduction.

The constant C and exponents m and n were determined from
appropriate graphs of the test results.

The exponent m was determined from the plot of log Nu versus
log Ra at a constant Prandtl number. Then all test data were
plotted as log Nu/Ra™ versus log Pr, and the exponent n and
the constant € were found from the plot.

The physical properties of the liquids which were needed to
compute the dimensionless numbers were determined at the mean
temperatures of the upper and lower copper plates. For silicone
oils, water, and mercury, the properties were taken from Dow
Corning [3], Brown and Marco [4], and Liquid Metals Handbook
[5 I r%peétive]_\'.

All data were recorded when steady-state conditions were
established. It was assumed that steady state was obtained
when all readings remained constant for more than one hour.

For each run the electrical heat input to the lower plate, the
temperatures of the two copper plates, and the temperature dif-
ferences between the plates were measured.

The following experimental range was covered:

Prandtl number from 0.02 to 8750

Rayleigh number from 1.51(10)% to 6.76(10)8

Nusselt number from 1.9 to 66.9

Temperature difference between the hot and cold copper plates
from2t0 80 F

- Journal of Heat Transfer

COPPER PLATE

Diagram of cantainer for silicone oils and water

Temperature of the hot copper plate from 75 to 198 F.

Apparatus

The test apparatus used in these experiments consisted of
right-circular hollow cylinders with !/iin-thick copper plates at
the top and bottom, and insulating walls.

As shown in Fig. 1, the liquid container for the water and
silicone-oil tests had an ID of 5 in. and a clear distance of 2 in.
between plates. The eylindrical wall was made of plexiglas and
attached to the plates with O-ring seals so that no leakage
occurred. The heat from the upper plate was removed by blow-
ing air over its surface. In order to improve the heat-transfer
rate, the upper surface of the top plate was finned. The upper
plate was also drilled and tapped, and connected with a !/s-in.
nipple to an expansion chamber.

The temperatures of the plate surfaces were measured by
copper-constantan thermocouples. The thermocouple junctions
were located at the center of the plates and approximately 0.03
in. from the liquid surfaces. The wiring connections were such
that the temperature differences as well as the individual tem-
peratures of each plate could be determined. The thermocouples
were connected to a recording potentiometer and a portable pre-
cision potentiometer. The recording potentiometer was used to
indicate the time when steady state was established.

The mercury container is shown in Fig. 2. Two different
heights were used: 1.39 and 2.62 in. The ID for both heights
was 5.28 in. The side walls were made of pyrex glass and the
copper-plate surfaces were chromium plated to prevent amalga-
mation of the copper. O-ring seals were used at the interface of
the glass and copper plates, and the plates were bolted together
through a transite ring. To remove the heat from the top plate
a chamber was constructed above this plate and cold water was
circulated through it. Provision was also made for the expansion
of mercury. The overflow chamber, located off center, can be
seen in Fig. 2.

As in the water and oil containers, temperatures were deter-
mined by the use of copper-constantan thermocouples and po-
tentiometers. However, the thermocouples were connected so
that only individual readings could be made. Direct reading of
At was not possible becanse of the electrical path through the
mercury.

An electric heater was used to supply the heat to the con-
tainers. In the early experiments a laboratory hot plate was
used. Later, a heater was constructed from an element used in
an electric cooking range and a 3/rin-thick aluminum plate
attached at its top surface. The aluminum was used to assure
even heat distribution.

The electrical input to the heaters was measured by a voltmeter
and ammeter, A voltage regulator, connected in the electric cir-
cuit, insured constant voltage.
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The container was filled with the appropriate liquid and then E P4 51~
placed in an evacuated chamber to eliminate any gas entrain- ol 4
ment. When evolution of gas bubbles ceased, the container was sk 3b
put on the electric heater. This assembly was then placed in a

large box and surrounded by about 3 in. of mineral wool.

The electrical input was adjusted to a predetermined value and
the recording potentiometer connected to the thermocouples.

When the temperatures remained constant for one or more
hours, the precision potentiometer was connected and used to
determine the temperatures. For the experiments with mercury,
in the region where the temperatures fluctuated, the recording
potentiometer was used to estimate the average temperatures as
well as the magnitudes of the fluctuations. The voltage and

. amperage to the heater were also recorded.

Results and Discussion

An analysis of the variation of the physical properties with
temperature revealed that the Prandtl number for mercury re-
mained practically unchanged within the experimental range of
temperatures. This fact led to the logarithmic graph shown in
Fig. 3. The straight line may be expressed by

Nu = 0.051(Ra)"? (4)

It should be noted that in Fig. 3, NuRa instead of Nu was used.
This was done to improve the accuracy of the graph since the
largest source of error is Af{. The convective-heat-transfer co-
efficient &’ is determined from the relationship

g = WAL (5)
The Nusselt number may be written as
; aL
Nu A (6
The Rayleigh number is
352,
Ra = L00BAIC, )

uk

Thus an error in A¢ creates errors of opposite sign in Nu and Ra.
The product of the Nusselt and Rayleigh numbers is

Lip%B0C,
NuRa=i—%§-—* (®)
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The Nu Ra may be considered a dimensionless heat flux while
Ra is a dimensionless Af. Nu Ra is independent of At, but de-
pendent on g, which was known very precisely from the electrical
readings. Fig. 3 isin effect a graph of heat transfer as a function
of temperature difference and any possible error in At is not mag- §
nified because it appears only in Ra.
The fact that the exponent m is !/ suggests that the natural J
convection is in the turbulent region. The point at which turbu- 3
lence starts is a matter of some disagreement among various ob- 3
servers. Schmidt and Saunders [6], working with water, ob- 2
served & transition to turbulence when Ra = 45,000. Jakob [1] i

Transactions of the ASME




T

A DA e S L S

surfaces in g
)
.
X

flux whiﬁ

At, but de- 5

& electrical i

PP |
i & function F @

is not, mag-f

A

the natural |
various ob-3
water, ob- :1

Jakob [1] |
lhe ASME:f

°

9
o
7
6
8 MERCURY WATER 1.5 CS SILICONE 50 CS SILICONE
4 oL ol )
1 3
2’ .
-°
5
z 3
7
6
5
4 ot 1,000 CS SILICONE
3 =.069 Pr’ oI
3
2} Ra
01 23 4 56789 3 4 56789 I 4 56769 2 3 456789 T 3 4 56789 2 3 4 56789
Rell | 1 10 100 000 10,000
[
Fig. 4 Nu/Ra'/a versus Prandtl number for liquids
2
10° 515
Py
7}
b
5r 143 .074
4}~ Nu=.069 Ra Pr
3
2—
/*g/
210 Py i o B
:"‘ %
61— /** * o 1.5 CENTISTOKE SILICONE OIL
- M x 50 CENTISTOKE SILICONE OIL
N #* * @ 1000 CENTISTOKE SILICONE OIL
3 & WATER
2~ 4 MERCURY
| } P WY T B S I 1 Lo4o1tiay 1 TN N N O A 1 1 EAI AR SR I B O
2 3 ‘vss'rrnls 2 3 4so1e9l7 3 Ass‘regia 2 3 4sc7asls 2
10° 10 10 10 10

Rapr?® —

Fig. 5 Noiural convection between herizontal surfaces in various liquids heated from below

correlating the data of Mull and Reiher on air sets the transition
point at about Ra = 280,000. Malkus [2] in experiments with
water and acetone observed changes at several different values of
Rayleigh numbers. His lowest value of Ra is about 50,000.

The smallest value of Ra reported here is 151,000 and there were
only two observations below 300,000. It may, therefore, be
safely said that the results in this paper pertain to the turbulent
region.

With the exponent m determined, we may now evaluate ex-
ponentn. Thisis done by plotting on logarithmic paper Nu/Ra'/?
against Pr for all observations recorded in these tests.

The graph of this type is shown in Fig. 4. The slope of the line
indicates that n = 0.074 and the resulting equation is

Nu = 0.089(Ra)"/3(Pr)o.074 (9)

The graph of equation (9) is shown in Fig. 5. The computed
values for the five liquids are superimposed on this plot to show
their deviations. It is seen that the points for water deviate
slightly more than the points for other liquids. The reason for
this is probably the sensitivity of physical properties to changes

Journal of Heat Tradsfer

in temperature. We know that water is more temperature-
sensitive than the other liquids tested. It is probable that deter-
mining physical properties at the arithmetic mean temperature
of the two plates is only an approximation to the correct repre-
sentation of convective heat transfer in a fluid whose properties
change with temperature.

Bquation (9) is in fairly good agreement with the results pre-
seated by the two previously mentioned observers. Jakob {1]
in his analysis of the data of Mull and Reibher on air gives the re-
lationship

Nu = 0.068(Gr)"/ (10)

Assuming for air a Prandtl number of 0.71, Equation (9) simplifies
to
Nu = 0.060(Gr)"? (11

Malkus [2], basing his relationship on the data of water and
acetone at room temperature, proposed the expression

Nu = 0.085(Ra)0-32 (12)
for the turbulent region.
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The Prandtl number for water at 70 F is 6.8. Using this value
in Equation (9), we get

Nu = 0.080(Ra)"/* (13)

It is pertinent to point out here that the authors are convinced
that the size of the containers used for the experiments reported
in this paper had no bearing on the heat-transfer rates obtained.
This conviction is based on the fact that for the mercury tests two
containers were used with radically different ratios of diameter
to height of liquid. Although the ratio was changed by a factor
of almost two, in the region of overlap there appeared to be no
difference in the results, and outside the overlap the observation
fits the same relationship,

The data of Mull and Reiher and especially those of Malkus
corroborate this conclusion. Malkus experimented with con-
tainers 4 in. in diam and from 0.05 to 3.2 in. in height, His
conclusion wag that the departure of the heat-transfer rate from a
model of infinite horizontal extent is negligible.

In the experiments on mercury, turbulent fluctuations of tem-
perature were observed at Rayleigh numbers above 10®, These
fluctuations appeared at both the upper and the lower plates.
They increased in magnitude with increase in Rayleigh number
and attained their largest value at Ra = 3(10)®, Beyond this
Rayleigh number, there was no increase of temperature fluctuation
as a percentage of Af. The largest possible fluctuation of At
would occur when the individual plate fluctuations were out of
phase. Thus the maximum difference between At for the lower-
plate maximum temperature and upper-plate minimum tempera-
ture and At for the lower-plate minimum temperature and upper
plate maximum temperature was found to be between =10 per
cent of the average At. It is reasonable to assume that the net
fluctuations in Af were smaller than this, but since there was only
one recorder, it was not possible to determine their true variations.

To investigate the possibility of lateral temperature gradients,
a second thermocouple was attached to the lower plate. This
thermocouple was located 11/; in. away from the center of the
plate and was used to determine temperatures at Rayleigh num-
bers above 10°% The results showed that there was a negligible
difference in temperature readings between the centrally located

28 / rEBRUARY 1959

" McGraw-Hill Book Company, Inc., New York, N. Y., 1951, p. 243.

thermocouple and the one 1!/, in. away. The temperature:f
fluctuations were similar in magnitude at the two points measureq
on the lower plate.

Gonclusion

A mathematical expression has been developed for computing
heat-transfer coefficients when liquids are heated from below
This equation is based on experimental data of liquids for a range
of Prandtl numbers between 0.02 and 8750, and Rayleigh numbers;
between 1.5(10)5 and 6.8(10)8. The expression is

Nu = 0.069(Ra)"/3(Pr)s-ort

The Nusselt and Rayleigh numbers include the thickness of the!
liquid layer as the characteristic geometric factor.
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CORRELATING EQUATIONS FOR
LAMINAR AND TURBULENT FREE CONVECTION
FROM A VERTICAL PLATE

STUART W. CHURCHILL and HUMBERT H. S. CHU

Department of Chemical and Biochemical Engineering, University of Pennsylvania,
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Abstract—A simple expression is developed for the space-mean Nu (or Sh) for all Ra and Pr (or Sc)
in terms of the model of Churchill and Usagi. The development utilizes experimental values for Ra
approaching zero and infinity, and the theoretical solutions obtained from laminar boundary-layer
theory. The expression is applicable to uniform heating as well as to uniform wall temperature and for
mass transfer and simultaneous heat and mass transfer. The correlation provides a basis for estimating
transfer rates for non-Newtonian fluids and for inclined plates. Even simpler expressions are developed
for restricted ranges of conditions. The general and restricted expressions are compared with representative
experimental data. The structure of the correlating equation shows why the common power-law-type
equations cannot be successful over an extended range of Ra and Pr. .

distance up plate [m].

NOMENCLATURE Greek symbols
a, arbitrary exponent; a, thermal diffusivity [m?/s];
A,  dimensionless coefficient; B thermal coefficient of expansion [°K~'];
b, arbitrary exponent; 7, dimensionless coefficient for expansion due
¢, dimensionless coefficient; to change in composition;
2,  diffusivity [m*/s]; o,  mass fraction;
f{Pr}, dimensionless function of Pr in v, kinematic viscosity [m?/s];
equation (2); o{Pr}, dimensionless function of Prin
F{m}, dimensionless function of power-law equation (8);
. coeflicient in equation (16); 8, angle of inclination of the plate from the
g, acceleration due to gravity [m/s*]; vertical;
h, local heat-transfer coefficient [J/m?.s.°K]; 7, shear stress [kg/m-s?].
k, mean heat-transfer coefficient over 0~z
[I/m?.s.°K]; Subscripts
k, thermal conductivity [J/m.s.°K]; b, bulk;
K, local mass-transfer coefficient [s~'}; 5, surface;
k, mean mass-transfer coefficient over 0z 0, limiting behavior for small z;
[s7']; o, limiting behavior for large z.
K, coefficient defined by equation (15)
. [kg/m-s>™];
m,  exponent defined by equation (15); INTRODUCTION
n, exponent in equation (1); A VARIETY of theoretical expressions, graphical cor-
Nu,  hz/k, local Nusselt number at z; relations and empirical equations have been developed
Nu,  hz/k, mean Nusselt number over 0-z; to represent the coefficients for heat and mass transfer
Pr,  v/a, Prandtl number; by free convection from vertical plates. However, the
4, heat flux density [J/m?-s]; discrepancies between the expressions proposed for
Ra, gB(T,— T,)z*/vx, Rayleigh number; correlation and the various sets of experimental data
Ra',  gy(w,—w)z*/v®, Rayleigh number for mass  have still not been completely resolved or explained.
transfer; The experimental anomalies are apparently due in part
Ra*, gPqz*/kva, modified Rayleigh number based  to physical property variations and undefined differ-
on heat flux density; ences in the environment. The theoretical results are
Se,  v/9, Schmidt number; mostly limited to the intermediate range of Rayleigh
Sh, k'z/9, local Sherwood number; number for which the postulates of laminar boundary-
Sh,  K'z/2, mean Sherwood number over 0-z; layer theory are applicable; a completely satisfactory
T, temperature [°K]; theory has not been developed for either the diffusive
x, independent variable [m]; regime (low Rayleigh numbers) or the turbulent regime
P, dependent variable [m]; (high Rayleigh numbers). The primary shortcoming of

the empirical correlations is their failure to take into
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proper account the varying dependence on the Rayleigh
and Prandtl (or Schmidt) numbers.

This paper presents simple but very general cor-
relations for the space-mean value of the transfer rate
for free convection. The correlations are developed

wholly in terms of the model of Churchill and
Usagi [1]:

y{z} = yalab + e {zt M

and thus require appropriate expressions for the limit-
ing behavior for both large and small values of the
independent variable z.

Ede [2] provides a thorough review of the literature
for heat transfer through 1964. In the interest of brevity,
correlations, theoretical solutions and experimental
data since that date will not be reviewed or analyzed
except insofar as they are directly relevant to the
derivations herein. The correlation is first developed
in terms of heat transfer from an isothermal plate.
Uniform heating, mass transfer, simultaneous heat and
mass transfer, non-Newtonian fluids and inclined plates
are subsequently considered.

LAMINAR REGIME

Boundary-layer theory has been utilized to derive
relationships of the form:

Nu = Ra'"*f{Pr} &)

where f{Pr} represents a tabulation of values such as
those summarized by Fde [2] for a number of values
of Pr. Churchill and Usagi [1] derived an empirical
expression in the form of equation (1) to provide a
continuous approximation for these tabulated values
of f{Pr}. This expression can be rewritten as follows
in terms of Nu:

Nu = 0-670Ra*4/[1+(0-492/Pr)?114°,  (3)

Equation (3) represents the various computed values
within 1 per cent from Pr=0to Pr=co and is in
general agreement for 10° < Ra < 10° with the widely
scattered experimental values compiled by Ede [2].
Equation (2) and hence equation (3) would be
expected to become invalid for Ra > 10° owing to the
onset of turbulence and as Ra — 0 owing to thickening
of the boundary layer relative to the distance from the
starting edge of the plate. A generally accepted solution
has not been derived for this latter regime. For pure
conduction (Ra = 0) from an infinite strip Nu = 0, but
for a plate of finite dimensions Nu has a finite value.

The experimental data of Saunders [ 5] indicate a limit-.

ing value of approximately 0-68, probably due to edge
effects.

Utilizing 0-68 for y {z} and the right side of equation
 (3) for y,{z} in equation (1) yields the following test
expression for the entire laminar regime:

0610Ra Y1 o
firoamyprreys)

A test plot of representative experimental data [2-13]
in the form proposed by Churchill and Usagi [1]

Nu" = 068" + (

STUART W. CHURCHILL and HUMBERT H. S. CHU

indicates that n = 1 is a reasonable choice, yielding

0-670Ra'"*
[1+(0-492/Pr)>1e] 45"
Equation (5) is seen in Fig. | to provide a good
representation for all Ra < 10° while equation (3) is
seen to be increasingly in error for Ra < 10°.

Nu = 068 +

5

LAMINAR PLUS TURBULENT REGIME
An asymptotic solution is not available for Ra — oo,
but Churchill {14] has asserted on the basis of dimen-
stonal analysis that

Nu - ARa'p{Pr} (6)

where 4 is an empirical constant and ¢{Pr} is a
function which approaches unity for Pr— co and is
proportional to Pr'/ for Pr —~ 0. Equations (5) and (6)
could be combined in the form of equation (1) to obtain
a test expression for all Ra and Pr. However the
limiting value of 0-68 proves to combine with equation
(6) to produce a simpler and equally successful cor-
relation. The resulting test expression is

Nu" = 068"+ [ARa'Pp{Pr}]". i)

Equation (7) provides a dependence of Nu on Ra for
any positive n which increases continuously from the
zeroth power to the 1/3-power as Ra increases. If
equation (7} is to provide the same interrelationship
between Ra and Pr in the laminar boundary-layer
regime as equation (5) it is necessary that:

o{Pr} = ([1+(0-492/Pr)16]~4?)43
= [14(0492/P)o16]-1627  (3)

The expression resulting from insertion of equation (8)
in (7) also conforms to the asserted dependence for
Pr—-0and o as Ra - oc.

Bosworth [ 15] proposed an equation of the form of
equation (7) with @{Pr} = 1-0 and n = 1/2 for Nu for
free convection from horizontal cylinders in air. Trial
plots indicate that n = 1/2 is a reasonable choice for
the vertical plate as well. The straight line with a slope
of 1/6 drawn in Fig. 2 through the same representative
data as in Fig. ! yields a value of 4 = 0-150 and hence
the final correlation:

0-387Ra'/®

Nu'? = 0825 .
W = OB 0 e

®

This value of 4 is in reasonable accord with the value
of Ap{Pr} = 0-10, hence 4 = 0-12, derived by Bayley
[16] for air and also with the value of 0-13 proposed
by Kutateladze [17] for a correlation in the form of
equation (6) for turbulent free convection from vertical
plates, cylinders and spheres to a number of fluids.

Equations (3) and (5} are plotted also in Fig. 2 for
comparison and to indicate their limits of applicability.
The undoubted superiority of equation (9) for Ra > 19°
is somewhat obscured by the lack of data for truly high
Ra, the scatter of the available data and the very con-
densed scale of the ordinate,
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F1G6. 2. Comparison of correlating equations with experimental data for isothermal, vertical plates.

INTERPRETATION

Computed values of f{Pr} and ¢@{Pr} for rep-
resentative fluids are given in Table 1. The significant
deviations for air and water from the limiting depen-
dence for Pr— oo indicate why the customary em-
pirical equations of the form of equation (2) with
Sf{Pr} = 1-0 and equation (6) with ¢{Pr} = 1-0 have
not proven satisfactory for a variety of fluids with a
wide range of Pr. Table 1 also indicates that some-
what lesser but still significant discrepancies are to be
expected with the simplified correlations for liquid
metals based on the limiting form for Pr—0. A
further variation in the dependence on Pr and Ra arises
from the additive constant in equations (5) and (9).
Thus empirical correlations of the form:

Nu = CRa°P’* (10)

msns] 16/9

range of Ra-or Pr. Instead, the deviations from the
correlations i the literature must be due in part to
the choice of tt‘~ form rather than wholly to experi-
mental error. Such correlations appear to have outlived
their usefulness.

Equation (9) provides a smooth transition from the
laminar to the turbulent regime whereas the actual
transition is known to be essentially discrete. The
representation provided by equation (9) for this region
is thus an oversimplification of reality and is numeri-

_cally successful only because the effect of the transition

is dampened by the integration which leads from the
local to the mean Nusselt number. A correlation for
the local Nusselt number extending through the tran-
sition from laminar to turbulent motion would need to
be more complicated in structure than equation (9).
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Table 1. Correction factor for various fluids from asymptotic behavior

Pr Fluid IiPr) o{Pr} (0:492/Pr)' 4 f{Pr}  (0:492/Pr)'3p{Pr}
* ) 1-000 1-000
100 oil 0978 0971 0259 0-165
70 water 0914 0-887 0471 0-366
0-70 air 0766 0-701 0-702 0-623
0024 mercury, 0436 0331 0928 0905
50°F
0-004 sodium, 0292 0-194 0912 0962
1200°F

0 1-000 1-000

For large temperature differences such that the
physical properties vary significantly, Ede [2] recom-
mends that the physical properties be evaluated at the
mean of the surface and the bulk temperature. Wylie
[18] provides more detailed theoretical guidance for
the laminar boundary-layer regime.

UNIFORM HEAT FLUX

The definition of the mean Nusselt number for
uniform heating is somewhat arbitrary. However,
Sparrow and Gregg [ 19] have shown that for a laminar
boundary layer the use of the temperature difference
at the midpoint of the plate yields values in better
agreement with those for uniform wall temperature
than the use of either the integrated mean temperature
difference or the integrated mean heat-transfer co-
efficient. With this definition the following expression
can be derived from the empirical representation of
Churchill and Ozoe [20] for the local heat-transfer
coefficient for uniform heating in a Jaminar boundary
layer.

Nu = 0670Ra""*/[ 1+ (0437/Pr)*¢]%°.  (11)

It may be noted that for Pr — co the coefficient of the
Rayleigh number is indeed the same as that of equation
(3) and that these expressions differ only by
((0-492/0-437)'/4—1)100 = 3 per cent even for Pr—0.
[Equation (11) can be converted to one for the inte-
grated mean temperature difference by multiplying the
coefficient 0-670 by (6/5)%/4/2"/ giving 0-708 and to the
one for the integrated mean heat-transfer coefficient by
multiplying by (5/4)%/#/2'/* giving 0-745.]

Neither experimental data nor theoretical results
appear to provide a limiting value of Nu for Ra —0.
Hence the same value as for uniform wall temperature
will arbitrarily be used. The exponent in equation (1)
has generally been found to be the same for similar
processes as illustrated by comparison of equations (3)
and (11). Hence in the absence of experimental data
the following expression is proposed for the entire
laminar regime with uniform heating:

0-670Ra'’*
[1+(0437/Pr)/16]%/5"
An equation of the form of equation (6) would be

expected to hold for uniform heating as well as uniform
wall temperature. Combining equation (6) with

Nu = 0-68 + (12)

Nug = 068, forcing the same relationship between Ra
and Pr as in equation (11) and assuming that 1/2 is
again a satisfactory choice for n results in:

AI/ZRallb

Nu'? = 082 :
“ > ¥ [T+ (0437/PrPT o]

(13)

A plot of a random selection from the limited sets of
experimental data for uniform heating [21-24], in
Fig. 3 in the form suggested by equation (13) again
yields a value of 4 = 0-15, producing the following
correlation for uniform heating for all Ra and Pr:

0-387Ra'‘®

Nu'/? = 0825 +. .
Nu [T+ ©437/Pnoe o

(14)

Churchill [14] has asserted' that Nu for fully
developed turbulent motion (Ra — <o) should be the
same for uniform heating as for wall temperature if a
value independent of z, corresponding to a pro-
portionality of Nu to Ra'/? is attained. This assertion
is tested by plotting equation (9) for Pr = 0:70 in Fig. 3.
Good agreement with the data may be noted as would
be expected since equations (9) and (14) differ only
slightly in one coefficient.

Free convection with uniform heating is often cor-
related in terms of Ra* in order to avoid explicit
inclusion of the surface temperature. Equations (11),
(12) and (14) can be rewritten in terms of Ra* simply
by replacing T,— T, with g/h, hence Ra with Ra*/Nu.
However, this re-expression disguises the important
result that the dependence of Nu on Ra is essentially
the same as for uniform wall temperature.

INCLINED SURFACES

Vliet [25] has reviewed prior results for inclined
surfaces and presented additional results for uniform
heating. He concludes that for the laminar regime the
solutions and correlations for a vertical plate may be
used for a plate inclined up to at least 60° from the
vertical if the component of gravity parallel to the
surface is used in the Rayleigh number. However, the
Rayleigh number for transition from laminar to tur-
bulent motion is decreased drastically as the angle of
inclination from the vertical is increased and his local
results for the turbulent regime were better correlated
in terms of g than in terms of g sin ¢.
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F16. 3. Comparison of correlating equations with experimental data for uniformly heated, vertical plates.

MASS TRANSFER

Equations (5) and (9) with Sh substituted for Nu,
Sc for Pr, and Ra’ for Ra are expected to hold for
mass transfer as long as the net rate of mass transfer
is not so high as to affect the velocity field significantly.
Representative mass-transfer data [26] are included in
Fig. 2 and reasonable agreement with equations (5) and
(9) is apparent.

SIMULTANEQUS HEAT AND MASS TRANSFER

On the basis of the results of Saville and Churchill
[27] and Lightfoot [28] for mass transfer due to a
temperature gradient only (a{w,—wpY/B(T,—T;) —0
and Pr/Sc —0) Sh can be substituted for Nu and
Ra(Sc/Pr)*? for Ra in equation (9).

Also, on the basis of the results of Saville and
Churchill [ 27] for simultaneous heat and mass transfer,
Nu and Sh can be calculated from equation (9) for the
special case of Sc = Pr merely by substituting Ra+ Ra’
for Ra. For Sc # Pr, the asymptotic solutions are not
explicit and simple substitution in equation (9) is not
possible [29]. '

NON-NEWTONIAN FLUIDS
For a power-law fluid such that:

du|™"'du
dy| dy’
Acrivos [30] has derived for Pr— oo the following
generalized form of equation (2):

Py, 2mE I\ 1/(3m+1)
Nu = F{m} (”B(T’TTZ) (16)

where F {m} is a weak function of m and F{1-0} = 0-670.
Equation (16) has been confirmed as a good rep-
resentation for a number of fluids with 06 < m < 1-0
by Agarwal et al. [30] for uniform wall temperature,
and the analogue of equation (16) for uniform heating
with 04 < m < 1-0 by Chen and Wollersheim [32]. It
follows that equation (5) with f{Pr} = 1 and equation

t=-K (15)

(9) with ¢ {Pr} = 1 should be applicable for such fluids
if (pB(T.— T,)z*™*1/Ka™)*/3m*! is susbsituted for Ra.

Fuijii et al. [33] have obtained numerical solutions
for a Sutterby fluid at finite Pr, and experimental results
for aqueous solutions of polyethylene oxide. Their
results indicate that Acrivos’ solution may be a reason-
able approximation for real fluids if the coefficients K
and m are evaluated at the shear stress at the midheight
of the heated plate.

CONCLUSIONS

1. Equation (9) based on the model of Churchill and
Usagi provides a good representation for the mean
heat transfer for free convection from an isothermal
vertical plate over a complete range of Ra and Pr from
0 to oo even though it fails to indicate a discrete
transition from laminar to turbulent flow.

2. Equation (14) provides an equivalent represen-
tation for heat transfer by free convection from a
uniformly heated vertical plate. However, equation (9)
is also an adequate representation for this boundary
condition.

3. Equation (9) is applicable to mass transfer with
Sh, Ra’ and Sc substituted for Nu, Ra and Pr and can
be applied for simultaneous heat and mass transfer for
the special case of Pr = Sc if Ra+Rd is substituted
for Ra. Other such extensions are also possible.

4. More accurate representations for the laminar
regime are provided by equations (5) and (12) and these
simpler expressions should be used rather than equa-
tions (9) and (14) for Ra < 10°. The expressions for the
laminar regime are also applicable to mass transfer
and simultaneous heat and mass transfer with the
indicated substitutions.

5. Equations (5) and (12) are proposed as tentative
representations for laminar convection from plates
inclined up to at least 60° from the vertical if gsin¢
is substituted for g. Based on the results of Vliet [25],
equations (9) and (14) may be applicable for the tur-
bulent regime without this modification. Fortunately
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these equations are quite insensitive to the point of
transition from laminar to turbulent motion.

6. Equations (9) with Pr — oo is applicable to non-
Newtonian fluids whose behavior can be represented

by

a power-law if (pgB(T,— T,)z*™* ! /Kam)¥3m ! s

used for Ra.

7. The principal uncertainty in the correlations pro-

posed herein arises from the uncertainty in the limiting
solutions and experimental data for Ra — Q and oc.

8. General correlations of the simple power-law type

such as equation (10) are seen to be fundamentally
unsound for any extended range of the variables and
their use is no longer justified.

.
12.

13.
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LOIS DE CORRELATION EN CONVECTION NATURELLE LAMINAIRE
ET TURBULENTE SUR UNE PLAQUE VERTICALE

Résumé— Une expression simple pour le nombre de Nusselt (ou de Sherwood) moyen est obtenue & I'aide
du modéle de Churchill et Usagi pour tout nombre de Rayleigh et de Prandtl (ou de Schmidt). Au cours
des développements il est fait usage de valeurs expérimentales du nombre de Rayleigh tendant vers zéro
ou vers I'infini et de solutions théoriques obtepues en théorie de la couche limite laminaire. L’expression
est applicable au transfert thermique a flux constant aussi bien qu'a température constante ainsi qu'au
transfert de masse et au transfert simultané de chaleur et de masse. La loi de corrélation fournit une
base de calcul des taux de transfert pour des fluides non newtoniens et pour des plaques inclinées. Des
expressions tout aussi simples sont développées pour des domaines limités correspondant a des conditions
particuliéres. Les expressions d’application générale et d'application restreinte sont comparées aux
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données expérimentales représentatives. La structure de I'équation de corrélation fait apparaitre la
raison pour laquelle les lois habituelles de type puissance ne peuvent s’appliquer sur un domaine étendu
de nombres de Rayleigh et de Prandtl.

KORRELATIONEN FUR LAMINARE UND TURBULENTE FREIE KONVEKTION
AN EINER SENKRECHTEN PLATTE

Zusammenfassung —Nach einem Modell von Churchill und Usagi wurde eine einfache Beziehung fiir
mittlere Nu-Zahlen (oder Sh) fiir alle Ra und Pr (oder Sc) entwickelt. Es sind dazu experimentelle Werte
fiir Ra die gegen Null und unendlich gehen herangezogen und theoretische Losungen, wie sie aus der
Grenzschichttheorie erhalten werden. Die Beziehung ist anwendbar fiir gleichférmige Heizung, einheitliche
Wandtemperatur, fir Stoffibergang und gleichzeitigen Wérme- und Stoffiibergang. Die Korrelation
vermittelt eine Grundlage zur Bestimmung des Ubergangs bei nichtnewtonischen Fliissigkeiten und fiir
geneigte Platten. Fiir bestimmte Anwendungsbereiche werden einfachere Beziehungen angegeben. Die
allgemeine Gleichung und die spezielle Beziehung werden vergliechen mit représentativen experimentellen
Daten. Die Struktur der Korrelationsbeziehung gibt AufschluB iiber das Versagen der allgemeinen
Exponential-Gleichungen ftir einen ausgedehnten Bereich von Ra und Pr.

KOPPEJIALUMOHHBIE YPABHEHMA ISl OTIMCAHUSI IAMUHAPHON U
TYPBYJIEHTHOI CBOBOAHOI KOHBEKLUWU OKOJIO BEPTUKAJILHOM
TJIACTUHBL :

Auroramus — C noMoiusio Moaeny Yepuunns u Y3ark nosiy4eHo NpoCTOE BRIpAXEHHE RANA OCpen-
HEHHOrO MO MPOCTPAHCTBY 3HAYEHHUS Yucna Nu (Wan Sh) nprn n06nIx 3HaYeRUAX yucen Ra U Pr (unu
Sc). TIpu BLIBOAE HCIONB3OBANHCHL IKCMEPHMENTANIbHBIE AAHHBIE A% 4yucla Ra, CTPEMSALIErocs K
HY/I0 ¥ GECKOHEYHOCTH, H aHANHTHYECKHE PEUIeHHA, NIONYYEHHBIE HA OCHOBE TEOPHH TAMMHAPHOTO
MOTPaHUYHOrO €/10A. BhlpaxeHne NPHMEHHMO K CRYYaAM NOCTOAHHOXO TEIUIOBOTO NIOTOKA, MOCTOSAH-
HOH TeMnepaTypbl CTEHKH, a TAKXKE IS ONMCAHHA MPOLIECCOB MAcCOOBMEHa M ONHOBPEHEMHOrO
Temno- 1 maccooGmena. Koppenauns qaer B0OIMOXHOCTL PACCYMTATb CKOPOCTH NEPEHOCA B HEHBIOTO-
HOCKHX JXHIKOCTAX U B Cllyyae HAKAOHHBIX MNACTHH. AHANIOTHYHbIE, HO GOlee NPOCTLiE BHIPAXKEHHUS
TIOMyYeHb! AN OTPAHHYEHHLIX QHANal0HOB ycnosuil, Obluee W YaCTHBIE BHIPAXKEHHA CPABHABAIOTCH
Ha JOCTOBEPHBIX 3KCHEPHMEHTaNbHBIX AAHHBIX. CTPYKTYpa KOPpPeNALHONHOTO YypaBHEHHS no-
3BoAeT OOBACHHTE TOT (axT, roYeMy OOBIYHBIC yDABHEHHA THMA CTENMEHHBIX 3aBHCHMOCTel He
MOTYT YCMIEUITHO IPUMEHATLCA NIPH CONBHINX AMANa3oHax 3Ravenuit Ra « Pr,
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Natural Convection Adjacent to -

e . o J. R. Lioyd
Ll Ansoc. Profasser,
University of Notre Dm : f V H f
| ez | Horizontal Surface of Various Plan orms
- ) Assoc. Mam. ASME :
S o - Natural convection adjacent to horizontal surfaces of cm:ular. square, rectangulor, and
w. R._ Moran'’ right triangular planforms hos been studied experimcntally. Electrochemical techniques
. Graduate Assletam, were employed involving a fluid with a Schmidt number vf about 2200. The resulits en-
University of Notre Dame,

compasy o icide range of Royvleigh numbers thus providing information an both the lami-
nar and the turbulent regimes. The data for all planforms are reduced to a single corre-
lation in the lominar and turbulent regimes wiing the characteristic length, os recom-
mended by Goldstein, Sparrow, and Jones, L* = Afp, where A is the surface area and p
_ is the surface perimeter. The laminar data for all planforms arc correlated by the expres. .
sign ’ :

Notre Dama, Ind,

Sh = 0.54Ra'/!(2.2 x 10! < Ra .8 x 10%)
- and the data for the turbulent regime are correlated by the expression
; i § o Sh = 0.15Ra'/* (8 x10° = 1.6 x 10%
. B Transition is fuund to occur at about Ra = 8 x 108 77|e pm:enl wark thus ngm/tmml\
extends the Rayleigh number range of validity for the use of L* through the Y power
laminar regime into the turbulent % power regimeg It also demonstrates the validity of

the use of L* to correlate natural convection transfer coefficients for highly unsymmaetri-
cal planforms,, which herctofure had nat been demonstrated. Comparisons to analytical

¢
N

solutions and other experimental heat and mass transfer data are presented,

Introduction

This paper presents an experimental investigation of natural
convection adjacent to horizontal surfaces of various planforms.
The results encompass a wide range of Rayleigh numbers, includ-
ing the laminar and turbulent flow regimes, for circular, square,
rectangular, and right triangular planforms, An electrochemical

. technique was emploved to obtain the natural convection mass

transfer measurements. This technique has been used by many
investigators in recent years to study mass transfer, as evidenced
by the recently published review by Mizushina (1].2 The electio-

' “lyte employed in the present investigation was an aqueous solu-

tion of cupric sulphate and sulphuric acid, wherein the Cu* > ions
were .the transferred ions and the sulphuric acid served as the
supporting electrolyte. The boundary condition for these experi-

- - ments.was.uniform concentration at.the test surface, which is the

counterpart of uniform surface temperature in the corresponding
heat transfer problem. The Schmidt numbers were on the order of
2200 su that these results apply.to the analogous high Prandtl
number heat transfer problem. One of the advantdges of using the
present ‘mass transfer technique over heat transf:: experiments

' Pnnen{ address: Pratt and Whitney Mm-ft East Hanfmd (‘onn.'-'. -
3 Numbers in brackets designate Referencés st end of poper. .
Contributed by the Heat Transfer Division and presented at the Winter

" Annual Meeting, New York, N. Y., Navembér 1722, 1974, of THE AMERI-

CAN SOCIETY OF MECHANICALBNGINESRS Mannuseript received by
lho Hut Trmfcr D!villon April 8, 1974, Plper No. 1C»WAIHT-66

.Ioumnl ol Hnt Tmnslor

for high Prandtl number fluids is the fact that the property varia- .
tions for the mass transfer experiments are essentially zern,
whereas the corresponding heat transfer experiments exhibit large
variation in properties. The present results apply ta either the
heated: upward facing heat transfer surface or |he cooled down.

.ward facing heat transfer surface.

A review of the literature reveals both analvtical and experi-
mental investigations of horizontal surfaces of various planforms.
Analyses of the natural convection {2, 3, 4, 5] generally employ a
boundary layer model applied to the two-dimensional problem of
long thin rectangles. Suriano and Yang 6] solved the problem nu.-
merically for small and moderate Grashof numbers. It should be -
noted that the analyses give a %-power dependence of the dimen-

sionless transfer coefﬁcuenu; on the Rayleigh number for the laml- e
nar regime. RN

Expenmentnlly, both heat and mass, lmmfer investigations
have heen presented for horizontal surfaces e. %o [7-16]. The cof-
relation between' Nusselt number and: Rayleigh number for the
heat transfer problem which is the most widely accepted is that |
of Fishenden and Saunders [7). Their . experiments involved
square planforms situated in air. The temperature differences in-
valved ‘were as high as 1000°F indicating extreme property varia-

~- tions and radiation’ corrections. Bosworth {8) provides very little -

information on' his experiments, and Mikheyev (9] apparently

- used: rectangulsr planforms, although this is not certain. Fujii
--and Imura (10) and Hassan and Moliamed [11] considered the

horizontal upward facing surface as: pan of lnrger studies of heat J
trnnsl'er toinclined surfm:es. : -
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Mll% transfer natural cun\ecuon upenments ‘are pmv:ded by

- Fenech and Tobias- 112], Weagg [13), Wragg and Loomba {14}, To-

bias ‘and BoetTard [15). and Goldstein, Qpam)w and Jones |16f. -

References ll2-»ta| used the same electrochemice, technique em.
- ployed herein. Feviech and Tubias {12] used electrodes embedded
" in the floor of the test cell. The electiodes had varivus widths and
_the Jength of each clectrode stretched frum one wall of the test
cell to the other. Due to experimental difficulties only their wider
test  strips were used in"ihéir- correlation and thus their results
were. only [6r the turbulent regime. Wragg {13] and Wragg and
Loo_l_nba {14] used circular disks, but again embedded them flush
. in-a surrourding collar. Tobiss and Boeffard (15} studied” both
circulac and rectangular horizontél electrodes surrounded by ssdg
- walls.. The side walls were both.vertical and corlanar in nature.
The object of this study was to determine the effect of the side
walls and to determme the effect of electrode size-on the mass
transfer.
The work by Goldstein, Sparmu nnd Jones [16) desen‘e special

attentivn. They performed :their; expe:imeuts using naphthalene-

vapor sublimation. They investigated unshrouded circles,
squares, and equilateral lrlangles, and proposed a characteristic
. length so that the results from these planforms.could be correlat.
ed by u common expression. Heretofore this had not been passi-
bie. : Unfortunately, their results did not span:the full Rayleigh
number range of the laminar flow regime, and did not contmn
*_any irregulsr or nansymmetrical planforms.

" The present results, 1o the best of the authors’ kmwledge pro-
.vide the only electrochemical mass transfer data for ‘any free.
standing. unshrouded planform. The resulls of the investigation
are also the first for any mode of transfer involving the nonsym-
metrical right triangle planforms. The Rayleigh numbers based
on Goldstein, Sparrow, and Jones characteristic length range

from 2.6 x 10% 10 1.55 % 10°, thus providing laminar, transition,

and turbulent mass transfer information. By analogy, the resvlts
also apply to the corresponding isothermal horizontal surface heat
transfet pmblen_\.

Datn Analysis -
In the present electrochemical mass transfer expenmenu, the
total mass transfer rate of copper ions to the test surface was 8
result of three basic transfer mechanisma {21]: migration, convec.

tion, and difTusion
4{' = lv'. + Ne +.N‘

1)

The three fluxes can be defined by the following relations which

" . areall evaluated at the test surface °

Ucf’i’ @)
I;’, = I'c (3)
.'{" = - DE’T (4)

~ The relative iinpoﬂanée of each mechanism is revealed by exam-

_ ining their mognitudes under limiting current conditions. As ex-

plained” in reference 1], under certain operating conditions,
termed lifniting current conditiuns, the concentration:.of the
translerred species is essentially zero at the test surface.

Considering first the migration term, it is seen that Nm conee
tains the transferred species conentration. Since this concentsa-

‘tian is esrentially zern at the surface, the entire term is, while in t
presence of the supporting elcc(roly te where ada/d\' is small negl
gibly small.

Next, consider the convection and dnl‘l’usmn terms together,
Modeling the electrolyte solutiun as a binary mixture of copper
iony as one component and the rest as the other component, refer- -
ence {30) shows that ¢ = D1 ~ ¢/p)-alc/p) f2y: Realizing that the
concentration of the transferred species is approximately zero, the
followingis obtained

.ir,+$r,(=-(t—-f-/—§7,—'+1)n%§a-n%§ (5)
“Thus “
N = N, = - D—LT (6)
The total rate of ion transfer is give}l in'reference [21] as
¥ =L )

, 1t is thus clear that the surface mass transfer is diffusive in na-
ture which cstablishes the analogy between the present mass
teansfer experiments and the corresponding heat transfer prob-
lem.

It is possible now to define the mass transfer coefficient & in the
same manner a8 is done in the analogous heat transfer problem

. i o d
= aF(c. - ¢) » nFc.

8)

The dimensionless masa transfer number (analogous to the Nus-
selt number for the corresponding heat transfer problem) is give
by the Sherwood number .

sh = ML

D . ©

Here D is the diffusion coefficient of the transferred species and"
L* is the characteristic length. The characteristic length defined
by Goldstein, Sparrow, and Jones |16} is

o4 :
L =% (10)

wheré A is the transfer area of the test surface and P is the per-
imeter. The Rayleigh number is

- 3
l§8(§. = §v)L l

where Sc is the Schmidt number (nnnloma to the Ptandil num-

| 11)

. ;——Nomenclature

A= surfu:eanaof tnnsfersurface
c.= transferred apecies conuntrauon
-D = diffusion coef cient ol' lransfemd
. species. -
F= Faradaynumber X
# = gravitational accelerauon E
= gurrent demny
= mmtramfcrcoeﬂ'xcxent
Le-= chnuctorm.nc length L* =A/p
= valence of lunslened specles

surface.
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N = rateof mass transfer

p = perimeter of transfer surface

-Pr = Prandtl number
Ra = Rayleigh number

Sc @ Schmidt number
Sh = Sherwood number
. t = transference number

U = ionmobility - - -

© = convection velocity normal to teat

y = distance normal to test surface

k = viscosity
- ¢ = density: . _
. ¢ = electric field potential -

Suhu:rlpu
c = duetoconvel:twn
d= due to diffusion
_.m = due o migration
w = sutface conditions
| mim bulkcondmom .

Transactlons of tho ASME‘
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Fig. 1 Schematic of expasimental apparatus

Table 1 Charncterlsuc d:menslons of various

planforms
___PLANTOaM < CHARACIFKIST IC DIMENSIONG, cm .-
CRCLY
(Disirser) * n.Ma
a2
.17
S
. n.sn
SWARTS ' DA% DTS
Ul eomh s Wi}
) LITe 127
. Toazrens
ur:c*r,\wnu;s 0615y £,2°
fhenan x (it .M 127
M L27
a8y 1,20
270 b3
1,700
§ 12,72 808
RIGHT TRIANGLES 1.91x2.84x .18

Nang » tie), » Wfpacauc)’
A Helim L NER Lk LU

70221017 x 12.7
15,332 20, 0% 29.4

ber) 4/t D; s, §, and D are viscosity, density, and diffusion coel(i-
cient, respectively, at the average concentrations; and {_ and {u
are the fluid densities in the bulk and at the test surface, respec-
tively. The properties were evaluated using the data of references

erty variations 'were practically nonexistent being 3 percent mui-_
‘mum,. This is where this electrochemical technique has its major
_ advantage over high Prandtl numbet heat transler expenments

e s o s RN ,,..-..c.\..,_._...._,....- o0 ot
: Fahis

Experlmenul Apyuamn nnd Measurement Tecluuque
- -A schematic of the experimental appmuus is presénted in Fig.

. CuSQyq as the. transfesred lpecnu and 1.5 M H3;S0, as tha sup-
porting elettmlyte .o

The teit surface was the cathode in the circuit. Table 1 pro-

' v:dea a liuing of the planforms tesled and their chuuc!etmic di-

“Journal of Heat Transfer.

[22-28), as described in ref_ennce (17). As noted previously, prop---

1. A 30 gal'polyethelene tank 61 cm X 45.6 cm X 45.6 cm (length -
x width X depth) served ‘as the test chamber. The tank con- -
“tained the electrolyte which.was mldc [p using reagent gvaden:

-chumuls “The -electrolyte solution wes approximately 0.035 M:

. mensions, Each cathode wag com-trucled of 0.635 em thick cop-

per. To the back side of each of the surfaces war attached a lead
wire which connected to the main electrical circuit. The back and

sides of the test pieces were. carefully insulated with epoxy and

Gl)plal (an insulating paint). The test surface was held in posi- .

tion by a plexiglass holder. The lead wire was connucted to a'12v
automative storage battery to pmvnde the electric pawer. The po-

tential of the cathode was measiured relative. to.a referenceselec: -~~~ "

trode which consisted of a bare copper wire inserted into a glass
tube. The glass tube had asmall hale.in the bottom. to. provide
electrical contact between the relerence electzode and the electro-

Ivté solution, The potential was controlled with a series of preci..:

sion variable resiators. The current flowing in the circuit, which is

directly proportional to the mass transfer rate, was obtained hy -

measuring the potential drop across a calibrated precision resis-
tor, called a current shunt, with a Leeds and Northrup 8686 po-
tentiometer. The anode was a large thin copper sheet 50 cm x 50
cm tlength by width). It was purposely larger ‘than the cathode so
that the reaction would he totally conuolled by conditions at the
cathode,

To obtain a datum point the following pmcedme was followed.
Prior to each test run the anode and cathode were carefully sesur-
faced and cleaned, essentially as described in reference [17}, and
then placed in the tank. The cathode was carefully leveled to pro-
vide a horizontal surface located about 13 c¢m off the bottom of
the tank, and time was allowed for the system to come to com-
plete equilibrium. Limiting currents, where the coneentration of
the transferved species is zero at the test surface [21], were deter-
mined in each run by noting the characteristic plateau in the cur-
rent-potential curves in the voltage range between 0.40¥ and 0.50v
as will be discussed further in a later section. The copper ion and

sulphum: acid concentrations of the bulk solution were deter. .

mined for each run by standard spectrometric and titration
methods {18, 19]. Vertical bulk concentration gradients at the
time of data acquisition were determined for each run to insure
that all data would not be influenced by stratification. Finally, it
should be noted that the iength of each run was critical since it
was necessary to operate long enough to insure steady operating
conditions, but not so long as to generate any recirculation effects
on the transfer at the surface. All data were taken so as to insure
steady operating conditions without recirculation effects.

Results and Discussion

Belore discussing the results of the experiments, a short diseus-
sion of the characteristic length is presented. The characteristic
length employed in this investigation is that proposed by Gald-

stein, Sparrow, and Jones [16]..1t was their “expectation’ that
this particular characteristic length would enable all horizontal
pllml'orms to exhibit a common correlation. Unfortunately, ‘they -

investigated a more limited: number. of . planforms and.smaller
Rayleigh numbers than in !he present investigation, The present
investigation should serve to prove or disprove their expectations.
As discussed earlier, lim|ting current-voltage curves as shown
in Fig. 2 were generated in each run. Plotted in the figure on rec.

“tangular coordinates is the current density at the cathode versus
the cathode voltage. As indicated in the figure, the plateau, slg-‘

nifying hmuinz current conditions, was reached in geveral steps.
‘At each step, the systém was allowed to reach steady conditions..

All data were taken at cathode voltages of 0.46" to 0.50" to insure - o

thnt limiting conditions had been reached. Current shunt signals
for.the laminar flaw regime were very steady and’ could be read
directly.. In the turbulent régime the shunt signals- fluctuated

making it necessary to time average the data over a period of ap-
proximately two minutes, which was determined in the present

investigation to be sufficient to obtain accurate time averages
without encountering stratification effects. This time averaging
was accomplished by. recording the data digitally on the tape unit
of a Hewlett Packard 2019A Data Acqmnuion Syuem and then

. statistically averaging them on a computer.”

Fig. 3 presents the dnta for |.h¢ Inmmar ﬂow teg\me The Sher-_
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wood number is plotted as a function of the Réyleigh number on

logarithmic coordinates. The shape of the_ symhols reflect-the -
planforms of the various surfaces as indicated in the upper left :

corner of the figure. It is immediately cbvious that within the
scatter of the data, approximately % 5 percent, the data from all
planforms are correlated through the use of L*, including the
-nonsymmetric right triangle planform. This confirms the expec-

- tations of Goldstein, Sparrow. and Jonu A least squarea fit'

thmugh thedata vields the nlntwn

‘Sh =0.50Ra%Hs

Forcmg a slope of %, as has been reported in the literature l'or the
heat tnmfet cxpmments. one finds the relauon :

sh = osma'" ,

‘o8

Since L* sppears to: ccneln(e nll ‘the . hom.omnl planfoms. g

olher "publiched ‘experimental ‘resislts can be appropriately modi-

md and. compated to the present wark. The dats of Wragg and-

Loomba; llllxand Wragg [13] can be compnml directly-to-the
present: ‘work since  the same electrochemical. techmqt.n was em-

- ployed. Wragg and Loombs, it should be noted, is a’revision of -
. Wragg. They concerned themselves with circular surfaces which

had a flush fitcing collar surrounding their free. standing test sur.

" face. The- revised data of an' and-Loomha fall 10, percent

below the present results. This difference couid be'a resuit, at
lust in p-rt. from the presem:e of the surroundmg colhr
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* forthe dntn in the Raylelgh number nnge from 2 6 X. 10‘ to Bx’

The prediction of Goldstein, Sparrow, and Jones also involved

--mass transfer but at & much lower Schmidt number, approxi-

mately 2.5, Although-their data only extended up to a Rayleigh
number of 7 X 103, it is interesting that extension of their predic-
tion into the Rayleigh number range covered in the present inves.-
tigation falls very close to the present result. This would indicate
that the Rayleigh number may be sufficient to uccount. for
Schmidt or Prandtl number variations. .

Fig. 4 presents data for the turbulent now regime. The Sher-

: wood number is plotted as a function of the Rayleigh numbe# on’

logarithmic coordinates. As in Fig. 3 the symbols reﬂect the plan-
forms of the various surfaces. There ‘does not sppear. to be any
difference in the-data for the varicus' planforins. A least’ squares
fit through the data for Rayleigh numbers greaur than B x 10
provide the followmg con-elanon :

Sh = 0,169 Ra°-’"
ifa ‘i.; dope is enforced the best ﬁt expm;s:on becomes

= 0,158l

Wuh the exception of two data pomu the dala scnlter :k7 per-
cent'about this correlation, - : .

The results of other mveaiguovs are also presented. The heat K
transfer correlations of Fishinden and Saunders [7] snd McAdams
‘(29) are seen to fall 4 to 12 percent: lower than the ptenent investi.
gation. The data of Fujii and Imura [10] using water as the work-
ing fluid ate perhaps the most interesting: heat tegnifer data for

: complruon to the present work. They, pmem t\vn Nuuelt num- N
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ber expressions, for the turbulent regime. Both have the form Nu
‘= C Ra''%, but the value for C is 0.13 for Ra less than § x 10"
and 0.16 for Ra greater than 2 x 10%. The difference, they state, is
due to edge effects on the surfece. These experimenial results
using water as the surrounding medium have, within experimen.
tal scatter, essentially the same correlation as the present work
when their edge effects are minimal. This would indicale again
that the use of the Rayleigh number may be sufficient ta account
for Prandt! or Schmidt number elfects, .

The data of Fenech and Tobias {12]. Wragg [13). and Wragg
and Loomba [14] emploved the same electrochemical techniques
but with the previnusly discussed differenzes in the experimental
setup. The data of Fenech and Tobias fall about 12 percent high.
er_than the present data. This difference is in all probahility due
to the differences in the experimental setup as have been dis-
cossed earlier. The data of \Vragg aud Loomba are about 8 per-
cent higher-than the present work. It j is important’to note, how.
ever, that the correlation of Wragg and Loomba is a vevised ver-
sion of Wragg, dus to the use of different physical- pmpemes. and
that the correlation of Wragg, which uses almost the same valuex
for praperties as the present work, falls within the scatier of the

present data. In this ugune‘ “the effect of the surrounding ‘collar, -

appears to be nagligible, based on comparirons of Wragg's data-to
the present investigation.

Finally, the work of Toblas and Boeffard {15] deserves special-:

mention. They considered the effect of both vertical and caplanar
surrounding walls on the mass transfer to horizontal surfaces
using the same experimental techniques. They found that the
surrounding walls had no effect on the mass transfer corrélation i€
the surfaces were large enough, For smaller electrodes their corre-
lation underpredicts and it must be multiplied by a factor dn. @
‘number which ix larger than one. When one considers their data
in the light of the present investigation it appears that their size
effect is related to the transition noted in the present work from
the turbulent range to the-laminar range, Indeed, if one takes
Schmidt and Grashof numbera characteristic of the present data
and use their expression to predict the Sherwood numher for the
turbulent regime, it is (ound that their prediction:falls within the
seatter of the present turbulent data. If one consic ors the small

electrodes found in the laminar regime of the present work and

applies the da correction discussed in their work, their Sherwood
number prediction falls approximately within the scatter of the
present work. Thus, it appears to be possible that their size ef-
fects, even with the surrounding walls, may be related to the dif-
ference between the laminar and turbutent fow regimes dixcussed
in the present work.

Concluding Remarks
The present data are the first electrochemical mass transfet in-
vestigations of truly free.standing ‘unshrouded horizontal surfaces.

They also presem the only data available for any. mode of transfer

involving right tngngular planforms. The characteristic length as

proposed by Goldstein, Sparrow, and Jones appears to bring all |

the data into a common correlation, even the nonsymmetrical
surfaces such as the right triangles, for all Rayleigh numbers in-
vestigated. Special note should be made that the experimentally

determined laminar correlation involves the ¥ power of the Ray- °

leigh number whereas the laminar boundary layer analyses indi-
cate a % power dependence. This is probably the result of using a
boundary layer approach in the analyses.

“ It is highly encouraging to see data from circular, 2quare, rec-
tangular, and- right-triangular planforms exhibit a common corre-
lation through :the use ol the characteristic lem th proposed by
Goldstein, Sparrow, and Jones. There are-indications that the use
of the Rayleigh number in the mass or heat transfer relations is
sufficient to account for Schmidt or Prandtl number variations.
These observations. based on the experimental data,. will enahle
calculation of transfer rates -involving.-any shaped upward facing
horizontal surface pmvnded Lhe tramfer nurface area and parimeter
areknown. .. vic oo :

Jodinal of Heat Tranﬁler

h

Acknowledgment

The authors gratefully acknowledge the support for this work
provided by the Nationa) Science Foundation under Grant Num-
ber GK 32658.

References

. 1 Mizushing, T.. “The Electrachemical Method in Transport Phe.
nomena,’’ Adiances in Heat Transfer, Vol. 5. J. P. Hartnett and T, F. Ir.
vine eds., Academic Press, New York, 1971,

2 Levy, 5., “Integral Methods in Natural Convection Flow,” Juurnal
of Applied Mcchames, Vol. 77, Na, 5, May 1985, pp. 515-525.

3 Stewarstson, K., “On the Free Convection From a Horizants! Plate,”
2. Angetwr. Math. Phys., Vob. 90, 1958, p, 276,

4 Gill. W.N,, Zeh, D. W,, and del Casal, E., “Free Convection un a
Hotizontel Plate,”” Z. Angew. Math, Phya., Vol, 15, 1965, p. 539.

3 Roten, 7., and Claasen, L., “Natural Convection Above Uncunlined
Horizontal Surfaces,” Journal of Fluid Mechanics, Val. 39, Pnnl Qct. 23,
1969, pp..171-192,

76 Surisno, F. J.. and Yang, K. T.. “Laminar Free Convection Ahout
Vertical and Herizontal Plates at Small and Moderate Geashof Numbers,”
Internatinnal Journal of Heat and Masx Transfer. Val. 11, No. ), Mar, 1968,
PP, 413490,

7 Pithenden, M., and Saunders, O. A.. An intrduction ty Heat
Transfer. Oxfard University Press, London, 1850, ]

8 Bowworth, R, L. €., Heat Transfer Phenomena, Wilev, New York,
1952, .

9 Mikhayev. M., Fundomentals of Heat Trunsfer, Peace Publishers,

_Mm-v. nw, 1968,

10 I-'ujil. T.. and Imura, H., “*Natura) Convectivn Heat Trunafer Prom a

\Plate With Arbitrary Inclination,” Jaternativnal Juurnal of Heat and Masa
- Tranafer, Vol. 15, No. 4, Apr. 1972, pp. 755- ,6‘

11 Hascsn, K., and Mohamed, S. A.. “Natural Convectinn From lsu-
thermal Flat Surfaces,” Internationol Journal of Heat and Mass Transfer,
Val, 13, No. 12, D=, 1970, pp. 1866-1873.

12 Fenech. E. §., and Tobias, C. \V,, “Mass Transfer h~ Free Convec.
tion at Horizontal Ekclmdrs. th’rlmrllem Acta, Vol. 2. No, 3. Mar.
1960, pp. 311-321.

13 Wragg. A. A.. “Free Canvection Masx Transfer at Haorizontal Elec.
trades,” Eledtruchem, Acta, Val. 13, No. 12, Dee. 1968, ppr, 2159-216%,

14 Wragg. A. A.. and Lgomba, R. I, “Free Canvection Flow Potterns
at Horizontal Surfaces With lonic Mass Transfer,” International Journol of
Heat and Maxs Transfer, V'ol. 13, No. 2, Feb. 1970, pp. 439442,

18 Tohias. C. W.. and Boeffard, A. ., “lonic Masx Transpoet by Free
Convectinn at Horizontal Electroder,” 17th (ieneral Meeting of CITCE~
Sept, 59, 1966, Tokyo, )lpln pp. -4,

16 Goldstein. R. .J., Spagrew, E. M.. and Jonen. G. ., **Natural Con-
vection Mars Transfer Adjacent to Horizontal Plates.” Internativnal Jour-
nal of Heat and Maxs Transfer, Vol. 16, Nn, 5. May 1971, pp. 102541004,

17 Lloyd, 4. R.. Sparrow, E. M., ond Eckert, E. R. G.. “Local Natural
Coavection Mass Transfer Messurements.” J. Electruchem. Soe.. Val. 119,
Nu. B, June, 1972. pp. 702-307.

18 Sandell, E. B., Cwlorimetric Determinaiion of Traces of Metal, In-
temcience Publishers, New York, 1950.

19 Kolthaff, [, M., and Sandell, E. 8,, Textbuuk of Quantsutative inor.
ganic Analysis, Macmiltan, New York. 1965,

20 Lloyd, J. R., Spastow. E. M., and Eckert. E. R. G., "Lominar Tean-
sition and Turbhulent Nutural Convection Adjacent 1o Inclined and Vertical
Surfares.” International Journal nf Heat und Mass Transfer, Val, 15, Nu,
3. Mar. 1972, pp. 457-473.

21 Wilke, C. R., Eizenberg, M., and Tabiax, C. .,
Limiting Currents Under Free Convection Conditions,”
Noc., Vol. 100, No. 11. Nov. 1953, pp. 513-521,

22 Eisenberg, M., Tubias, €. W., and Wilke, C. R., “Selected Physical
Prupenia& of Ternary Electeolytes Empln_\-ed in lonic Mazs Transfer Stud.
ies,"dJ. Electrachem. Sae., Vol. 103, Na, 7, July 1956, pp. 413418,

23 Vinal. G. W., and Craig, D. N., J. Her. Nat. Hur. Std.. Vol IO 19‘13

p. 8L

“Correlation of
J. Electrochem.

2-( Culc. A. F. W,, and Gorden, A. R., "Thc lel'udan ul' Copper Sul-=** fad

phate in Aqueous Solutions of Sulphunc Acid J. Fhys, Chem,, Vol 40,
No.9. Sept. 1935, pp. 773-TI5. -

25 James, W. A., Hollingshead. E. A., and Gordon, Al R.. “The Differ-
ential Diffusion Constantx of Hydmchlom: and Sulphuric Atldu " . Chem. -
Phyn., Vol, 7, Na. 2, Feb. 1939, pp. 89-92.

26 Hollingshead. E. A., and Gordon, A. R., “The Varistion of the Dif-
ferential Diffusion (.onﬂnm of Sulphurie Acid With Tempernture -I
(hm Fhys., Vol, 8, No. 5, May, 1840, pp, 423-425,

‘Landolt-Bornstein, - "Ph\llhhlh Chemische Tsbellen.”” 5 Aufiage.
Vul 1, 1936, pp. 248-397, i
28 Dorsey. E. N.. Pmperties of Ordinar: Water Substance in All Irn
Phaves; Water Vapor, Water. and All the [ces, Hafner Publishing Co,,
1968,

29 McAdams, W. H., Hear 'I'rurumlmoﬂ McGraw-Hill, New York,
1934,

30 Eckert. E. R. G., and Drako. dr.. R. M., Heat ond Max- Transfer,
McGrauw-Hill. New Ynrk. 19

NOVEMBER 1974 / 447



VWVMP SAR Reference 3-34

Perry’s Chemical Engineers’ Handbook, 6th ed., McGraw-
Hill, New York (1984).

Page 10-13



tility than other expressions for the heat-

more familiar) form of dimensionless
ily, the Nusselt number hD/k, the Prandt|

Ids number DG/u. The L/D and vis-
for Reynolds number <10,000) also

ua are usually expansions of the dimen-
shich the terms are in more convenient units
-al factors are grouped together into a single
& instances, the combined physical prop-
‘a linear function of temperature, and the
olves into an equation containing only one

.when a solid surface is in contact with a
ture from the surface. Density differences
equired to move the fluid. Theoretical anal-
‘require the simultaneous solution of the
on and energy. Details of theoretical stud-
general references (Brown and Marco,
ransfer, 3d ed., McGraw-Hill, New York,
Transfer, Wiley, New York, vol. 1, 1949; vol.
rally been applied successfully to the simple

olution of the motion and energy equations
velocity fields from which heat-transfer coef-
he general type of equation obtained is the

32 ”
A E.e_ggé‘_c_#) (10-320)
. P k
Ni{ﬁ? {J(N(;,Np,)m (10—32b)

r. Yarious Geometries Natural-convection
bodies may be predicted from Eq. (10-32).
al values of a and m have been determined
= given in Table 10-1. Fluid properties are
t')/2. For vertical plates and cylinders and
o, Nishiwaki, and Hirata [Int. J. Heat Mass
(1968)] recommend the relations

= '0.138NE®(NL!™ — 0.55) (10-33a)

NEBNE® [Np,/(0.861 + Np)P'®  (10-33b)

sional Equations Equation (10-32) is a
d any consistent set of units may be used.

NATURAL CONVECTION  10-13

Simplified dimensional equations have been derived for air, water,
and organic liquids by rearranging Eq. (10-32) into the following
form by collecting the fluid properties into a single factor:

h = bAfmLA™! (10-34)

Values of b in SI and U.S. customary units are given in Table 10-1
for air, water, and organic liquids.

Simultaneous Loss by Radiation The heat transferred by radia-
tion is often of significant magnitude in the loss of heat from surfaces
to the surroundings because of the diathermanous nature of atmo-
spheric gases (air). It is convenient to represent radiant-heat transfer,
for this case, as a radiation film coefficient which is added to the
film coefficient for convection, giving the combined coefficient for
convection and radiation (h. + h,). In Fig. 10-7 values of the film
coefficient for radiation h, are plotted against the two surface tem-
peratures for emissivity = 1.0.

Table 10-2 shows values of (k. + h,) from single horizontal oxi-
dized pipe surfaces.
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FIG. 10-7 Radiation coefficients of heat transfer h,. To convert British ther-
mal units per hour-sq foot-degrees Fahrenheit to joules per square meter—
second-kelvins, multiply by 5.6783; °C = (°F — 32)/1.8.

2400

Y = NgNpe

.1 Values of a, m, and b for Eqs. (10-32) and (10-34)

<10
10 < Y < 10°
>10°
<107%
10%<Yy<10"?
102%<yY<l1
1<Yy<l10
10 <Y < 10°
>10°

10 < Y < 2 X 10'(FU)
2 X 10" < Y < 8 X 10'%FU)
3 X 10° < Y <3 X 10'%FD)

. b, organic
b, air at b, water at liquid at
@ m 21°C T0°F 21°C 70°F 21°C T0°F
136 %
059 % 137 028 127 26 59 12
013 4% 124 018 ’
049 0
071 %
1.09 %o
109 %
053 % 132 027
013 % 124 0.18
054 % 18 038
014 %
027 % 088 018

FU = facing upward; FD = facing downward. b in SI units is given in °C column; b in U.S. customary units, in °F column.




